ŞĎŁ 519.4, 512.54 � V. I. ARNOLD

Steklov Mathematical Institute 8, ul. Gubkina, Moscow 117966, Russia

HIGHER DIMENSIONAL CONTINUED FRACTIONS

Received September 3, 1998

The higher-dimensional analogue of a continuous fraction is the polyhedral surface, bounding the convex hull of the semigroup of the integer points in a simplicial cone of the euclidian space. The article describes some conjectures and theorems, extending to such higher-dimensional continouos fraction the Lagrange theorem on quadratic irrationals and the Gauss{Kuzmin statistics.

To J-urgen Moser admiringly

1. Classifications of graded algebras

While canoeing at the Onega lake and at the Svjatukha river in the summer of 1988, I became so nostalgic for mathematics that decided one rainy day to study, following the example of the algebraists, a problem having no relations to any serious mathematics.

This attempt to produce something useless ended with a failure. The present article is an account of the theories emerging from the investigation of the following unmotivated de˛nition.

Consider a commutative associative graded algebra over the ˛eld C (or over R).

De˛nition 1. The algebra is called A-algebra if its Poincar«e series equals 1 + t + t^2 + : : : (that is, if each homogeneous component is one-dimensional.

The problem was to classify the A-algebras. Such an algebra has a natural system of homogeneous multiplicative generators. If there is only one generator, the algebra is isomorphic to the algebra of polynomials in one variable. The case of two multiplicative generators is also easy to settle. I had started to investigate the algebras with three multiplicative generators.

One of generators is of degree one. Denote by u ¡ v the degrees of the two others. My result in this case (see [1]) was:

Theorem 1. The number of the nonisomorphic A-algebras with three multiplicative homogeneous generators of degrees 1 ¡ u ¡ v is ˛nite and is equal to 2a + 1, where a = a_1 + a_2 + : : : is the sum of the elements of the continued fraction v=u = a_0 + 1 a_1 + : : : : Example 1. In the simplest case the degrees are 1 ¡ 2 ¡ 3, the continued fraction is 3=2 = 1 + 1=2, a = 2. Therefore the number of nonisomorphic A-algebras having 3 multiplicative generators of degrees 1, 2 and 3 is equal to ˛ve.

The de˛ning relations of these are also described in terms of continued fraction (see [1]). Therefore, it hapens that the original useless algebraic problem has unexpected relations to serious mathematics | to the continued fractions and hence to diophantine approximations, dynamical

Matematics Subject Classi˛cation 11B37, 13A99, 22A20, 41A63, 52B70, 62L12

10 © REGULAR AND CHAOTIC DYNAMICS, V.3, é3, 1998 systems and Hamilton mechanics, resonances, small denominators | from one side, and to number theory from another.

Moreover, the original algebraic problem, leading to the continued fractions in the case of three generators, has a natural algebraic extension with an arbitrary number of generators. We get thus a natural algebraic problem, whose solution could be used to generalize the continued fraction notion.

The ordinary continued fractions being related to the geometry of the 2-lattice Z^2, the problem of classi˛cation of A-algebras with n generators is related to the lattice Z^{n−1}:

Denote by (u_1; : : : ; u_n) the degrees of the generators (x_1; : : : ; x_n): The monomial x^m is of degree (m; u) = m_1u_1 + : : : m_nu_n: The relations of our algebra have the form x^a = cx^b and correspond to Laurent monomials of degree zero (x^{a−b} = c). The exponents a − b of these monomials belong to sublattice Z^{n−1} de˛ned by equation (m; u) = 0 in the lattice Z^n of the exponents m.

The lattice Z^{n−1} contains n hyperplanes m_i = 0. The role of the continued fraction is played, for n ¿ 3, by \star of sails" de˛ned by the following construction.

Consider one of the (n−1)-dimensional (simplicial) piramides, bounded in the hyperplane R^{n−1} = {m : (m; u) = 0} by the n coordinate hyperolanes m_i = 0 (for n = 3 this plane R^2 intersects 6 from 8 octants and is subdivided into 6 angles by the 3 coordinate planes).

The integer points, di¸erent from 0, which belong to the piramide that we have choosen, form a semigroup in Z^{n−1}. The convex hull of this set of integer points is bounded by a polyhedral surface (of dimension n − 2), called the sail.

