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ABSTRACT. In this paper we study properties of lattice trigonometric functions of lattice angles
in lattice geometry. We introduce the definition of sums of lattice angles and establish a necessary
and sufficient condition for three angles to be the angles of some lattice triangle in terms of lattice
tangents. This condition is a version of the Euclidean condition: three angles are the angles of
some triangle iff their sum equals w. Further we find the necessary and sufficient condition for
an ordered n-tuple of angles to be the angles of some convex lattice polygon. In conclusion we
show applications to theory of complex projective toric varieties, and a list of unsolved problems
and questions.

Infinite ordinary continued fractions.

Date: 22 March 2006.

Key words and phrases. Lattices, continued fractions, convex hulls.

Partially supported by NWO-RFBR. 047.011.2004.026 (RFBR. 05-02-89000-NWO_a) grant, by RFBR SS-
1972.2003.1 grant, by RFBR 05-01-02805-CNRSL _a grant, and by RFBR. grant 05-01-01012a.

1

O O W w N

24

24
25
28
30
31
32



2 OLEG KARPENKOV

5.2. Ordinary lattice irrational angles. 32
5.3. Lattice-length sequences for ordinary lattice irrational angles. 32
5.4. Lattice tangents for ordinary lattice R-irrational angles. 33
5.5. Lattice arctangent for ordinary lattice R-irrational angles. 33
5.6. Lattice signed length-sine infinite sequences. 35
5.7. Proper lattice-congruence of lattice oriented infinite broken lines on the unit
distance from the lattice points. 36
5.8. Equivalence classes of almost positive lattice infinite oriented broken lines and
corresponding expanded lattice infinite angles. 36
5.9. Revolution number for expanded lattice L- and R-irrational angles. 37
5.10. Normal forms of expanded lattice R- and L-irrational lattice angles. 38
5.11. Sums of expanded lattice angles and expanded lattice irrational angles. 41
Appendix A. On global relations on algebraic singularities of complex projective toric
varieties corresponding to integer-lattice triangles. 42
Appendix B. On lattice-congruence criterions for lattice triangles. Examples of lattice
triangles. 45
Appendix C. Some unsolved question on lattice trigonometry. 46
References 49
INTRODUCTION.

0.1. The goals of this paper and some background. Consider a two-dimensional oriented
real vector space and fix some full-rank lattice in it. A triangle or a polygon is said to be lattice
if all its vertices belong to the lattice. The angles of any lattice triangle are said to be lattice.

In this paper we introduce and study lattice trigonometric functions of lattice angles. The
lattice trigonometric functions are invariant under the action of the group of lattice-affine trans-
formations (i.e. affine transformations preserving the lattice), like the ordinary trigonometric
functions are invariant under the action of the group of Euclidean length preserving transforma-
tions of Euclidean space.

One of the initial goals of the present article is to make a complete description of lattice tri-
angles up to the lattice-affine equivalence relation (see Theorem 2.2). The classification problem
of convex lattice polygons becomes now classical. There is still no a good description of convex
polygons. It is only known that the number of such polygons with lattice area bounded from
above by n growths exponentially in n, while n tends to infinity (see the works of V. Arnold [2],
and of I. Barany and A. M. Vershik [3]).

We expand the geometric interpretation of ordinary continued fractions to define lattice sumns
of lattice angles and to establish relations on lattice tangents of lattice angles. Further, we
describe lattice triangles in terms of lattice sums of lattice angles.

In present paper we also show a lattice version of the sine formula and introduce a relation
between the lattice tangents for angles of lattice triangles and the numbers of lattice points on
the edges of triangles (see Theorem 1.18). In addition, we make first steps in study of non-lattice
angles with lattice vertices. We conclude the paper with applications to toric varieties and some
unsolved problems.
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The study of lattice angles is an imprescriptible part of modern lattice geometry. Invariants
of lattice angles are used in the study of lattice convex polygons and polytopes. Such polygons
and polytopes play the principal role in Klein’s theory of multidimensional continued fractions
(see, for example, the works of F. Klein [14], V. I. Arnold [1], E. Korkina [16], M. Kontsevich
and Yu. Suhov [15], G. Lachaud [17], and the author [10]).

Lattice polygons and polytopes of the lattice geometry are in the limelight of complex pro-
jective toric varieties (see for more information the works of V. I. Danilov [4], G. Ewald [5],
T. Oda [18], and W. Fulton [6]). To illustrate, we deduce (in Appendix A) from Theorem 2.2
the corresponding global relations on the toric singularities for projective toric varieties associ-
ated to integer-lattice triangles. We also show the following simple fact: for any collection with
multiplicities of complex-two-dimensional toric algebraic singularities there exists a complex-two-
dimensional toric projective variety with the given collection of toric singularities (this result
seems to be classical, but it is missing in the literature).

The studies of lattice angles and measures related to them were started by A. G. Khovanskii,
A. Pukhlikov in [12] and [13] in 1992. They introduced and investigated special additive poly-
nomial measure for the expanded notion of polytopes. The relations between sum-formulas of
lattice trigonometric functions and lattice angles in Khovanskii-Pukhlikov sense are unknown to
the author.

0.2. Some distinctions between lattice and Euclidean cases. This paper is organized as
follows. Lattice trigonometric functions and Euclidean trigonometric functions have much in
common. For example, the values of lattice tangents and Euclidean tangents coincide in a spe-
cial natural system of coordinates. Nevertheless, lattice geometry differs a lot from Euclidean
geometry. We provide this with the following 4 examples.

1. The angles ZABC and ZCBA are always congruent in Euclidean geometry, but not neces-
sary lattice-congruent in lattice geometry.

2. In Euclidean geometry for any n > 3 there exist a regular polygon with n vertices, and any
two regular polygons with the same number of vertices are homothetic to each other. In lattice
geometry there are only 6 non-homothetic regular lattice polygons: two triangles (distinguished
by lattice tangents of angles), two quadrangles, and two octagons. (See a more detailed descrip-
tion in [11].)

3. Consider three Fuclidean criterions of triangle congruence. Only the first criterion can be
taken to the case of lattice geometry. The others two are false in lattice trigonometry. (We refer
to Appendix B.)

4. There exist two non-congruent right angles in lattice geometry. (See Corollary 1.13.)

0.3. Description of the paper. This paper is organized as follows.

We start in Section 1 with some general notation of lattice geometry and ordinary continued
fractions. We define ordinary lattice angles, and the functions lattice sine, tangent, and cosine
on the set of ordinary lattice angles, and lattice arctangent for rationals greater than 1. Further
we indicate their basic properties. We proceed with the geometrical interpretation of lattice
tangents in terms of ordinary continued fractions. We also say a few words about relations of
transpose and adjacent lattice angles. In conclusion of Section 1 we study of the basic properties
of angles in lattice triangles.

In Section 2 we introduce the sum formula for the lattice tangents of ordinary lattice angles of
lattice triangles. The sum formula is a lattice generalization of the following Euclidean statement:
three angles are the angles of some triangle iff their sum equals 7.
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Further in Section 3 we introduce the notion of expanded lattice angles and their normal
forms and give the definition of sums of expanded and ordinary lattice angles. For the definition
of expanded lattice angles we expand the notion of sails in the sense of Klein: we define and
study oriented broken lines on the unit distance from lattice points.

In Section 4 we finally prove the first statement of the theorem on sums of lattice tangents
for ordinary lattice angles in lattice triangles. In this section we also describe some relations
between continued fractions for lattice oriented broken lines and the lattice tangents for the
corresponding expanded lattice angles. Further we give a necessary and sufficient condition for
an ordered n-tuple of angles to be the angles of some convex lattice polygon.

In Section 5 we generalize the notions of ordinary and expanded lattice angles and their sums
to the case of angles with lattice vertices but not necessary lattice rays. We find normal forms
and extend the definition of lattice sums for a certain special case of such angles (we call them
irrational).

We conclude this paper with three appendices. In Appendix A we describe applications to
theory of complex projective toric varieties mentioned above. Further in Appendix B we give a
list of unsolved problems and questions. Finally in Appendix C we formulate criterions of lattice
congruence for lattice triangles. These criterions lead to the complete list of lattice triangles
with small lattice area (not greater than 10).

