A-čàăďãĺàőćăŋŋëě ăńčěąàë ĺ ŋěŕàěàëćŋëě ďàőąĺ

Ć.Ĺ.Ăàŋőńìď ĂŊ ŚŚŚŘ

Ŕàőáâěľèĺľ ŕàĺňěà A-čàăďãĺàőćăŋŋőľ ăńčěąàë — íâő ăńčěąàă ŕőńĺŋőňőć őâ őďŋőľ ŕěàěňěŋŋőľ (ĺńĺ ãáěçěŋŋëå ŕőńĺŋőňőć) á ěáâěáâćěŋŋőľ čàăďãĺàőćłőľ deg x^a = a (ďńï ãáěçěŋŋëå ŕőńĺŋőňőć a ≤ n, x^{n+1} = 0).

Őŕàěďěńěŋĺě. A-čàăďãĺàőćăŋŋőľ ăńčěąàőľ ŋăğëćăěâáï čàăďãĺàőćăŋŋăï ăńčěąàă, ĺğőňőàäŋăï, łăł čàăďãĺàőćăŋŋőě ńĺŋěľŋőě ŕàőáâàăŋáâćő, čàăďãĺàőćăŋŋőňã ńĺŋěľŋőňã ŕàőáâàăŋáâćã ăńčěąàë ŕőńĺŋőňőć (ĺńĺ ãáěçěŋŋëå ŕőńĺŋőňőć) őâ őďŋőľ ŕěàěňěŋŋőľ. Ĺŋëňĺ áńőćăňĺ, ć łăęďőľ áâěŕěŋĺ áãéěáâćãěâ àőćŋő őďŋă ăďďĺâĺćŋăï őąàăğãîéăï a ≤ n (< ∞). Śńěďőćăâěńìŋő, àïď Ŕãăŋłăàě A-čàăďãĺàőćăŋŋőľ ăńčěąàë àăćěŋ

1 + t + t^2 + . . . + t^n, n ≤ ∞. A-čàăďãĺàőćăŋŋăï ăńčěąàă á ďćãňï ňãńìâĺŕńĺłăâĺćŋëňĺ

őąàăğãîéĺňĺ őŕàěďěńïěâáï áőőâŋőèěŋĺïňĺ a^u = 0, deg b = u, b^ka^r = 0, r < u.

1. Łńăááĺäĺłăæĺï (ăááőæĺăâĺćŋëå, łőňňãâăâĺćŋëå) A-čàăďãĺàőćăŋŋëå ăńčěąà ŋăď C á âàěňï ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ

Śãéěáâćãěâ âőńìłő łőŋěçŋőě çĺáńő N(n) âăłĺå ăńčěąà C-àăğňěàŋőáâĺ n. Ŕőáńěďőćăâěńìŋőáâì N(n) ćőğàăáâăěâ. Ŋăŕàĺňěà, áãéěáâćãěâ àőćŋő 5 A-čàăďãĺàőćăŋŋëå ăńčěąà ŕàőĺğćőńìŋőľ àăğňěàŋőáâĺ n+1, n ≥ 6 á âàěňï ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ áâěŕěŋěľ (1, 2, 3), ă âăłęě àőćŋő 5 ąěáłőŋěçŋőňěàŋëå A-čàăďãĺàőćăŋŋëå ăńčěąà á âăłĺňĺ őąàăğãîéĺňĺ.

Őąőğŋăçĺň çěàěğ Nu,v(n) çĺáńő àăğńĺçŋëå A-čàăďãĺàőćăŋŋëå ăńčěąà àăğňěàŋőáâĺ

n + 1 á âàěňï ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ áâěŕěŋěľ 1, u, v.