The sails, corresponding to all the piramides, form the star of sails that we have mentioned. In the case n = 3 this star consists of 6 sails, each of the sails belong an integer broken line in Z^2 (corresponding to the usual continued fraction u_i=u_j ).

The attempt to extend the A-algebras classi˛cation to the case of more than 3 generators by E. Korkina and her collaborators (see [2, 3, 4]) was based on computer experimentation. Korkina [4] has published the detailed proof of the classi˛cation of the A-algebras having 3 multiplicative generators.

However the further investigations showed that for more than 3 multiplicative generators the classi˛cation is no longer discrete: moduli (continious invariants) appear and the set of equivalence classes of A-algebras becomes a continuum.

The ˛rst example of this phenomenon was suggested by D.Eisenbud. In his example there were n = 9 generators. Later B. Sturmfels has discovered examples with n = 4 generators (of degrees 1, 3, 4, 7), using Gr-obner bases and computer algebra (see [5]).

The description of the simple (having no moduli) A-algebras with n ¿ 3 generators is open (even for n = 4). The experience shows that the classi˛cation of simple objects in all branches of mathematics always leads to natural and important results (including some mysterious relations between the simple objects of di¸erent theories).

One could guess that the classi˛cations of simple A-algebras might lead to new discoveries of such relations. Even the list of the quadriles 1 ¡ a ¡ b ¡ c (such that all the A-algebras whose multiplicative generators have such a quadriple of degrees are simple) is unknown.

2. Lagrange theorem and its generalizations

The classical theorem of Lagrange claims that a continued fraction is periodic if and only if it represents a quadratic irrational number.

The construction described above suggests an immediate generalization of this theorem to algebraic numbers of higher degrees n.

We have already seen, that the higher-dimensional continued fraction should be a sail (the boundary of a convex in˛nite polyhedron with integer vertices of dimension n − 1 in Z^n or eventualy the star of such sails).

It happens, that the periodicity of the usual continued fraction (corresponding to n = 2) is in the case n ¿ 2 replaced by (n − 1)-periodicity of the sail (the periods forming the group Z^{n−1}).

� V. I. ARNOLD

Consider an integer matrix A ∈ SL(n; Z) of determinant one. Suppose that its eigenvalues ˘_i are positive, pairwise di¸ernt and irrational (it is covinient to suppose that characteristic equation of A is irreducible).

The eigenhyperplanes of A subdivide the space R^n into 2^n ortants. The nonzero integer points belonging to an ortant form a semigroup. Consider its convex hull. The boundary of this convex hull is an (in˛nite) polyhedral hypersurface | the sail of operator A in the ortant.

The sail is invariant under the action of operator A (which preserves both the integer points lattice and the ortant).

In the case of matrix of order n = 2 this implies the periodicity of continued fraction, corresponding to the tangent of the eigenline angle with the coordinate axis.

Indeed, the elements of this continued fraction are (alternating) the integral lengths of the segment and the integral angles of the broken line, which represents the sail.

The integral lengths of a segment between two lattice points is the number of parts into which it is subdivided by the other lattice points. The integral angle between two segments of integral lengths one, joining the origin 0 with two \neighbours", is the area of the parallelogram, generated by this segments, measured in the units of the fundamental parallelogram of the lattice of all integer points of the plane spanned by the two segments.

In other words this angle is equal to the index of the subgroup, generated by the point of the segments,in the group of integer points of the plane spanned by these two segments.

The integral volume of paralleliped (and the integral solid angle of simplicial piramide) are de˛ned similary (and provide the integral volumes and solid angles for any integer polyhedron and polyhedral cone).

In the case n ¿ 2 the symmetry group of the sail is larger then the cyclical group generated by operator A. Indeed, the \Cartan" subgroup of the integer operators having the same basis of eigenvectors as A (and having the same sails) is isomorphic to Z^{n−1} (it follows from the Dirichlet theorem on the units).

The remark above, due to H. Tsuchikashi [6], proves the Z^{n−1}-periodicity of the n{dimensional sail), corresponds to a \completly real" algebraic number of degree n:

For instance, such an algebraic number de˛nes a polyhedral subdivision of the torus T^{n−1} (which is the quotient space of the sail by the symmetry group).