Acknowledgement. The author is grateful to V. I. Arnold for constant attention to this
work, A. G. Khovanskii, V. M. Kharlamov, J.-M. Kantor, D. Zvonkine, and D. Panov for useful
remarks and discussions, and Université Paris-Dauphine — CEREMADE for the hospitality and
excellent working conditions.

1. DEFINITIONS AND ELEMENTARY PROPERTIES OF LATTICE TRIGONOMETRIC FUNCTIONS.

We start the section with general definitions of lattice geometry and notions of ordinary
continued fractions. We define the functions lattice sine, tangent, and cosine on the set of
ordinary lattice angles and formulate their basic properties.

Then we describe a geometric interpretation of lattice trigonometric functions in terms of
ordinary continued fractions associated with boundaries of convex hulls for the sets of lattice
points contained in angles. We also say a few words about relations of transpose and adjacent
lattice angles.

Further we introduce the sine formula for the lattice angles of lattice triangles. Finally, we
show how to find the lattice tangents of all angles and the lattice lengths of all edges of any
lattice triangle, if we know the lattice lengths of two edges and the lattice tangent of the angle
between them.

1.1. Preliminary notions and definitions. By gcd(n,...,ng) and by lem(ng,...,ng) we de-
note the greater common divisor and the less common multiple of the nonzero integers ny, ..., ng
respectively. Suppose that a, b be arbitrary integers, and ¢ be an arbitrary positive integer. We
write that ¢ = b(mod ¢) if the reminders of @ and b modulo ¢ coincide.

1.1.1. Lattice notation. Here we define the main objects of lattice geometry, their lattice char-
acteristics, and the relation of lattice-congruence.

Counsider a two-dimensional oriented real vector space and fix some lattice in it. A straight
line is said to be lattice if it contains at least two distinct lattice points. A ray is said to be
lattice if it’s vertex is lattice, and the straight line containing the ray is lattice. An angle (i.e.
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the union of two rays with the common vertex) is said to be ordinary lattice if the rays defining
it are lattice. A segment is called lattice if its endpoints are lattice points.

By a convex polygon we mean a convex hulls of a finite number of points that do not lie in
a straight line. The minimal set A straight line 7 is said to be supporting for a convex polygon
P, if the intersections of P and 7 is not empty, and the whole polygon P is contained in one
of the closed half-planes bounded by 7. An intersection of any polygon P with its supporting
hyperplane is called a vertez or an edge of the polygon if the dimension of intersection is zero,
or one respectively.

A triangle (or convex polygon) is said to be lattice if all it’s vertices are lattice points.

The affine transformation is called lattice-affine if it preserves the set of all lattice points.
Consider two arbitrary (not necessary lattice in the above sense) sets. We say that these two
sets are lattice-congruent to each other if there exist a lattice-affine transformation of R? taking
the first set to the second.

A lattice triangle is said to be simple if the vectors corresponding to its edges generate the
lattice.

Definition 1.1. The lattice length of a lattice segment AB is the ratio between the Fuclidean
length of AB and the length of the basic lattice vector for the straight line containing this
segment. We denote the lattice length by 14(AB).

By the (non-oriented) lattice area of the convex polygon P we will call the ratio of the Euclidean
area of the polygon and the area of any lattice simple triangle, and denote it by 1S(P).

Any two rays (straight lines) are lattice-congruent to each other. Two lattice segments are
lattice-congruent iff they have equal lattice lengths. The lattice area of the convex polygon is
well-defined and is proportional to the Euclidean area of the polygon.

1.1.2. Finite ordinary continued fractions. For any finite sequence (ag,a1,...,a,) where the
elements a1, ..., ay, are positive integers and ag is an arbitrary integer we associate the following

rational number ¢:

g = ag+ 11

a +

an—1+ é
This representation of the rational ¢ is called an ordinary continued fraction for ¢ and denoted
by [ag,a1,-..,ay]. (In the literature is also in use the following notation: [ag;ai,...,an]-) An
ordinary continued fraction [ag, a1, ...,ay] is said to be odd if n+1 is odd, and even if n+1 is
even.
Note that if a,, # 1 then [ag,a1,-..,an] = [a0,a1,-..,an — 1,1].
Now we formulate a classical theorem of ordinary continued fractions theory.

Theorem 1.2. For any rational there exist exactly one odd ordinary continued fraction and
exactly one even ordinary continued fraction. O

1.2. Definition of lattice trigonometric functions. In this subsection we define the func-
tions lattice sine, tangent, and cosine on the set of ordinary lattice angles and formulate their
basic properties. We describe a geometric interpretation of lattice trigonometric functions in
terms of ordinary continued fractions. Then we give the definitions of ordinary lattice angles
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that are adjacent, transpose, and opposite interior to the given angles. We use the notions of
adjacent and transpose ordinary lattice angles to define ordinary lattice right angles.

Let A, B, and C be three lattice points that do not lie in the same straight line. We denote
the ordinary lattice angle with the vertex at B and the rays BA and BC by ZABC.

One can chose any other lattice point B’ in the open lattice ray AB (but not in AC) and any
lattice point C! in the open lattice ray AC. For us the ordinary lattice angle ZAOB coincides
with the ordinary lattice angle ZA'O’'B’. Further we denote this by ZAOB = ZA'O'B’.

Definition 1.3. Two ordinary lattice angles ZAOB and ZA'O’ B’ are said to be lattice-congruent
if there exist a lattice-affine transformation which takes the point O to O’ and the rays OA and
OB to the rays O'A' and O'B’ respectively. We denote this as follows: ZAOB =2 /A'O'B'.

Here we note that the relation ZAOB = ZBOA holds only for special ordinary lattice angles.
(See below in Subsubsection 1.2.4.)

1.2.1. Definition of lattice sine, tangent, and cosine for an ordinary lattice angle. Consider an
arbitrary ordinary lattice angle ZAOB. Let us associate a special basis to this angle. Denote
by 1 and by 2 the lattice vectors generating the rays of the angle:
_ OA d o OB

T oAy M T woBy
The set of lattice points on unit lattice distance from the lattice straight line OA coincides with
the set of all lattice points of two lattice straight lines parallel to OA. Since the vectors 7; and
o are linearly independent, the ray OB intersects exactly one of the above two lattice straight
lines. Denote this straight line by [. The intersection point of the ray OB with the straight
line [ divides | onto two parts. Choose one of the parts which lies in the complement to the
convex hull of the union of the rays OA and OB, and denote by D the lattice point closest to
the intersection of the ray OB with the straight line [ (see Figure 1).

Now we choose the vectors €, = 7 and & = OD. These two vectors are linearly independent
and generate the lattice. The basis (€1, €2) is said to be associated to the angle ZAOB.

Since (€1, €2) is a basis, the vector 72 has a unique representation of the form:

U9 = x1€1 + T2€2,
where z; and z9 are some integers.

Definition 1.4. In the above notation, the coordinates zo and z, are said to be the lattice sine
and the lattice cosine of the ordinary lattice angle ZAOB respectively. The ratio of the lattice
sine and the lattice cosine (z2/z1) is said to be the lattice tangent of ZAOB.

On Figure 1 we show an example of lattice angle with the lattice sine equals 7 and the lattice
cosine equals 5.
Let us briefly enumerate some elementary properties of lattice trigonometric functions.

Proposition 1.5. a). The lattice sine and cosine of any ordinary lattice angle are relatively-
prime positive integers.

b). The values of lattice trigonometric functions for lattice-congruent ordinary lattice angles
coincide.

¢). The lattice sine of an ordinary lattice angle coincide with the index of the sublattice generated
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U9 = He1 + Tés
Isin /AOB =17
lcos /AOB =5

ltan /AOB =7/5

FIGURE 1. An ordinary lattice angle ZAOB and its lattice trigonometric functions.

by all lattice vectors of two angle rays in the lattice.
d). For any ordinary lattice angle a the following inequalities hold:

Isinc > lcosa, and ltana > 1.

The equalities hold iff the lattice vectors of the angle rays generate the whole lattice.
e). (Description of lattice angles.) Two ordinary lattice angles o and B are lattice-congruent
iff ltana = ltan 5. O

1.2.2. Lattice arctangent. Let us fix the origin O and a lattice basis €, and e,.

Definition 1.6. Consider an arbitrary rational p > 1. Let p = m/n, where m and n are positive
integers. Suppose A = O + €1, and B = O + ne; + mes. The ordinary angle ZAOB is said to
be the arctangent of p in the fized basis and denoted by larctan(p).