Śâăąĺńĺğĺàőćăŋŋëě çĺáńă Nu,v(∞) ŕàĺćěďěŋë ć áńěďãîéěľ âăąńĺæě (áãéěáâćãěâ àőćŋő Nu,v(∞) ąěáłőŋěçŋőňěàŋëå A-čàăďãĺàőćăŋŋëå ăńčěąà á őąàăğãîéĺňĺ âăłĺå áâěŕěŋěľ). u v@@ @^{3 4 5 6 7 8 9 10 11 12 13 14 15 16}

2 5 1 5 1 5 1 5 1 5 1 5 1 5 1 3 7 7 1 7 7 1 7 7 1 7 7 1 7 4 9 5 9 1 9 5 9 1 9 5 9 1 5 11 9 9 11 1 11 9 9 11 1 11 6 13 7 5 7 13 1 13 7 5 7 7 15 11 11 11 11 15 1 15 11

§ ŕàĺćěďã äőàňãńã ďńï íâĺå çĺáěń ĺ ďńï çĺáěń Nu,v(n) (n + 1)-ňěàŋëå A-čàăďãĺàő-ćăŋŋëå ăńčěąà á őąàăğãîéĺňĺ áâěŕěŋěľ 1 < u < v.

Šěőàěňă. Ŕãáâì_v u = a_0 + 1 a_1 + 1 a_2 + . . .

àăğńőęěŋĺě v/u ć ŋěŕàěàëćŋãî ďàőąì. Šőčďă çĺáńő N_{u,v}(∞) ąěáłőŋěçŋőňěàŋëå (ĺńĺ ďőáâăâőçŋő ąőńìèőľ àăğňěàŋőáâĺ) A-čàăďãĺàőćăŋŋëå ăńčěąà á âàěňï ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ áâěŕěŋěľ 1, u, v àăćŋő

N_{u,v}(∞) = 2(a_1 + a_2 + . . .) + 1.

Ŕàĺňěà. 8/5 = 1 + 1/(1 + 1/(1 +^1_2 )). Śńěďőćăâěńìŋő, N5,8(∞) = 2(1 + 1 + 2) + 1 = 9.

İâă âěőàěňă őąêïáŋïěâ, ŕőçěňã áâàőłĺ ŕàěďëďãéěľ âăąńĺæë áãâì ŕěàĺőďĺçěáłĺě ŕőćâőàěŋĺï áâàőł âàěãčőńìŋĺłă: 1 1 1 1 5 1 = 1 + 2 · 2 1 7 7 1 3 3 1 9 5 9 1 4 2 1 11 9 9 11 1 5 4 4 1 13 7 5 7 13 1 6 3 2 1 15 11 11 11 11 15 1 7 5 5 5 8 4 5 2 9 6 3 6 6 10 5 6 4 2 11 7 6 6 7 7 12 6 4 3 6 2

Śĺňňěâàĺĺ íâĺå âàěãčőńìŋĺłőć ĺ ďàãčĺě őçěćĺďŋëě áćőľáâćă ĺå áâőàőŋ ĺ áàěďŋĺå áěçěŋĺľ ïćńïîâáï ŕàőáâěľèĺňĺ áńěďáâćĺïňĺ íâőľ âěőàěňë ĺ íńěňěŋâăàŋëå äăłâőć ő ŋěŕàěàëćŋëå ďàőąïå. Ł ŕàĺňěàã

Ńěňňă. Śãňňë ai ć àăğńőęěŋĺïå ć ŋěŕàěàëćŋëě ďàőąĺ p/q ĺ (q − p)/q, 0 < p < q,

àăćŋë.

Ďőłăğăâěńìáâćő: Ŕãáâì p < q/2. Šőčďă p q = 1 1 + q − p p , q − p q = 1 1 + 1 q − p p .

İâő ďőłăğëćăěâ ńěňňã.

Ůĺáńă Nu,v(n) (n + 1)-ňěàŋëå A-čàăďãĺàőćăŋŋëå ăńčěąà á âàěňï ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ áâěŕěŋěľ 1, u, v ŕàĺćěďěŋë ć áńěďãîéěľ âăąńĺæě:

u, v; N_{u,v}(∞) n 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 2 3 5 1 3 3 5 5 5 5 5 5 5 5 5 5 5 5 5 3 4 7 1 1 3 3 3 5 5 5 5 5 7 7 7 7 7 2 4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 5 9 1 1 1 3 3 3 3 5 5 5 5 7 7 7 3 5 7 1 3 3 3 3 5 5 5 5 5 7 7 7 7 2 5 5 1 3 3 3 3 5 5 5 5 5 5 5 5 5 5 6 11 1 1 1 1 3 3 3 3 3 5 5 5 5 4 6 5 1 1 3 3 3 3 5 5 5 5 5 5 5 3 6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6 7 13 1 1 1 1 1 3 3 3 3 3 3 5 5 7 9 1 1 1 3 3 3 3 3 5 5 5 5 4 7 9 1 3 3 3 3 3 3 5 5 5 5 5 3 7 7 1 1 3 3 3 3 3 3 5 5 5 5 2 7 5 1 3 3 3 3 3 3 5 5 5 5 5 7 8 15 1 1 1 1 1 1 3 3 3 3 3 6 8 7 1 1 1 1 3 3 3 3 3 5 5 5 8 9 1 1 3 3 3 3 3 3 5 5 5 4 8 1 1 1 1 1 1 1 1 1 1 1 1 3 8 7 1 3 3 3 3 3 3 3 5 5 5 2 8 1 1 1 1 1 1 1 1 1 1 1 1 ∑ (n) 1 5 8 20 25 39 52

Śâăąĺńĺğăæĺï ŋăáâãŕăěâ ŕàĺ n ≥ ŋăĺňěŋìèěňã őąéěňã łàăâŋőňã u ĺ v.

Ğăňěçăŋĺě. Ćáě ŕàěďëďãéĺě ĺ ŕőáńěďãîéĺě àěğãńìâăâë áŕàăćěďńĺćë łăł ŋăď C,

âăł ĺ ŋăď R. Ďńï ŕàőáâőâë ï ğďěáì łńăááĺäĺæĺàãî A-čàăďãĺàőćăŋŋëě ăńčěąàë á âőçŋőáìî ďő čàăďãĺàőćăŋŋëå ĺğőňőàäĺğňőć ăńčěąà. Ŕő-ćĺďĺňőňã, łńăááĺäĺłăæĺï á âőçŋőáâìî ďő C-ĺğőňőàäĺğňőć ăńčěąà ŕàĺćőďĺâ ł âăłőňã ęě őâćěâã. Ďàãčĺňĺ áńőćăňĺ, A-čàăďãĺàőćłă ďăŋŋőľ ăńčěąàë ŕő áãéěáâćã ěďĺŋáâćěŋŋă (A-čàăďãĺàőćłă őŕàěďěńïěâáï áâàãłâãàőľ C-ăńčěąàë á âőçŋőáâìî ďő C-ĺğőňőàäĺğňă). Ŋő ï ŕàőćěàĺń íâő âőńìłő ďńï ňăńëå n.

2. Śâăŋďăàâŋëě ňőŋőňë

Řăááňőâàĺň A-čàăďãĺàőćăŋŋãî łőŋěçŋőŕőàőęďěŋŋãî C-ăńčěąàã C-àăğňěàŋőáâĺ 1 + n. Śãéěáâćãěâ ŋěŋãńěćőľ íńěňěŋâ a áâěŕěŋĺ 1 (ěáńĺ n > 0). Ŕőáńěďőćăâěńìŋőáâì

a^2, . . . , a^u�^1 ≠ 0 őŕàěďěńïěâ ăďďĺâĺćŋëľ ąăğĺá ćŕńőâì ďő deg = u. Ěáńĺ a^u = 0 ĺ n ≥ u,

âő áãéěáâćãěâ b ≠ 0 âăłőľ, çâő deg b = u. Ćëąěàěň b łăł ćâőàãî ňãńìâĺŕńĺłăâĺćŋãî őąàăğãîéãî ĺ ąãďěň àăááňăâàĺćăâì áńőćă ćĺďă a^pb^q, łăł íâő őŕĺáăŋő ŋĺęě ć ąőńěě őąéěľ áĺâãăæĺĺ.

Ŕàěďŕőńőęĺň, çâő ňë ãęě ćëąàăńĺ ňãńìâĺŕńĺłăâĺćŋëě őąàăğãîéĺě a, b, . . . , y, âăłĺě, çâő áãéěáâćãîâ ŋěŋãńěćëě áńőćă ĺğ a, b, . . . , x ćáěå áâěŕěŋěľ őâ 1 ďő deg y.