The simplest cubical irrational number (which might be called the \cubical Fibonacci number") corresponding to the subdivision of the square (whose opposite sides are identi˛ed) by a diagonal (see [11]). The corresponding matrix is A = 3 2 1 2 2 1 1 1 1

(the usual Fibonacci number ( √ 5 + 1)=2 corresponding to the matrix ( 2 1 1 1 ) ). To formulate the higher-dimensional version of the Lagrange statement that periodicity of a continuous fraction of a number implies that the number is a quadratic irrational algebraic number, I have suggested the following construction.

Consider n hyperplanes containing the origin O of the space R^n containing the lattice Z^n: Fix an integer r and consider the r-star of a vertex of the sail (consisting of all the vertex by a broken line consisting of at most r segment belonging to the faces of the sail). Call the r-color of a vertex the integer type of its r-star.

Example 2. For n = 2; r = 1 the 1-color of a vertex of the broken line include the integral lengths of the adjoint segments and the integral angle between them (but is not reducible to this triple of integer).

The symmetries of the sails generated by a completely real operator A ∈ SL(n; Z) preserve the colors of the vertices. Therefore the sails of such an operator have n − 1 periods both as simply an abstract in˛nite polyhedral surface in the sense of pure combinatorics, or taking into account the integer points on its faces or even taking into account the r-colors (whatever r we choose). In 1991 I formulated the following

Conjecture 1. The periodicity (with n−1 periods) of the sail in R^n de˛ned by n irrational hyperplanes containing the origin O of R^n equiped with the r-colors of the vertices implies the existence of an integer operator A; whose invariant hyperplanes are our hyperplanes, provided that r is su‹ciently large.

E. Korkina [7] had announced that the conjecture is true already for r = 1 (that is, the periodicity of the Z-a‹ne type of the union of the faces containing a vertex su‹ces), but the details of the proof have not yet been published.

The periodicity of the sails (considered as combinatorial polyhedral with distinguished integer points) could also su‹ce. For the case n = 2 this condition is exactly the periodicity of the continued fraction condition.

Di¸erent generalization of the Lagrange theorem and of Fibonacci numbers were discussed in many paper. G. Lachaud ([8] and [9]) and Iglesias (see [10]) have started the investigation of these problems together with Korkina when I had explained them my conjecture (the preprint of [11] already appeared in 1993).

The idea that the higher{dimensional generalisation of continued fraction is the geometry of the sails in higher{dimmensional space was well known already to Klein (see [12], [13], [14]), Minkowski (see [15]), Voronoy (see [16]) and others.

The attempts to generalise to higher dimensions the algorithm of continued fraction lead to complicate and ugly theories. For instance the sail corresponding to a cubical irrational number is a doubl{periodic polyhedral surface. However the algorithms de˛ne instead of this surface a path on it. Even in the case when the path visits all the faces, and provides all the very good diophantine approximation in the corresponding problem, the path is not periodic at all and looks as a rather chaotic object: it is unclear how to describe the cubical irrationals in terms of the combinatorics of this path.

Conversely, the study of the triangulation of the torus, corresponding to di¸erent cubic irrational, seems a natural geometrial approach to algebraic number theory.

3. Statistics of higher-dimensional continued fraction

The elements a_i of the continued fraction development of a random number are distributed nonuniformly: the probability of the value k of a_i decrease like k^{−2} and is equal to

p_k = ( ln ( 1 + 1 k(k + 2) )) / (ln 2)

for almost every irrational number a = a_0 + 1=a_1 + : : : (the Gauss{Kuzmin theorem, see [17]).

The \probability" p_k is de˛ned here as the limit for N → ∞ of the ratio of the number of the elements a_i = k among the ˛rst N elements to N.

The Gauss{Kuzmin theorem is a particular case of the ergodic theorem in the following sense. Consider the shift of the sequence of the elements of a continued fraction (a_1; a_2; a_3; : : : ) → (a_2; a_3; : : : ). In terms of the number x = 1=(a_1 + 1=a_2 + : : : )) this shift is the mapping of the segment (0,1) into itself, de˛ned by the formula x → (the fractionalpartof1=x).Gauss has remarked that this mapping T has an invariant measure ¯ (with density æ(x) = 1=((1 + x) ln 2)): the measure of the preimage of any segment ´ is equal to the measure of ´, ¯(T^{−1}(´)) = ¯(´).