The invariance of lattice tangents immediately implies the following properties.

Proposition 1.7. a). For any rational s > 1, we have: ltan(larctan s) = s.
b). For any ordinary lattice angle o the following holds: larctan(ltan ) = a. O

1.2.3. Lattice tangents, length-sine sequences, sails, and continued fractions. Let us start with
the notion of sails for the ordinary lattice angles. This notion is taken from theory of multidi-
mensional continued fractions in the sense of Klein (see, for example, the works of F. Klein [14],
and V. Arnold [1]).

Consider an ordinary lattice angle ZAOB. Let also the vectors OA and OB be linearly
independent, and of unit lattice length.

Denote the closed convex solid cone for the ordinary lattice angle ZAOB by C(AOB). The
boundary of the convex hull of all lattice points of the cone C(AOB) except the origin is
homeomorphic to the straight line. This boundary contains the points A and B. The closed part
of this boundary contained between the points A and B is called the sail for the cone C(AOB).

A lattice point of the sail is said to be a vertex of the sail if there is no lattice segment of the
sail containing this point in the interior. The sail of the cone C(AOB) is a broken line with a
finite number of vertices and without self intersections. Let us orient the sail in the direction
from A to B, and denote the vertices of the sail by V; (for 0 < 7 < n) according to the orientation
of the sail (such that Vy = A, and V,, = B).

Definition 1.8. Let the vectors OA and OB of the ordinary lattice angle ZAOB be linearly
independent, and of unit lattice length. Let V;, where 0 < ¢ < n, be the vertices of the
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corresponding sail. The sequence of lattice lengths and sines
(Le(VoW1), Isin LV V1 Vo, 1(V1 V3), Isin L V1 Vo Vg, . . .
e (Vi oV —1), 18in £V, oV, 1V, L(Vy,—1 Vi)
is called the lattice length-sine sequence for the ordinary lattice angle ZAOB.

Remark 1.9. The elements of the lattice length-sine sequence for any ordinary lattice angle are
positive integers. The lattice length-sine sequences of lattice-congruent ordinary lattice angles
coincide.

Theorem 1.10. Let (U(VoVh),lsin ZVoViVa, ... 18in £V, oV, 1 Vi, W(V,_1V,,)) be the lattice
length-sine sequence for the ordinary lattice angle ZAOB. Then the lattice tangent of the ordi-
nary lattice angle Z AOB equals to the value of the following ordinary continued fraction

[16(VoVh), Isin ZVoViVa, . ..., 18in £V o Vi1 Vi, (Vie_ 1 Vi)

v
16(ViVs) = 2

Vidsin /VyVi Vs = 2
PM(VoVA) = 1

_ 7 _ 1

FIGURE 2. Itan ZAOB = =1+ pERYR

On Figure 2 we show an example of an ordinary lattice angle with tangent equivalent to 7/5.
Further in Theorem 3.5 we formulate and prove a general statement for generalized sails and
signed length-sine sequences. In the proof of Theorem 3.5 we refer only on the preceding state-
ments and definitions of Subsection 3.1, that are independent of the statements and theorems

of all previous sections. For these reasons we skip now the proof of Theorem 1.10 (see also
Remark 3.6).

1.2.4. Adjacent, transpose, and opposite interior ordinary lattice angles. First, we give the defi-
nition of the ordinary lattice angles transpose and adjacent to the given one.

Definition 1.11. An ordinary lattice angle ZBOA is said to be transpose to the ordinary lattice
angle ZAOB. We denote it by (ZAOB).

An ordinary lattice angle ZBOA' is said to be adjacent to an ordinary lattice angle ZAOB if
the points A, O, and A’ are contained in the same straight line, and the point O lies between A
and A’. We denote the ordinary angle ZBOA' by n—/AOB.

The ordinary lattice angle is said to be right if it is self~dual and lattice-congruent to the adjacent
ordinary angle.

It immediately follows from the definition, that for any ordinary lattice angle o the angles
(o)t and 7—(n—a) are lattice-congruent to a.

Further we will use the following notion. Suppose that some integers a, b and ¢, where ¢ > 1,
satisfy the following: ab = 1(mod¢). Then we denote

a = (b(modc)) -
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For the trigonometric functions of transpose and adjacent ordinary lattice angles the following
relations are known.
Theorem 1.12. Consider an ordinary lattice angle a. If o = larctan(l), then

o 2 m—a 22 larctan(l).
Suppose now, that a 2 larctan(l), then
lsin(af) = Isine, lcos(a?) = (lcos a(mod lsin a))_l;
lsin(m—a) = Isine, lcos(m—a) = (—lcos a(mod lsina))_l

Note also that T—o = larctan® (1t£1?2)a—1)' &

Theorem 1.12 (after applying Theorem 1.10) immediately reduces to the theorem of
P. Popescu-Pampu. We refer the readers to his work [19] for the proofs.

1.2.5. Right ordinary lattice angles. It turns out that in lattice geometry there exist exactly two
lattice non-equivalent right ordinary lattice angles.

Corollary 1.13. Any ordinary lattice right angle is lattice-congruent to exactly one of the fol-
lowing two angles: larctan(l), or larctan(2). O

Definition 1.14. Consider two lattice parallel distinct straight lines AB and C D, where A, B,
C, and D are lattice points. Let the points A and D be in different open half-planes with respect
to the straight line BC. Then the ordinary lattice angle ZABC is called opposite interior to the
ordinary lattice angle ZDCB.

Further we use the following proposition on opposite interior ordinary lattice angles.

Proposition 1.15. Two opposite interior to each other ordinary lattice angles are lattice-
congruent. [l

The proof is left for the reader as an exercise.

1.3. Basic lattice trigonometry of lattice angles in lattice triangles. In this subsection
we introduce the sine formula for angles and edges of lattice triangles. Further we show how to
find the lattice tangents of all angles and the lattice lengths of all edges of any lattice triangle,
if the lattice lengths of two edges and the lattice tangent of the angle between them are given.

Let A, B, and C be three distinct lattice points being not contained in the same straight line.
We denote the lattice triangle with the vertices A, B, and C by AABC.

Definition 1.16. The lattice triangles AABC and AA'B'C’ are said to be lattice-congruent if
there exist a lattice-affine transformation which takes the point A to A’, B to B’, and C to C'
respectively. We denote: AABC=AA'B'C’.

1.3.1. The sine formula. Let us introduce a lattice analog of the Euclidean sine formula for sines
of angles and lengths of edges of triangles.
Proposition 1.17. (The sine formula for lattice triangles.) The following holds for any
lattice triangle NABC.

U(AB)  W(BC)  UKCA)  U(AB)U(BC)U(CA)

lsin/BCA lsin/CAB Isin/ABC IS(AABC)
Proof. The statement of Proposition 1.17 follows directly from the definition of lattice sine. [
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1.3.2. On relation between lattice tangents of ordinary lattice angles and lattice lengths of lattice
triangles. Suppose that we know the lattice lengths of the edges AB, AC and the lattice tangent
of ZBAC in the triangle AABC. Now we show how to restore the lattice length and the lattice
tangents for the the remaining edge and ordinary angles of the triangle.

For the simplicity we fix some lattice basis and use the system of coordinates OXY corre-
sponding to this basis (denoted (x, x)).

Theorem 1.18. Consider some triangle NABC. Let
14(AB) = ¢, 14(AC)=b, and ZCAB=q.
Then the ordinary angles /BCA and Z/ABC are defined in the following way.

( .
larctan (7r — M) if clcosa > b

clcosa—b
ZBCA= ¢ larctan(l) if clcosa=5b ,
larctan® bfisfélo?a) if clecosa < b
\ .
larctan® (7 — %) if blcos(at) > ¢
ZABC = { larctan(1) if blecos(at) =c .
\ larctan (%) if bleos(at) < c

For the lattice length of the edge CB we have
14(CB) b c

lsina  Isin /ABC Isin/BCA

Proof. Let a = larctan(p/q), where ged(p,q) = 1. Then ACAB = ADOE where D = (b,0),
O = (0,0), and E = (gc,pc). Let us now find the ordinary lattice angle ZDEQ. Denote by @
the point (gc,0). If gc—b =0, then /BCA = ZDEQO = larctan 1. If gc—b # 0, then we have

Isi
ZQDE % larctan (chili b) & larctan (%) .