Řăááňőâàĺň ňŋőęěáâćő áâěŕěŋěľ áńőć ĺğ a, b, . . . , y. Ŕãáâì v — ŕěàćëľ ŕàőŕãáł ć ňŋőęěáâćě æěńëå çĺáěń 1, . . . , deg y, . . .. Ěáńĺ v ≤ n, âő áãéěáâćãěâ ŋěŋãńěćőľ íńěňěŋâ z áâěŕěŋĺ v, ĺ ňë ěčő ćëąĺàăěň ć łăçěáâćě áńěďãîéěčő ňãńâĺŕńĺłăâĺćŋőčő őąàăğãîéěčő.

Ŕàőďőńęăï íâőâ ŕàőæěáá ňë ŕőńãçăěň łăŋőŋĺçěáłãî łőŋěçŋãî ŕőáńěďőćăâěńìŋőáâì őďŋőàőďŋëå őąàăğãîéĺå a, b, . . . áâěŕěŋěľ 1, u, v, . . .. İâĺ őąàăğãîéĺě őŕàěďěńěŋë őďŋőğŋăçŋő á âőçŋőáâìî ďő ãňŋőęěŋĺï ŋă ŋěŋãńěćëě çĺáńă. Ňŋőęěáâćő ĺå áâěŕěŋěľ ŋě ğăćĺáĺâ őâ ĺå ćëąőàă ĺ ïćńïěâáï ĺŋćăàĺăŋâőň A-čàăďãĺàőćăŋŋőľ ăńčěąàë (ćőğňőęŋő, âăłęě C-ăńčěąàë, C-ĺğőňőàäŋőľ ŋăèěľ A-čàăďãĺàőćăŋŋőľ ăńčěąàě).

Šěň áăňëň ňë ŕőńãçĺńĺ ŕő łàăľŋěľ ňěàě őďĺŋ ăďďĺâĺćŋëľ őďŋőàőďŋëľ ąăğĺá, őąàăğőćăŋŋëľ ŋěłőâőàëňĺ ňőŋőňăňĺ ĺğ őąàăğãîéĺå: 1, a, a^2, . . . , a^u�^1, b, . . ..

Ć áńãçăě ďćãå őąàăğãîéĺå íâĺňĺ ňőŋőňăňĺ ąãďãâ a^rb^k, čďě r < u. Ěáńĺ ćáě őŋĺ őâńĺçŋë őâ ŋãńï, âő ăńčěąàă ąěáłőŋěçŋőňěàŋă ĺ őďŋőğŋăçŋő őŕàěďěńěŋă çĺáńőň u =

deg b. Ěáńĺ a^rb^k = 0 — ŕěàćëľ ŋãńì ć ŕőáńěďőćăâěńìŋőáâĺ 1, a, . . . , a^u�^1, b, ba, . . . , ba^u�^1, b^2, b^2a, . . ., âőčďă àăğňěàŋőáâì ăńčěąàë àăćŋă 1 + n = uk + r, r < u, ĺ ăńčěąàă őďŋőğŋăçŋő

őŕàěďěńïěâáï ďćãňï çĺáńăňĺ deg b = u ĺ n + 1 = dim A.

Ŕőíâőňã łńăááĺäĺłăæĺï A-čàăďãĺàőćăŋŋëå ăńčěąà á ďćãňï ňãńâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ âàĺćĺăńìŋă.

3. Ůâő ŕàőĺáåőďĺâ ŕàĺ âàěå őąàăğãîéĺå?

Ŋăçŋěň á ŕàĺňěàă, ć łőâőàőň áâăŋďăàâŋëě ňãńìâĺŕńĺłăâĺćŋëě őąàăğãîéĺě a, b, c ĺňěîâ áâěŕěŋĺ 1,2,3.

Šăł ęě, łăł ĺ ć ŕăàăčàăäě 2, ĺňěěň áőőâŋőèěŋĺï a^2 = 0, ab = 0. Řăááňőâàĺň ŕàőáâàăŋáâćő áâěŕěŋĺ deg = 4. Ş ŋăá ěáâì ďćă ňőŋőňă — ac ĺ b^2 áâěŕěŋĺ 4. Ąãďěň ŋăğëćăâì ĺå łàĺâĺçěáłĺňĺ ňőŋőňăňĺ. Śńěďőćăâěńìŋő, ã ŋăá ěáâì âàĺ ćőğňőęŋőáâĺ:

(i) ac = 0.