The derivative dT=dx is greater than 1 on the interval (0,1), hence mapping T is ergodic. Therefore the probability p_k can be calculated as the measure of the segment 1=(k + 1) ¡ x ¡ 1=k where a_1 = k, according to the ergodic theorem:

� V. I. ARNOLD

p_k =

1=k∫

1=(k+1)

æ(x) dx = (ln (k + 1)^2=k(k + 2))=(ln 2):

Remark 1. In 1990 I have formulated the following conjectural generalisations of the Gauss{Kuzmin theorem: a). The case of ˛nite continued fractions. Consider the continued fractions developments of all rationals p=q for which p^2 + q^2 ≤ N^2.

Conjecture 2. The elements a_i = k form among all the elements of all these continued fractions a part, asymptotically equal to p_k for N → ∞.

b). The case of periodic continued fractions. Consider the periods of the continued fractions of all real quadratic irrationals, satisfying the integer coe‹cients equations x^2 +px+q = 0 with p^2 +q^2 ≤ N^2.

Conjecture 3. The elements a_i = k form among all the elements of all these periods a part, asymptotically equal to p_k for N → ∞.

Conjecturally these limits remain the same if one replace the discs of radius N by the squares |p|+|q| ≤ N or by some other similar domains. One could also replace the abstract quadratic equations

by the characteristic equations of the integer matrices ( a b c d ) (say, with a^2 + b^2 + c^2 + d^2 ≤ N^2).

The computer experiments (by E. Korkina and by J.-O. Moussa˛r) seem to con˛rm these conjectures. One is naturally lead to the question: how to extend all this to the higher-dimensional continued fractions? Already in 1990 I have formulated the following (slightly nonprecise)

Conjecture 4. For almost every simplicial cone whose vertex is the origin O of the space R^n ⊃ Z^n, the statistic of any reasonable characteristic of the sail of this cone (that is of the boundary of the convex hull of the set of the integer points lying insidde the cone) is universal (independent of the cone).

This universal statistic coincides with the asymptotic statistic for the rational cones and for the invariant cones of the integer matrices (which one obtains pushing to in˛nity the parameter N, bounding the matrix elements, of the coe‹cients of the integer equations of the faces of the cone).

As reasonable characteristics I have ment, for instance, the distribution of the integral lengths of the edges, the distribution of the 2-faces according to the number of their edges or by the integral areas and by the a‹ne integer equivalence classes, the distribution of the vertices according to the number of edges containing them and the like.

In 1997 I have proposed the problem of calculation of these statistics to Ju. Sukhov (Cambridge). It resulted in a remarquable work by Sukhov and M. Kontsevich. Among other things they proved the following

Theorem 2. All the statistical asymptotic characteristics mentioned above (as well as many others) do exist for almost every simplicial cone and are universal (independent of the cone).

Unfortunatly, these distributions are still not calculated (while their calculation is reduced to the summation of some series in polylogarithms). For instance, it is unknown, whether the distribution of the integral lenghts of the edges of the sails is shifted toward the longer or toward the shorter lenghts (with respect to the distribution of the integral lenghts of the random integer segments and with respect to the elements of the continued fraction of a random real number).

It is also unknown, how fast is decreasing the probability p_k to have integral lenghts k for an edge of the sail of a random cone in R^n (conjecturally | as C=k^n).

For a random integral segment, p_k decreases like c_1=k^n; for the elements of the continued fraction of a random real number{like c_2=k^2. For n = 2 one has c_1 = 6=ß^2, c_2 = 1=(ln 2) ¿ c_1. In this case the distribution of the integral lenghts of the segments of a random sail is shifted (with respect to the distribution of the integral lenghts of the random segments) toward the longer segments. One could suppose it is also true for n ¿ 2.

The main new idea of Kontsevich and Sukhov consists in the following inversion of the viewpoint. I suggested to ˛x the lattice and to move the simplical cone. They are ˛xing the simplicial cone (i. e. the æCartanç commutative group H of matrices from SL(n; R) diagonal in the same basis), moving the lattice.

The lattices with the fundamental parallelepiped of volume 1 naturally form the manifold

M^{n2−1} = SL(n; R)=SL(n; Z)

(of the fundamental parallelepipeds quotioned by the choice of a basis in the lattice).