The expression for ZBC A follows directly from the above expression for ZQDE, since /BCA 22
ZQDE. (See Figure 3: here I4(OD) = b, 4(OQ) = clcos «, and therefore 14(DQ) = |clcos a—b|.)

To obtain the expression for ZABC we consider the triangle ABAC. Calculate ZCBA and
then transpose all ordinary angles in the expression. Since

IS(ABC) = I¢{(AB)14(AC) lsin /CAB = W(BA)14(BC) Isin /BCA =
16(CB)14(C A) Isin /ABC,

we have the last statement of the theorem. O

2. THEOREM ON SUM OF LATTICE TANGENTS FOR THE ORDINARY LATTICE ANGLES OF
LATTICE TRIANGLES. PROOF OF ITS SECOND STATEMENT.

In this section we introduce the sum formula for the lattice tangents of ordinary lattice angles
of lattice triangles. The sum formula is a lattice version of the following Euclidean statement:
three angles are the angles of some triangle iff their sum equals 7.

Throughout this section we fix some lattice basis and use the system of coordinates OXY
corresponding to this basis.



ELEMENTARY NOTIONS OF LATTICE TRIGONOMETRY. 11
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9] ! D7 IQT = 9] ! ! ! ID Q)I > 9] ! ! ! 'QT =
¢ lcosa > b ¢-lcosa =b c-lcosa < b

FIGURE 3. Three possible configuration of points O, D, and Q.

2.1. Finite continued fractions with not necessary positive elements. We start this sec-
tion with the commonly-used definition of finite continued fractions with not necessary positive
elements. Let us expand the set of rationals Q with the operations + and 1/% on it with the
element co. We pose g + 0o = 00, 1/0 = 00, 1/0o = 0 (we do not define 0o & 0o here). Denote
this expansion by Q.

For any finite sequence of integers (ag,ay,...,a,) we associate an element ¢ of Q:

g = ag+ 11

a +

an—1+ é
and denote it by Jag, a1, ..., ayl-.

Let ¢g; be some rationals, 7 = 1,...,k. Suppose that the odd continued fraction for ¢; is
[@5,0,Gi1,---,a59n;] for i =1,..., k. We denote by |q1,qo,...,qn[ the following number

]01,0, at;1y---,01,2n1,02,0,02,15---,022n95--- A—1,0, 0k —1,15-- -, Qk—1,2n;_1>

Gg.0,0k,1, - - - aak,2nk[

2.2. Formulation of the theorem and proof of its second statement. In Euclidean ge-
ometry the sum of Fuclidean angles of the triangle equals 7. For any 3-tuple of angles with the
sum equals 7 there exist a triangle with these angles. Two Euclidean triangles with the same
angles are homothetic. Let us show one generalization of these statements to the case of lattice
geometry.

We start this subsection with a definition of convex polygons n-tuple to other convex polygons.

Let n be an arbitrary positive integer, and A = (z,y) be an arbitrary lattice point. Denote
by nA the point (nz,ny).

Definition 2.1. Consider any convex polygon or broken line with vertices Ag,..., A;. The
polygon or broken line nAy...nAy is called n-multiple (or multiple) to the given polygon or
broken line.
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Theorem 2.2. On sum of lattice tangents of ordinary lattice angles of lattice trian-
gles.
a). Let (a1, a9,a3) be an ordered 3-tuple of ordinary lattice angles. There exist a triangle with
three consecutive ordinary angles lattice-congruent to oy, a9, and as iff there exist i € {1,2,3}
such that the angles o = i, B = Qi 1(mod3); ANd Y = Q1 9(mod 3) Satisfy the following conditions:
i) the rational |ltan o, —1,1tan B[ is either negative or greater than ltan o;
it) |ltan o, —1,1tan 3, —1, ltan y[= 0.
b). Let the consecutive ordinary lattice angles of some triangle be o, B, and y. Then this triangle
is multiple to the triangle with vertices Ay = (0,0), By = (A2 lcos a, A2 Isina), and Cy = (A1, 0),

where
_ lem(lsin o, Isin 3, Isin )

N lem(1sin ¢, Isin 3, 1sin y)
L= _

, and o= ged(lsin o, 1sin )

ged(Isin ey, 1sin «y)

Remark 2.3. Note that the statement of the Theorem 2.2a holds only for odd continued fractions
for the tangents of the correspondent angles. We illustrate this with the following example.
Consider a lattice triangle with the lattice area equals 7 and all angles lattice-congruent to
larctan7/3 (see on Figure 16). If we take the odd continued fractions 7/3 = [2,2,1] for all
lattice angles of the triangle, then we have

12,2,1,-1,2,2,1,-1,2,2, 1[= 0.

If we take the even continued fractions 7/3 = [2, 3] for all angles of the triangle, then we have
]Z&—Lz&—L1ﬂ:%§¢&

We prove the first statement of this theorem further in Subsections 4.2 and 4.3 after making
definitions of expanded lattice angles and their sums, and introducing their properties.

Proof of the second statement of Theorem 2.2. Consider the triangle AABC with the ordinary
lattice angles «, 8, and -y (with vertices at A, B, and C respectively). Suppose that for any & > 1
and any lattice triangle AK LM the triangle AABC is not lattice-congruent to the k-multiple
of AKLM. That is equivalent to the following

ged (W(AB),(BC),K(CA)) = 1.
Suppose that S is the lattice area of AABC. Then by the sine formula the following holds
VU(AB)IL(AC) = S§/lsina
¥(BC)W(BA) = S/lsinf .
W(CA)U(CB) = S/lsiny

Since ged(14(AB),1(BC),14(CA)) = 1, we have 1{(AB) = A\; and W(AC) = Xs.
Therefore, the lattice triangle AABC is lattice-congruent to the lattice triangle AAgByCy of
the theorem. O

3. EXPANSION OF ORDINARY LATTICE ANGLES. THE NOTIONS OF SUMS FOR LATTICE
ANGLES.

In this section we introduce the notion of expanded lattice angles and their normal forms and
give the definition of sums of expanded lattice angles. From the definition of sums of expanded
lattice angles we obtain a definition of sums of ordinary lattice angles. For the definition of
expanded lattice angles we expand the notion of sails in the sense of Klein: we define and study
oriented broken lines on the unit distance from lattice points.
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Throughout this section we work in the oriented two-dimensional real vector space with a fixed
lattice. We again fix some lattice (positively oriented) basis and use the system of coordinates
OXY corresponding to this basis.

The lattice-affine transformation is said to be proper if it is orientation-preserving. We say
that two sets are proper lattice-congruent to each other if there exist a proper lattice-affine
transformation of R? taking the first set to the second.

3.1. On a particular generalization of sails in the sense of Klein. In this subsection we
introduce the definition of an oriented broken lines on the unit lattice distance from a lattice
point. This notion is a direct generalization of the notion of s sail in the sense of Klein (see
page 7 for the definition of a sail). We expand the definition of lattice length-sine sequences and
continued fractions to the case of these broken lines. We show that expanded lattice length-sine
sequence for oriented broken lines uniquely identifies the proper lattice-congruence class of the
corresponding broken line. Further, we study the geometrical interpretation of the corresponding
continued fraction.

3.1.1. Definition of a lattice signed length-sine sequence. For the definition of expanded lattice
angles we expand the definition of lattice length-sine sequence to the case of certain broken lines.
For the 3-tuples of lattice points A, B, and C we define the function sgn as follows:

+1, if the couple of vectors BA and BC defines the positive
orientation.
sgn(ABC) =< 0, if the points A, B, and C are contained in the same straight line.
—1, if the couple of vectors BA and BC defines the negative
orientation.

We also denote by sign : R — {—1,0,1} the sign function over reals.

The segment AB is said to be on the unit distance from the point C if the lattice vectors of
the segment AB, and the vector AC generate the lattice.

A union of (ordered) lattice segments AgAi, A1 Ag, ..., Ap_14, (n > 0) is said to be a lat-
tice oriented broken line and denoted by AgA1As... A, if any two consecutive segments are
not contained in the same straight line. We also say that the lattice oriented broken line
AR A, _1An_a... Ay is inverse to the lattice oriented broken line AgA1As ... A,.

Definition 3.1. Consider a lattice oriented broken line and a lattice point in the complement
to this line. The broken line is said to be on the unit distance from the point if all edges of the
broken line are on the unit lattice distance from the point.