Ć íâőň áńãçăě b^2 ≠ 0, ĺ ňë ňőęěň ćëąàăâì ěčő ć łăçěáâćě ąăğĺáŋőčő ćěłâőàă áâěŕěŋĺ 4.

(ii) ac ≠ 0 ≠ b^2.

Ć íâőň áńãçăě ac = λb^2, λ ≠ 0. Ňőęŋő ŋőàňăńĺğőćăâì c âăłĺň őąàăğőň, çâő ac = b^2. Ňë ćëąĺàăěň ac ć łăçěáâćě ąăğĺáŋőčő ćěłâőàă áâěŕěŋĺ 4 (ĺ ąãďěň ğăňěŋïâì b^2 ŋă ac ćáîďã, čďě íâő âőńìłő ćőğňőęŋő).

(iii) b^2 = 0.

Ć íâőň áńãçăě ac ≠ 0, ĺ ňë ćëąĺàăěň ěčő ć łăçěáâćě ąăğĺáŋőčő ćěłâőàă áâěŕěŋĺ 4.

Ć ŕőáńěďŋěň áńãçăě, (iii), ŋěŋãńěćëě ňőŋőňë őąàăğãîâ æěŕì (1, a, b), (c, ac, bc),

(c^2, ac^2, bc^2), . . ., áőďěàęăéãî ć âőçŋőáâĺ őďĺŋ ňőŋőň ć łăęďőľ áâěŕěŋĺ. Śńěďőćăâěńìŋő,

ăńčěąàă őďŋőğŋăçŋő őŕàěďěńïěâáï áćőěľ àăğňěàŋőáâìî 1 + n ≤ ∞.

Šőęě áăňőě őáâăěâáï ćěàŋëň ĺ ć áńãçăě (ii), ŕőáłőńìłã ćáě ďàãčĺě ňőŋőňë łăŋőŋĺçěáłĺ àăćŋë íâĺň (ł ŕàĺňěàã, b^2 = ac, b^3 = 0, abc = 0, . . .).

Ć áńãçăě (i) àăááňőâàĺň ŕàőáâàăŋáâćő áâěŕěŋĺ deg = 5. Ěďĺŋáâćěŋŋëľ ŋěâàĺćĺăńìŋëľ ňőŋőň – íâő bc, áńěďőćăâěńìŋő, őŋ ŋěŋãńěćőľ (ěáńĺ 1 + n > 5). Ňë ćëąĺàăěň ěčő ć łăçěáâćě ąăğĺáŋőčő ćěłâőàă ĺ àăááňőâàĺň ŕàőáâàăŋáâćő áâěŕěŋĺ deg = 6. Ŋăåőďĺň ć âőçŋőáâĺ ďćă łàĺâĺçěáłĺå ňőŋőňă áâěŕěŋĺ 6 — b^3 ĺ c^2.

Śãéěáâćãîâ âàĺ ćőğňőęŋőáâĺ: 1) b^3 = 0; 2) b^3 ≠ 0 ≠ c^2; 3) c^2 = 0. Ăńčěąàë íâĺå âàěå âĺŕőć ŋě ĺğőňőàäŋë.

Ć áńãçăïå 1) ĺ 3) ŕőńãçăěň ěďĺŋáâćěŋŋëě æěŕĺ ňőŋőňőć, őąàăğãîéĺě łăŋőŋĺçěáłĺě ąăğĺáë (1, a, b, c, b^2, bc), (c^2, c^2a, c^2b, c^3, c^2b^2, c^3b), . . . ĺ (1, a, b, c, b^2, bc), (b^3, b^3a, b^4, b^3c, b^5, b^4c), . . .. Ć áńãçăě 2) ĺňěěň b^3 = λc^2 á λ ≠ 0. Ŋőàňăńĺğãěň b âăł, çâőąë ćëŕőńŋïńőáì ãáńőćĺě

λ = 1. Ŕőďáâăćńïï c^2 ćňěáâő b^3 àěďãæĺàãěň ćáě ŋěŋãńěćëě ňőŋőňë ĺğ (a, b, c) ł ćĺďã

ŕěàćőčő łăŋőŋĺçěáłőčő ąăğĺáă ćëèě.