The commutative group H (of dimension n − 1) acts on this manifold (since the coordinates rescalings act on the parallelepipeds). This action is ergodic.

The properties of the sail we are interested in are de˛ned by the con˛guration of the orbit of this action with respect to some special hypersurface in M. The calculation of the asymptotical statistics is reducible to the calculation of the volumes of the corresponding domains in M, and the existence of these asymptotics | to the measureability of these domains.

Indeed, the decomposition of the sail into its faces is isomorphic to the decomposition of the orbits into parts by the intersections of the orbit with the following hypersurface in the lattices manifold M. A lattice is called special (belongs to the above hypersurface) if the diagonal {t; t; : : : ; t} in R^n intersects the sail (de˛ned by the lattice in the positive ortant) in a common point of several faces of the sail.

The structure of the hypersurface of the special lattices in M is not clear even at the homological level (how many components has its complement in M?).

Kontsevich has also proved, that the statistics of the segments of the sail de˛ned by the lattice Z^2 inside a random angle with a random vertex in R^2 are almost always universal (independent of the vertex and of the angle). However these statistics are di¸erent from those corresponding to the vertice at a lattice point (that is, to continued fractions): for a random vertex

p_k = ( ln (k − 1)^{(k−1)}(k + 1)^{3(k+1)} k^{3k}(k + 2)^{(k+2)} )/ (2 ln 2):

Rational vertices with denominator q de˛ne di¸erent universal statstics (for almost all angles having this vertex), which depend on q. These statistics are explicitly computable. It would be interesting to understand the behavior of the statistics of the integral lenghts of the segments of the sail de˛ned by a random angle whose vertex is an algebraic point.

The number of edges in the part of the sail at distance at most t from the vertex grows (with probability 1) in all these cases similarly, namely as c ln t; c = (ln 2)=(ı(2)).

It seems that the statistics of this type are more stable also for higher dimensions n.

4. Uncertainty relations

The two conjectures formulated below were invented as byproducts of the theories described above. I had proved them only with super‚ans logarithms in the asymptotic, but later Kontsevich and Korkina have proved them completly (the Korkina’s proof providing also the values of the constants).

Consider a closed subgroup G of the Euclidean space R^n , such that the quotient space is a compact torus T^m; m ≤ n | for instance, a lattice ` in R^n is a relevant example of G.

Suppose, that the complement to G contains a ball of radius r.

Conjecture 5. The dual Euclidean space contains a nonzero æwavevectorç k, such that (k; x) ∈ Z for all points of G, the length of k being at most C=r (where the constant C depends only on the dimension n).

� V. I. ARNOLD

Conjecture 6. Denote by r(`) the maximal radius of the open balls centred at the points of lattice` which do not intersect each other. Denote by R(`) the minimal radius of closed balls centred at the points of lattice ` which cover all the space R^n . Then the product

r(lattice `) · R(dual lattice `^V)

is bounded from below and from above by two constants which depend only on the dimension n.

Remark 2. The estimation from above is close to Conjecture 5. The estimation from below is proposed by M. Kontsevich. All the three estimations ought to be known to Minkovski, but it seems that they were not formulated even by his followers (see however [18, 19]). The bounds from below

and from above, provided by Korkina, are 1=4 and √ 3 √_{(4=3)n −1} 4 . The bound from below is the best possible, but that from above is not.

References

[1] V. I. Arnold. A-graded algebras and continued fraction. Comm. on Pure and Appl. Math. 1989. V. 42. P. 993{1000.

[2] E. Korkina, G. Post, M. Roelofs. Alg„ebres gradu«ees de type A. Comptes Rendus Acad. Sci. Paris 314. 1993. S«erie I. P. 653{655.

[3] E. Korkina, G. Post, M. Roelofs. Classi˛cation of generalized A-graded algebras with 3 generators. Bull. des Sciences Mathematiques. 1995. 119. P. 267{287.

[4] E. Korkina. Classi˛cation of A-graded algebras with 3 generators. Indag.Mathem. 1992. é 5,3,(1). P. 27{40.

[5] B. Sturmfels. Gr-obner Bases and Convex Polytopes.

University Lecture Ser. 1996. é 8. 162 p. Providence. R.I.Amer.Mat.Soc. P. 85{98.