Let us now associate to any lattice oriented broken line on the unit distance from some point
the following sequence of non-zero elements.

Definition 3.2. Let AgA;...A, be a lattice oriented broken line on the unit distance from
some lattice point V. The sequence (ag, ..., a2,p—2) defined as follows:

ag = sgn(AOVAl) M(A()Al),
ayp = sgn(AOVAl) Sgn(A1VA2) Sgn(AoAlAg) Isin ZA()AIAQ,
ag = sgn(A1VA2) M(AlAQ),

agn—3 = sgn(An oV A, 1)sgn(A,_ 1V A,)sgn(A, 24, 145)1sin LA, 24, 14y,
agn—2 = sgn(An,_1VAp) U(A,_1Ay),
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is called an lattice signed length-sine sequence for the lattice oriented broken line on the unit
distance from the lattice point V.
The element of Q
]ao, aiy... ,a2n_2[
is called the continued fraction for the broken line AgA; ... A,.

We show how to identify signs of elements of the lattice signed length-sine sequence for a
lattice oriented broken line on the unit distance from the lattice point V on Figure 4.

R I — | — ;
) )
A ] A | A ] A, |
I e~ TN s A - WY
H NA.: | [N v 1A | NI |
' -1 ' -1
i / i E //-/\A\] E : e E SR E A; A g
] 17 = 1,7 - ] 17 - 1,7 4
ViAo 1 VA | WVi-TTA (Ve / /
E’ """"""" I ittt 1 E’ """"""" I ittt 1 // //
VAL VA N VAL | Vi -4 Vi_-"4A
E 1 \2\ Ai ' 1 1Ai—2 ! E 1\\141,_2 ' Z, 1 Ai ! ¢ i—1 ¢ ]
N NG DN / P
0 0
1 s ) s _- 1 . _r ] // _ =
E.V&:”Az—l E V"//’ A; E E.V;,/ Ay E V‘/‘// Ao E a2;—2 > a2i—2 <
agi—3 >0 a9;—3 <0

FIGURE 4. All possible (non-degenerate) proper affine decompositions for angles
and segments of a signed length-sine sequence.

On Figure 5 we show an example of lattice oriented broken line on the unit distance from the
lattice point V' and the corresponding lattice signed length-sine sequence.

ag = 1,
al = —1,
ago = 2,
ag = 2,
a4 = —1.

FIGURE 5. A lattice oriented broken line on the unit distance from the point V'
and the corresponding lattice signed length-sine sequence.

Proposition 3.3. A lattice signed length-sine sequence for the given lattice oriented broken line
and the lattice point is invariant under the group action of the proper lattice-affine transforma-
tions.

Proof. The statement of the proposition holds, since the functions sgn, 14, and Isin are invariant
under the group action of the proper lattice-affine transformations. [l
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3.1.2. Proper lattice-congruence of lattice oriented broken lines on the unit distance from lattice
points. Let us formulate necessary and sufficient conditions for two lattice oriented broken lines
on the unit distance from the same lattice point to be proper lattice-congruent.

Theorem 3.4. The lattice signed length-sine sequences of two lattice oriented broken lines on
the unit distance from lattice points Vi and Vo coincide iff there exist a proper lattice-affine
transformation taking the point Vi to Vo and one lattice oriented broken line to the other.

Proof. The lattice signed length-sine sequence for any lattice oriented broken line on the unit
distance is uniquely defined, and by Proposition 3.3 is invariant under the group action of lattice-
affine orientation preserving transformations. Therefore, the lattice signed length-sine sequences
for two proper lattice-congruent lattice oriented broken lines coincide.

Suppose now that two lattice oriented broken lines Ay...A,, and By ... B, on the unit dis-
tance from lattice points V] and V5 respectively have the same lattice signed length-sine sequence
(a0,a1,--.,02,—3,02n—2). Let us prove that these broken lines are proper lattice-congruent.
Without loose of generality we consider the point Vi at the origin O.

Let £ be the proper lattice-affine transformation taking the point V5 to the point V1 = O, By
to Ag, and the lattice straight line containing ByB; to the lattice straight line containing AgA;.
Let us prove inductively that £(B;) = A;.

Base of induction. Since ag = by, we have

sgn(AgOA1) U(AgAy) = sgn(&§(Bo)O¢(B1)) 1(§(Bo)E(B1))-
Thus, the lattice segments AgA; and Ag&(B;) are of the same lattice length and of the same
direction. Therefore, £(B;1) = Aj.

Step of induction. Suppose, that £(B;) = A; holds for any nonnegative integer 7 < k, where
k > 1. Let us prove, that £(Bgi1) = Agy1. Denote by Ciyq the lattice point &£(Bgi1). Let
Ay = (qx,pr)- Denote by Aj the closest lattice point of the segment A;_; Ay to the vertex Ay.
Suppose that A}, = (g;,,p})- We know also

agk_—1 — sgn(Ak_lOAk) Sgn(AkOCk+1) Sgn(Ak—lAka—i—l) Isin ZAk—lAka—i—l;
agg = sgn(AkOCk+1) M(AkC]H_l).

Let the coordinates of Cy;1 be (z,y). Since 1{(A;Cr+1) = |agk| and the segment AxCpy1 is
on the unit lattice distance to the origin O, we have 1S(AOA,Cl+1) = |agk|- Since the segment
OAy, is of the unit lattice length, the coordinates of Cy satisfy the following equation:

| — P + qry| = |azkl-
Since sgn(AxOCy 1) 16(AyCry1) = sign(agg), we have

—PkT + qrY = Q2k-
Since 1sin ZA}, Ay Crq1 = Isin ZA;_1 AyCii1 = |agk—1], and the lattice lengths of A;Cj 1, and
AL Ay, are |agg| and 1 respectively, we have 1S(A A}, A;Cy+1) = |agk—10a95|- Therefore, the coor-
dinates of Cy satisfy the following equation:
| — (o — Pi) (= — @) + (g — 4) (Y — pr)| = |azk—1a2]-

Since

bl

{ sgn(Ag_10Ay) sgn(AxOCy 1) sgn(Ag 1 AxCr1) sign(agy—1)
sgn(A;OCry1) = sign(ag)
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we have
(o — i) (& — ar) — (@ — @) (v — &) = sgn(Ax—10Ag)aok—_102%.
We obtain the following:

{ —ppT+qry = as
(or —pp) (@ —aqr) — (ax — @) (y —pr) = sgn(Ar_10A)aop—1a2%

det( P @ )
D — Pk 4k — g

there exist and unique an integer solution for the system of equations for  and y. Hence, the
points Ag,1 and Ck,; have the same coordinates. Therefore, £(By11) = Agy1. We have proven
the step of induction.

The proof of Theorem 3.4 is completed by induction. [l

Since

=1,

3.1.3. Values of continued fractions for lattice oriented broken lines on the unit distance from
the origin. Now we show the relation between lattice oriented broken lines on the unit distance
from the origin and the corresponding continued fractions for them.

Theorem 3.5. Let AgA;...A, be a lattice oriented broken line on the unit distance from
the origin O. Let also Ay = (1,0), A1 = (1,a0), An = (p,q), where ged(p,q) = 1, and
(a0, a1,-..,a2,—2) be the corresponding lattice signed length-sine sequence. Then the following
holds:

q
5—]00,01;---,0271—2[-

Proof. To prove this theorem we use an induction on the number of edges of the broken lines.

Base of induction. Suppose that a lattice oriented broken line on the unit distance from the
origin has a unique edge, and the corresponding sequence is (ag). Then A; = (1,a¢) by the
assumptions of the theorem. Therefore, we have 22=]ay|.

Step of induction. Suppose that the statement of the theorem is correct for any lattice oriented
broken line on the unit distance from the origin with k& edges. Let us prove the theorem for the
arbitrary lattice oriented broken line on the unit distance from the origin with k+1 edges (and
satisfying the conditions of the theorem).

Let Ay ... Ag4+1 be a lattice oriented broken line on the unit distance from the origin with the
lattice signed length-sine sequence (ag, a1, ..., a2,_1,a2;). Let also

Ay = (1,0), A; = (1,a0), and Agy1=(p,q).