Śńěďőćăâěńìŋő, ćő ćáěå âàěå áńãçăïå ăńčěąàă őďŋőğŋăçŋő őŕàěďěńïěâáï áćőěľ àăğňěàŋőáâìî 1 + n. Šăł ňë ŕőńãçăěň ŕőńŋãî łńăááĺäĺłăæĺî A-čàăďãĺàőćăŋŋëå ăńčěąà á ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ áâěŕěŋěľ 1,2,3:

deg = 0 1 2 3 4 5 6 b^2 = 0 b^2, ac b^2 = ac

ac = 0, b^3 = 0

b^3, c^2 ac = 0, b^3 = c^2

ac = 0, c^2 = 0

(ćő ćáěå áńãçăïå a^2 = ab = 0). Łăęďőľ ćěàâĺłăńìŋőľ ńĺŋĺĺ áőőâćěâáâćãîâ ďćă łàĺâĺçěáłĺå ňőŋőňă (âăłăï ńĺŋĺï ŕàěďáâăćńïěâ ćěàèĺŋã ŋăèěčő ďěàěćă).

Ďńï ďàãčĺå ğŋăçěŋĺľ u ĺ v łńăááĺäĺłăæĺï A-ăńčěąà á őąàăğãîéĺňĺ áâěŕěŋěľ (1, u, v) ŕőńŋőáâìî ăŋăńőčĺçŋă. Ćáěčďă ŕőńãçăěâáï ďěàěćő á âàěňï ćőğňőęŋőáâïňĺ ć ŋěłőâőàëå ćěàèĺŋăå (áâěŕěŋĺ 4 ĺ 6 ć ŕàěďëďãéěň ŕàĺňěàě).

Łăęďőľ âăłőľ ćěàèĺŋě áőőâćěâáâćãěâ ďćă łàĺâĺçěáłĺå ňőŋőňă — (b^k, c^la^r) ĺńĺ

(b^ka^r, c^l), 0 < r < u.

Šàěňï ćőğňőęŋőáâïňĺ ïćńïîâáï:

1) b^k = 0, 2) b^k ≠ 0 ≠ c^la^r, 3) c^la^r = 0,

ĺńĺ, áőőâćěâáâćěŋŋő,

1) c^l = 0, 2) c^l ≠ 0 ≠ b^ka^r, 3) b^ka^r = 0.

Ć áńãçăě 1 ŋěŋãńěćëě ňőŋőňë őąàăğãîâ áâăŋďăàâŋãî æěŕì, ĺ ăńčěąàă őďŋőğŋăçŋő őŕàěďěńïěâáï áćőěľ àăğňěàŋőáâìî.

Śńãçăĺ 2 àěďãæĺàãîâáï ł b^k = c^la^r (áőőâćěâáâćěŋŋő c^l = b^ka^r). Ćáě ŋěŋãńěćëě ňőŋőňë àăćŋë ňőŋőňăň áâăŋďăàâŋőľ æěŕĺ, áőőâćěâáâćãîéěľ áńãçăî 1.

Ć áńãçăïå 3 ŋăďő ŕàőďőńęĺâì âăłĺě ęě àăááãęďěŋĺï ãćěńĺçĺćăï àăğňěàŋőáâì. Šăł łăł ňë ĺáŕőńìğãěň ŋőàňăńĺğăæĺî âőńìłő őďŋăęďë ďńï łăęďőľ łőŋłàěâŋőľ ćěâćĺ ŋăèěčő ďěàěćă, âő ňőęŋő ŋőàňăńĺğőćăâì ćáě łőíääĺæĺěŋâë ć ŋăèĺå áőőâŋőèěŋĺïå.

e�_2 c^2 c^3a c^5 e�_1 b^2 b^3a b^5 b^8

ca^2 e_0 e_1 e_2 e_1+e_2 e_3

Řĺá. 1.

4. Őŕĺáăŋĺě łàĺâĺçěáłĺå ňőŋőňőć ć âěàňĺŋăå ŋěŕàěàëćŋëå ďàőąěľ

Řăááňőâàĺň ăńčőàĺâň ćëâïčĺćăŋĺï ŋőáőć, őŕàěďěńïîéĺľ àăğńőęěŋĺě v/u ć ŋěŕàěàëćŋãî ďàőąì. (Ňë ąãďěň ĺğãçăâì A-čàăďãĺàőćăŋŋëě ăńčěąàë á ňãńìâĺŕńĺłăâĺćŋëňĺ őąàăğãîéĺňĺ áâěŕěŋěľ 1, u, v.) Řĺá.1 ŕàěďáâăćńïěâ áńãçăľ u = 5, v = 8. Űěńëě âőçłĺ ŋă ŕńőáłőáâĺ (k, l) ŕàěďáâăćńïîâ ňőŋőňë c^kb^l.