[6] H. Tsuchihashi. Higher dimensional analogues of periodic continued fraction and cusp singularities. Tohoky Math. Journ. 1983. 35. P. 176{193.

[7] E. Korkina. La p«eriodicit«e des fractions continues multidimensionelles. Comptes Rendus Acad.Sci. Paris 319. 1994. S«erie I. P. 777{780.

[8] G. Lachaud. Le th«eor„eme de Lagrange pour les irrationels de degr«e quelconque. Pr«epublication ATI. CNRS Lumini. Case 930. 13288 Marseille Cedex 9. 1992.

[9] G. Lachaud. Poly„edre d’Arnold et voile d’un c^one simplicial, analogue du th«eor„eme de Lagrange pour les irrationels de degr«e quelconque. Pr«etirage 93{13. Laboratoire de Math«ematiques Discr„etes du CNRS. Lumini. Case 930. 13288 Marseille Cedex 9. 1993.

[10] P. Iglesias, G. Lachaud. Espaces di¸«erentiables

singuliers et corps de nombres alg«ebriques. Ann. Institut Fourier. 1990. 40. P. 723{737.

[11] E. I. Korkina. Two-dimensional continuous fractions.

The simplest exampes. Proceedings of the Steklov mathematical Institute of RAS. 1995. 209. P. 143{166.

[12] F. Klein. Uber eine geometrische Au¸assung der gew-ohlischen Kettenbtuchentwicklung. Nachr. Ges. Wiss. G-ottingen. Math.{Phys. Kl. 1895. é 3. P. 357{359.

[13] F. Klein. Sar une repr«esentation g«eom«etrique du d«eveloppment en fraction continue ordinaire. Nouv. Ann. Math. 1886. 3. 15. P. 321{331.

[14] F. Klein. Ausgew-ahlte Kapitel der Zahlentheorie, Bd.

I. Einleitung Vorlesung. 1895/1896 herausgegeben von A. Zommerfeld. G-ottingen. 1896.

[15] H. Minkowski. G«en«eralisation de la th«eorie des fractions continues. Ann. Ecole Super. 1896. Ser. 3. V. 3. P. 85{102.

[16] G. F. Voronoi. A generalisation of continuous fractions algorithm. Warsaw. 1896. Warsaw University Press.(Coll. works in 3 volumes. Kiev. AS of the USSR Press. 1952. Vol. I. P. 197{391.

[17] A. Ya. Khinchin. Continuous fractions. Fizmatgiz.

Moskow. 1961.

[18] U. Schnell. Minimal determinants and lattice inequalities. Bull. London Math. Soc. 24, 1992, P. 606-612.

[19] J. C. Lagarias, H. W. Lenstra, J. and C. P. Schorr.

Korkin{Zolotarev bases and successive minima of a lattice and its reciprocol lattice. Combinatorica 10(4), 1990, P. 333-348.

16 REGULAR AND CHAOTIC DYNAMICS, V.3, é3, 1998

Ć. Ĺ. ĂŘŊŐŃĲĎ

ŇŊŐČŐŇĚŘŊŻĚ ŰĚŔŊŻĚ ĎŘŐĄĹ

Ŕőśšşŕĺńă ć řěďăłűĺ¿ 3 śěŋš£ąř£ 1998 č.

Ňŋőčőňěřŋżň ăŋăńőčőň űěŕŋőľ ďřőąĺ £ćń£ěšś£ ŕőńĺ¡ďřăńĳŋă£ ŕőćěřţŋőśšĳ, őčřăŋĺůĺćă¿źă£ ćżŕşłńş¿ őąőńőůłş ŕőńşčřşŕŕż űěńżţ šőůěł ć śĺňŕńĺűĺăńĳŋőň łőŋşśě ěćłńĺďőćă ŕřőśšřăŋśšćă. Ć śšăšĳě őŕĺśăŋż čĺŕőšěğż ĺ šěőřěňż, ŕěřěŋőś£źĺě ŋă šăłĺě ňŋőčőňěřŋżě űěŕŋżě ďřőąĺ šěőřěňş Ńăčřăŋęă ő łćăďřăšĺůŋżţ ĺřřăűĺőŋăńĳŋőśš£ţ ĺ śšăšĺśšĺłş Čăşśśă{Łşğĳňĺŋă.