Consider the lattice oriented broken line B; ... By, on the unit distance from the origin with
a lattice signed length-sine sequence (a9, as, . .., asx_2, a9;). Let also

B, = (150)5 By = (1,0,2), and Bk-l-l = (pl’ql).

By the induction assumption we have

q
17 —]02,03,---;0%[-
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We extend the lattice oriented broken line B;... By, to the lattice oriented broken line
BB ...By1 on the unit distance from the origin, where By = (1+aga1, —ag). Let the lattice
signed length-sine sequence for this broken line be (bg, b1, ..., bog_1, bog). Note that

by = sgn(BoOB;)l4(ByB;) = sign(ag)|ag| = ao,

b1 = sgn(BoOBl) sgn(BlOBQ) Sgn(BoBlBg) Isin ZB()BIBQ =
sign ag sign by sign(aga1b2)|a1| = a1,

bl = ay, fOI‘lZQ,...,Qk‘.

Consider a proper lattice-linear transformation £ that takes the point By to the point (1,0),
and B to (1,ap). These two conditions uniquely defines &:

f_ 1 a1
“\a l+apa J°

Since Byy1 = (p',¢'), we have {(By11) = (p'+a14', ¢'ao+p'+p'a0ar).

dar+p' +pagar oo 4+ .
PR = a0t T =lag, a1,a2,0as, ..., a2n|-
Since, by Theorem 3.4 the lattice oriented broken lines ByB; ... Biyq and AgA; ... Agyq are
lattice-linear equivalent, By = Ay, and B; = Aj, these broken lines coincide. Therefore, for the
coordinates (p, ¢) the following hold

g _ q'ao+p +pagar
p ' +aig
On Figure 6 we illustrate the step of induction with an example of lattice oriented broken line
on the unit distance from the origin with the lattice signed length-sine sequence: (1,—1,2,2,—1).
We start (the left picture) from the broken line ByB9Bs with the lattice signed length-sine
sequence: (2,2, —1). Then, (the picture in the middle) we expand the broken line ByBsBj3 to
the broken line ByBBs B3 with the lattice signed length-sine sequence: (1,—1,2,2,—1). Finally
(the right picture) we apply a corresponding proper lattice-linear transformation £ to achieve
the resulting broken line AgA; A2 As.

Z]ao, a1,a2,0a3, ... ,021@[-

o Y . L Y
Tt rY T porotTr TTTr T porotTr
[ [ [ [
el s T S S B B e T B e L o
[ 1B, | [ [
i o o S e S
| | | | | | AQI All |
Tt r T r -t T r - -t r
ERERENVA ERERA N EUEE
I X o 00 I X

19X LN

o [ 1413(2!,—1)

1 il gl B ok ol e

[ [ [

4o SV G S S G

o oo [

Il L1 L1l

Foro T TTTrotT T roTr

By = (14apa1,—ag) —1/2=]1:-1;2;2;—1]

FI1GURE 6. The case of lattice oriented broken line on the unit distance from the
origin with lattice signed length-sine sequence: (1,—1,2,2,—1).

We have proven the step of induction.
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The proof of Theorem 3.5 is completed.
O

Remark 3.6. Theorem 3.5 immediately implies the statement of Theorem 1.10. One should put
the sail of an angle as an oriented-broken line AgA; ... A,.

3.2. Expanded lattice angles. Sums for ordinary and expanded lattice angles. In this
subsection we introduce the notion of expanded lattice angles and their normal forms. We use
normal forms of expanded lattice angles to give the definition of sums of expanded lattice angles.
From the definition of sums of expanded lattice angles we obtain a definition of sums of ordinary
lattice angles.

3.2.1. Equivalence classes of lattice oriented broken lines and the corresponding expanded lattice
angles. Let us give a definition of expanded lattice angles.

Definition 3.7. Two lattice oriented broken lines /1 and Iy on the unit distance from V are said
to be equivalent if they have in common the first and the last vertices and the closed broken line
generated by /; and the inverse of I5 is homotopy equivalent to the point in R? \ {V'}.

An equivalence class of lattice oriented broken lines on the unit distance from V con-
taining the broken line AgA;...A, is called the expanded lattice angle for the equivalence
class of AgA;... Ay, at the vertex V (or, for short, expanded lattice angle) and denoted by
Z(V,AgAy ... Ay).

We study the expanded lattice angles up to proper lattice-congruence (and not up to lattice-
congruence).

Definition 3.8. Two expanded lattice angles ®; and ®, are said to be proper lattice-congruent
iff there exist a proper lattice-affine transformation sending the class of lattice oriented broken
lines corresponding to ®; to the class of lattice oriented broken lines corresponding to ®5. We
denote this by &, £ P,.

3.2.2. Rewvolution numbers for expanded lattice angles. Let us describe one invariant of expanded
lattice angles under the group action of the proper lattice-affine transformations.

Let r = {V+Au|\ > 0} be the oriented ray for an arbitrary vector v with the vertex at V,
and AB be an oriented (from A to B) segment not contained in the ray r. Suppose also, that
the vertex V of the ray r is not contained in the segment AB. We denote by #(r,V, AB) the
following number:

(

if the segment AB does not intersect the ray r
sgn (A(A+E)B), if the segment AB intersects the ray r at A or
#(r,V, AB) = | at B ,
sgn (A(A+E)B), if the segment AB intersects the ray r at the
interior point of AB

N 2

\
and call it the intersection number of the ray r and the segment AB.

Definition 3.9. Let AgA; ... A, be some lattice oriented broken line, and let r be an oriented
ray {V+Av|A > 0}. Suppose that the ray r does not contain the edges of the broken line, and
the broken line does not contain the point V. We call the number

D H#(r VA1 Ay

i=1
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the intersection number of the ray r and the lattice oriented broken line AgA; ... A, and denote
it by #(’I“, ‘/, AOA1 . An)

Definition 3.10. Consider an arbitrary expanded lattice angle Z(V, AgA; ... A,). Denote the
rays {V + AV Ay|A > 0} and {V — AV 4Ay|A > 0} by r; and r_ respectively. The number

1

3 (#(r4, V, AoAL ... Ap) + #(r_,V, AgAi ... Ay))

is called the lattice revolution number for the expanded lattice angle Z(V, ApA; ... A,), and
denoted by #(Z(V, AgA; ... Ap)).

Let us prove that the above definition is correct.
Proposition 3.11. The revolution number of any expanded lattice angle is well-defined.
Proof. Consider an arbitrary expanded lattice angle Z(V, AgA; ... A,). Let
ry ={V+AVAA>0} and r_={V —AVA4yA>0}.

Since the lattice oriented broken line AgA; ... A, is on the unit lattice distance from the point
V', any segment of this broken line is on the unit lattice distance from V. Thus, the broken line
does not contain V', and the rays r, and r_ do not contain edges of the curve.

Suppose that

L(V, AgAr ... An) = L(V', AL AL ... AL ).
This implies that V = V', A9 = Aj, A, = A],, and the broken line
AoAr.. AgAL . AL AL
is homotopy equivalent to the point in R? \ {V'}. Thus,

#(Z(V, AgAr ... An)) — #(L(V AgA} ... A)) =
5 (#(r+, V,ApA1... ApAl, ... ATAY) +#(r_,V, AgA1 ... AnAL,_, ... A’lAg)) =
0+0=0.
Hence,
#(L(V,AgA1 ... Ay)) = #(L(V', AGAr ... AL)).
Therefore, the revolution number of any expanded lattice angle is well-defined. [l

Proposition 3.12. The revolution number of expanded lattice angles is invariant under the
group action of the proper lattice-affine transformations. O

3.2.3. Zero ordinary angles. For the next theorem we will need to define define zero ordinary
angles and their trigonometric functions. Let A, B, and C be three lattice points of the same
lattice straight line. Suppose that B is distinct to A and C and the rays BA and BC coincide.
We say that the ordinary lattice angle with the vertex at B and the rays BA and BC is zero.
Suppose ZABC is zero, put by definition

Isin(ZABC) =0, lcos(LABC)=1, ltan(ZABC)=0.
Denote by larctan(0) the angle ZAOA where A = (1,0), and O is the origin.
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3.2.4. On normal forms of expanded lattice angles. Let us formulate and prove a theorem on
normal forms of expanded lattice angles. We use the following notation.
By the sequence

((ao, .e.y0p) X k-times, by, . . .,bm),

where k£ > 0, we denote the following sequence:

(@05 -+ 30n,G05--- 30y .. ,ao,...,a@bo,...,bm).