Řăááňőâàĺň ŕàïňãî, áőěďĺŋïîéãî (0, 0) á (u, v), ĺ ďćă ąăğĺáŋëå ćěłâőàă e�2 = (1, 0) ĺ e�1 = (0, 1). Őŋĺ ńěęăâ ŕő àăğŋëě áâőàőŋë őâ ŕàïňőľ, ŕńőéăďì őŕàěďěńïěňőčő ĺňĺ ŕăàăńńěńőčàăňňă àăćŋă 1.

Ăńčőàĺâň àăąőâăěâ áńěďãîéĺň őąàăğőň: ŕàĺąăćĺň ćěłâőà ek+1 ł âőçłě ek áâőńìłő àăğ, áłőńìłő íâő ąãďěâ ćőğňőęŋő ąěğ ŕěàěáěçěŋĺï ŕàïňőľ. Řěğãńìâăâ íâőľ áãňňë ěáâì ek+2. §áŋő, çâő ćáě âőçłĺ eçěâŋőě (eŋěçěâŋőě) ńěęăâ ŋĺęě (ćëèě) ŕàïňőľ. İâĺ âőçłĺ ïćńïîâáï ćěàèĺŋăňĺ ćëŕãłńőľ őąőńőçłĺ ćáěå æěńëå âőçěł á ŋěőâàĺæăâěńìŋëňĺ łőőàďĺŋăâăňĺ őâńĺçŋëňĺ őâ (0, 0) ĺ ńěęăéĺňĺ ŋĺęě (ćëèě) ŋăèěľ ŕàïňőľ. Ăńčőàĺâň łőŋçăěâ àăąőâã, łăł âőńìłő őçěàěďŋăï âőçłă ŕőŕăďăěâ ŋă ŕàïňãî.

Ŕő őŕàěďěńěŋĺî, ek+2 = ek + ak+2ek+1 (e3 = e1 + 2e2), čďě çĺáńă ak őąàăğãîâ ŋěŕàěàëćŋãî ďàőąì v u = a_0 + 1 a_1 + 1 a_2 + . . . , 8 5 = 1 + 1 1 + 1 1 +^1_2 .

Ŕőáńěďőćăâěńìŋëě łàĺâĺçěáłĺě ňőŋőňë áőőâćěâáâćãîâ ŕőáńěďőćăâěńìŋëň èăčăň ăńčőàĺâňă. Ă ĺňěŋŋő, àăááňőâàĺň ŕàőĺğćőńìŋãî æěńãî âőçłã ek + sek+1 (čďě 0 < s < ak+2). Šăł ğăďăîâáï ćáě æěńëě âőçłĺ ŋă čàăŋĺæě ćëŕãłńëå őąőńőçěł, őŕàěďěńěŋŋëå ćëèě, ńěęăéĺě ňěęďã e�1 ĺ eŕőáńěďŋĺň ĺ ňěęďã e0 ĺ eŕőáńěďŋĺň (ĺáłńîçăï ŋăçăńìŋëě âőçłĺ e�1 ĺ e0).

Ďćãňï łàĺâĺçěáłĺňĺ ňőŋőňăňĺ ăááőæĺĺàőćăŋŋëňĺ á âăłőľ âőçłőľ (p, q) ïćńïîâáï

c^p, a^rb^q ďńï âőçěł ŋĺęě ŕàïňőľ ĺ b^q, a^rc^p ďńï âőçěł ćëèě ŕàïňőľ. Ğďěáì r őŕàěďěńïěâáï

ãáńőćĺěň àăćěŋáâćă ćěáőć, vp = uq + r – ć ŕěàćőň áńãçăě, uq = vp + r – ćő ćâőàőň.