-

k-ti?nes
Definition 3.13. I). Suppose O be the origin, Ay be the point (1,0). We say that the expanded

lattice angle Z(O, Ay) is of the type I and denote it by 07 + larctan(0) (or 0, for short). The
empty sequence is said to be characteristic for the angle 07 + larctan(0).

Consider a lattice oriented broken line AgA; ... A; on the unit distance from the origin O. Let
also Ay be the point (1,0), and the point A; be on the straight line z = 1. If the signed
length-sine sequence of the expanded ordinary angle ®y = Z(0, ApA; ... As) coincides with the
following sequence (we call it characteristic sequence for the corresponding angle):

IT;) ((1,-2,1,-2) x (k — 1)-times,1,—2,1), where £ > 1, then we denote the angle ®, by
kn+ larctan(0) (or km, for short) and say that ®¢ is of the type IIi;

IIT;) ((—1,2,—1,2) x (k — 1)-times, —1,2,—1), where k > 1, then we denote the angle ® by
—km+larctan(0) (or —km, for short) and say that ®¢ is of the type I1I;

IVy) ((1, —2,1,—2) X k-times, ag, . . . ,a2n), where k£ > 0,n >0, a; >0, for 1 =0,...,2n, then
we denote the angle ®¢ by kn+ larctan([ag, a1, - .., a2,]) and say that ®g is of the type IVy;
Vi) ((—1,2,—1,2) X k-times,ao,...,agn), where £ > 0, n >0, a; >0, for i =0,...,2n, then
we denote the angle &) by —kn+ larctan([ag, a1, - .., a2,]) and say that ®g is of the type V.

Theorem 3.14. For any expanded lattice angle ® there exist and unique a type among the types
I-V and a unique expanded lattice angle ®g of that type such that ®¢ is proper lattice congruent
to ®.

The expanded lattice angle ®¢ is said to be the normal form for the expanded lattice angle ®.

For the proof of Theorem 3.14 we need the following lemma.

Lemma 3.15. Let m, k> 1, and a; > 0 for i =0,...,2n be some integers.
a). Suppose the lattice signed length-sine sequences for the expanded lattice angles ®1 and ®q
are respectively

((1,-2,1,-2) x (k—1)-times, 1,—2,1,—2,ag, ... ,a2,) and
((1,-2,1,-2) x (k—1)-times, 1,—2,1,m,aq, ..., am,),

then ®1 is proper lattice-congruent to @o.
b). Suppose the lattice signed length-sine sequences for the expanded lattice angles ®1 and ®q
are respectively

((-1,2,-1,2) x (k—1)-times,—1,2,—1,m,ag,...,am) and
((-1,2,-1,2) x (k—1)-times,—1,2,—1,2,ag, . .., a2n),

then ®1 is proper lattice-congruent to @o.

Proof. We prove the first statement of the lemma. Suppose that m is integer, &k is positive
integer, and a; for ¢ = 0,...,2n are positive integers.
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Let us construct the angle ¥, with vertex at the origin for the lattice oriented broken line
Ag ... Aok int1, corresponding to the lattice signed length-sine sequence
((1,-2,1,-2) x (k—1)-times, 1,—2,1, -2, ag, .., a2,),
such that Ag = (1,0), A1 = (1,1). Note that

Ay = ((=D40), for I<k—1
Ay = (DL (-1)H for I<k—1
A2k = ((_l)kao)

Aggr1 = (=D, (=1)F)ag
Let us construct the angle ¥y with vertex at the origin for the lattice oriented broken line
By ... Bogyn+1, corresponding to the lattice signed length-sine sequence

((1,-2,1,-2) x (k—1)-times, 1,—2,1,m,qaq, ..., a)-
such that By = (1,0), By = (—m — 1,1). Note also that

By = ((-1)%0), for I<k—1
Byp1 = ((-1)}(=m—1),(=1)}) for I<k—1
By, = ((_l)kao)

Boky1 = (=D, (-1)F)aq

From the above we know, that the points Ay, and Aoy coincide with the points By and
Byy 11 respectively. Since the remaining parts of both lattice signed length-sine sequences (i. e.
(ag, - --,a9p)) coincide, the point A; coincide with the point B; for [ > 2k.

Since the lattice oriented broken lines Ag... Asy and By... By are of the same equivalence
class, and the point A; coincide with the point B; for [ > 2k, we obtain

\IJI - Z(O, AO ee A2k+n+1) - Z(O, BO ee BQk+n+1) - \:[12.
Therefore, by Theorem 3.4 we have the following:
P12 = Ty 2P,

This concludes the proof of Lemma 3.15a.
Since the proof of Lemma, 3.15b almost completely repeats the proof of Lemma 3.15a, we omit
the proof of Lemma 3.15b here. [l

Proof of Theorem 8.14. First, we prove that any two distinct expanded lattice angles listed
in Definition 3.13 are not proper lattice-congruent. Let us note that the revolution numbers
of expanded lattice angles distinguish the types of the angles. The revolution number for the
expanded lattice angle of the type I is 0. The revolution number for the expanded lattice angle
of the type IIy is 1/2(k+1) where £ > 0. The revolution number for the expanded lattice angle
of the type IIIj is —1/2(k+1) where £ > 0. The revolution number for the expanded lattice
angles of the type IV} is 1/4+1/2k where k& > 0. The revolution number for the expanded
lattice angles of the type Vy, is 1/4—1/2k where £ > 0.

So we have proven that two expanded lattice angles of different types are not proper lattice-
congruent. For the types I, IT;, and III; the proof is completed, since any such type consists
of the unique expanded lattice angle.

Let us prove that normal forms of the same type IVy (or of the same type Vi) are not
proper lattice-congruent for any integer £ > 0 (or k£ > 0). Consider an expanded lattice angle
® = kn+ larctan([ag, a1, .. ,a2,]). Suppose that a lattice oriented broken line AgA; ... A, on
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the unit distance from O, where m = 2|k|+n+1 defines the angle ®. Suppose also that the
signed lattice-sine sequence for this broken line is characteristic.

Suppose, that & is even, then the ordinary lattice angle Z/ AgOA,, is proper lattice-congruent to
the ordinary lattice angle larctan([ag, a1, ..., a2,]). This angle is a proper lattice-affine invariant
for the expanded lattice angle ®. This invariant distinguish the expanded lattice angles of type
IV} (or Vi) with even k.

Suppose, that &k is odd, then denote B = O+AyO. The ordinary lattice angle ZBV A4,, is
proper lattice-congruent to the ordinary lattice angle larctan([ag, a1, ..., a2,]). This angle is a
proper lattice-affine invariant for the expanded lattice angle ®. This invariant distinguish the
expanded lattice angles of type I'Vy (or Vi) with odd &.

Therefore, the expanded lattice angles listed in Definition 3.13 are not proper lattice-
congruent.

Now we prove that an arbitrary expanded lattice angle is proper lattice-congruent to one of
the expanded lattice angles of the types I-V.

Consider an arbitrary expanded lattice angle Z(V, AgA; ... Ay) and denote it by ®. If #(®) =
k/2 for some integer k, then @ is proper lattice congruent to an angle of one of the types I-III.
Let #(®) = 1/4, then the expanded lattice angle ® is proper lattice-congruent to the expanded
lattice angle defined by the sail of the ordinary lattice angle ZAgV A,, of the type I'V.

Suppose now, that #(®) = 1/4+k/2 for some positive integer k, then one of its lattice signed
length-sine sequence is of the following form:

((1,-2,1,-2) x (k — 1)-times, 1,—2,1,m, ag, - -, @),

where a; > 0, for ¢ = 0,...,2n. By Lemma 3.15 the expanded lattice angle defined by this
sequence is proper lattice-congruent to an expanded lattice angle of the type I'Vy, defined by the
sequence

((1,-2,1,-2) x (k — 1)-times, 1, —2,1, -2, ag, . .., G2,)-

Finally, let #(®) = 1/4—k/2 for some positive integer k, then one of its lattice signed length-
sine sequence is of the following form:

((-1,2,-1,2) x (k — 1)-times, —1,2, —1,m, ag, - - -, a2n ),

where a; > 0, for ¢ = 0,...,2n. By Lemma 3.15 the expanded lattice angle defined by this
sequence is proper lattice-congruent to an expanded lattice angle of the type Vi, defined by the
sequence
((-1,2,-1,2) x (k — 1)-times, —1,2,—1,2, ag, . .., G2y)-
This completes the proof of Theorem 3.14. O
Let us finally give the definition of trigonometric functions for the expanded lattice angles
and describe some relations between ordinary and expanded lattice angles.