Ŕàĺňěà. Ďńï u = 5, v = 8 (Řĺá.1) ŕőáńěďőćăâěńìŋëě âőçłĺ ĺ łàĺâĺçěáłĺě ŕăàë ňőŋőňőć ŕàĺćěďěŋë ć âăąńĺæě

e_1 e_2 e_1 + e_2 e_3 p 1 2 3 5 q 2 3 5 8

łà. b^2 c^2 b^5 b^8 ňőŋ. a^2c ab^3 ac^3 c^5

deg 10 16 25 40

Śńěďőćăâěńìŋő, ďěàěćő A-ăńčěąà áőőâćěâáâćãîéĺå ćěáăň (5, 8) ĺňěěâ ćĺď

10 b^2 = 0 16 25 40 b^2 = a^2c a^2c = 0 c^2 = 0 c^2 = ab^3 ab^3 = 0 b^5 = 0 b^5 = ac^3 ac^3 = 0 b^8 = 0 b^8 = c^5 c^5 = 0 N_{1,5,8}(n ≥ 40) = 9

Ğăłńîçĺâěńìŋëě ğăňěçăŋĺï

§ ŋăďěîáì, çâő ŕàőąńěňă łńăááĺäĺłăæĺĺ A-čàăďãĺàőćăŋŋëå ăńčěąà á ąőńìèĺň çĺáńőň őąàăğãîéĺå ŕàĺćěďěâ ł ăńčěąàăĺçěáłĺ ěáâěáâćěŋŋőňã őąőąéěŋĺî ŋěŕàěàëćŋëå ďàőąěľ.

İâĺ ĺááńěďőćăŋĺï ňőâĺćĺàőćăŋë ćëçĺáńěŋĺěň łőčőňőńőčĺľ ŕàőáâàăŋáâćă ćěéěáâćěŋŋëå ŕőńĺŋőňőć x^{n+1} + a1x^n�^1 + . . .+ an, ŋě ĺňěîéĺå łőàŋěľ łàăâŋőáâĺ ćëèě k + 1. Ŕőńĺŋőň Ŕãăŋłăàě âăłőčő ŕàőáâàăŋáâćă ćáěčďă ĺňěěâ ćĺď 1 + t^k + t^{2k} + . . . (őďŋă ăďďĺâĺćŋăï őąàăğãîéăï ć łăęďőľ ŋě áńĺèłőň ąőńìèőľ àăğňěàŋőáâĺ, ďěńïéěľáï ŋă k).

Őŕĺáăŋŋëě ğďěáì ĺááěďőćăŋĺï áőőâćěâáâćãîâ çěâŋőňã k. Ć áńãçăě ŋěçěâŋëå k âăłęě ćőğŋĺłăîâ ĺŋâěàěáŋëě ŕàőąńěňë, âăłĺě łăł łńăááĺäĺłăæĺï ăŋâĺłőňňãâăâĺćŋëå A-čàăďãĺàőćăŋŋëå ăńčěąà; íâő ďőńęŋő ćěáâĺ ł “áãŕěàŋěŕàěàëćŋëň ďàőąïň”.

Őďŋăłő, ćáě íâĺ ăńčěąàăĺçěáłĺě ĺčàë ŋě ĺáŕőńìğãîâáï ć ŕěàćőŋăçăńìŋőľ âőŕőńőčĺçěáłőľ ğăďăçě: áâàãłâãàă łőńìæă łőčőňőńőčĺľ, ćëçĺáńěŋŋăï Ć. Ă. Ćăáĺńìěćëň, őŕàěďěńïěâáï áőőâŋőèěŋĺïňĺ epeq = C^q_{p+q}ep+q (ć çěâŋőň áńãçăě), ă ŕàőáâàăŋáâćă ŕőńĺŋőňőć áńăąő čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋë ŕàőáâàăŋáâćã ŕěâěńì áäěà (ãćěńĺçĺćăîéěľáï àăğňěàŋőáâĺ á àőáâőň áâěŕěŋĺ ŕőńĺŋőňőć n). Ŕàőáâàăŋáâćő ćáěå äãŋłæĺľ (ŋě âőńìłő ŕőńĺŋőňőć), ŋě ĺňěîéĺå łőàŋěľ łàăâŋőáâĺ ćëèě m, (ŕő łàăľŋěľ ňěàě, áńăąő) čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋő ŕàőáâàăŋáâćã ŕěâěńì S^m.