Definition 3.16. Consider an arbitrary expanded lattice angle ® with the normal form ka+¢
for some ordinary (possible zero) lattice angle ¢ and for an integer &.

a). The ordinary lattice angle ¢ is said to be associated with the expanded lattice angle ®.

b). The numbers ltan(p), Isin(yp), and lcos(p) are called the lattice tangent, the lattice sine, and
the lattice cosine of the expanded lattice angle ®.

Since all sails for ordinary lattice angles are lattice oriented broken lines, the set of all ordinary
angles is naturally embedded into the set of expanded lattice angles.
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Definition 3.17. For any ordinary lattice angle ¢ the angle
O + larctan(ltan )
is said to be corresponding to the angle ¢ and denoted by .

From Theorem 3.14 it follows that for any ordinary lattice angle ¢ there exists and unique an
expanded lattice angle @ corresponding to ¢. Therefore, two ordinary lattice angles ¢ and o
are lattice-congruent iff the corresponding lattice angles i, and @, are proper lattice-congruent.

3.2.5. Opposite expanded lattice angles. Sums of expanded lattice angles. Sums of ordinary lattice
angles. Consider an expanded lattice angle ® with the vertex V for some equivalence class of
a given lattice oriented broken line. The expanded lattice angle ¥ with the vertex V for the
equivalence class of the inverse lattice oriented broken line is called opposite to the given one
and denoted by —@.

Proposition 3.18. For any expanded lattice angle ® = kr+p we have:
—®E(—k— D7+ (7 — ).

Let us introduce the definition of sums of ordinary and expanded lattice angles.

Definition 3.19. Consider arbitrary expanded lattice angles ®;, ¢ = 1,...,l. Let the char-

acteristic sequences for the normal forms of ®; be (ag;,a1,4,...,02q,4) for i = 1,...,1. Let
M = (mq,...,my_1) be some (I—1)-tuple of integers. The normal form of any expanded lattice
angle, corresponding to the following lattice signed length-sine sequence
(00,1,01,1, -ee502n,,1,M1,00,2,81,2,- - - ,A205,2, 7102, - . .
<o My_1,G0,0,Q10;5 - - - aa2nl,l)a

is called the M-sum of expanded lattice angles ®; (i =1,...,1) and denoted by
l
Z ®;, orequivalently by @1+, @2+, .-+, P
M,i=1

Proposition 3.20. The M-sum of expanded lattice angles ®; (i =1,...,1) is well-defined. O

Let us say a few words about properties of M-sums. R
The M-sum of expanded lattice angles is non-associative. For example, let ®; = larctan2,
&y 2 larctan(3/2), and ®3=larctan 5. Then

Q1+ _1DPo+_1P3 = 7+ larctan(4),
Q141 (P2+-1P3) = 2m,
((I)l +_1 (1)2) +_1®3 = larctan(l).

The M-sum of expanded lattice angles is non-commutative. For example, let ®; & larctanl,
and &, =larctan5/2. Then
&) +; &y = larctan(12/7),
&y +; ®; = larctan(13/5).

Remark 3.21. The M-sum of expanded lattice angles is naturally extended to the sum of classes
of proper lattice-congruences of expanded lattice angles.
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We conclude this section with the definition of sums of ordinary lattice angles.

Definition 3.22. Consider ordinary lattice angles «;, where ¢ = 1,...,[. Let @; be the cor-
responding expanded lattice angles for «;, and M = (mq,...,m;_1) be some (I—1)-tuple of
integers. The ordinary lattice angle ¢ associated with the expanded lattice angle

=0 +my 02 +tmy - tmy_; Q-
is called the M-sum of ordinary lattice angles o; (i =1,...,1) and denoted by
l

Z oj, or equivalently by o1 +m; o2 +my -2 +my, -
M,i=1

Remark 3.23. Note that the sum of ordinary lattice angles is naturally extended to the classes
of lattice-congruences of lattice angles.

4. RELATIONS BETWEEN EXPANDED LATTICE ANGLES AND ORDINARY LATTICE ANGLES.
PROOF OF THE FIRST STATEMENT OF THEOREM 2.2.

In this section we show how to calculate the ordinary angle ¢ of the normal form: we describe
relations between continued fractions for lattice oriented broken lines and the lattice tangents for
the corresponding expanded lattice angles. Then we prove the first statement of the theorem on
sums of lattice tangents for ordinary lattice angles in lattice triangles. Further we define lattice-
acute-angled triangles. We conclude this section with a necessary and sufficient condition for an
ordered n-tuple of angles to be the angles of some convex lattice polygon.

Throughout this section we again fix some lattice basis and use the system of coordinates
OXY corresponding to this basis.

4.1. On relations between continued fractions for lattice oriented broken lines and
the lattice tangents of the corresponding expanded lattice angles. For any real number
r we denote by |r] the maximal integer not greater than r.

Theorem 4.1. Consider an ezpanded lattice angle ® = £(V,AgA:1...A,). Suppose, that
the normal form for ® is km+@ for some integer k and an ordinary lattice angle . Let

(a0, a1,--.,a2,—2) be the lattice signed length-sine sequence for the lattice oriented broken line
AgAq ... A,. Suppose that

lag, a1, - - -, a2n—2[= q/p.
Then the following holds:
[ larctan(1), if g/p=o00,
larctan(q/p), if ¢/p>1,
] ;
oo | taxctan (i) - 0<a/p<
0, ifq/p =0,
_ lgl o _
m —laretan ( prppiyar) - ¥ ~1<e/p<0,
| 7 — larctan(—g/p), if ¢/p< — 1.

Proof. Consider the following linear coordinates (x,*) on the plane R?, associated with the
lattice oriented broken line ApA; ... A, and the point V. Let the origin O’ be at the vertex
V, (1,0)' = Ao, and (1,1)' = Ag + ;-sgn(A490'A1)AgA;. The other coordinates are uniquely
defined by linearity. We denote this system of coordinates by O’ X'Y".



ELEMENTARY NOTIONS OF LATTICE TRIGONOMETRY. 25

The set of integer points for the coordinate system O'X'Y’ coincides with the set of lattice
points of R2. The basis of vectors (1,0)' and (0,1)’ defines a positive orientation.

Suppose that the new coordinates of the point A, are (p',q’)’. Then by Theorem 3.5 we have
q'/p' = q/p. This directly implies the statement of the theorem for the cases ¢'>p'>0, ¢'/p' =0,
and ¢'/p’ = oc.

Suppose now that p'>¢'>0. Consider the ordinary lattice angle ¢ = ZAgPA,,. Let By... By,
be the sail for it. The direct calculations show that the point

BoB,
D=Bo+ 14(ByB1)
coincides with the point (1+|(p’ — 1)/¢'],1) in the system of coordinates O'X'Y".

Consider the proper lattice-linear (in the coordinates O’ X'Y") transformation £ that takes the

point Ay = By to itself, and the point D to the point (1,1)’. These conditions uniquely identify

- e-(§ o)

The transformation £ takes the point A, = By, with the coordinates (p',¢’) to the point with
the coordinates (p' — | (p' — 1)/¢'|d’,¢')’. Since ¢'/p' = q/p, we obtain the following

toan (Y (LY,

The proof for the case ¢ > 0 and p’ < 0 repeats the described cases after taking to the
consideration the adjacent angles.

Finally, the case of ¢’ < 0 repeats all previous cases by the central symmetry (centered at the
point O') reasons.

This completes the proof of Theorem 4.1. O

Corollary 4.2. The revolution number and the continued fraction for any lattice oriented broken
line on the unit distance from the verter uniquely define the proper lattice-congruence class of
the corresponding expanded lattice angle. O

4.2. Proof of Theorem 2.2a: two preliminary lemmas. We say that the lattice point P
is on the lattice distance k from the lattice segment AB if the lattice vectors of the segment AB
and the vector AP generate a sublattice of the lattice of index k.

Definition 4.3. Consider a lattice triangle AABC. Denote the number of lattice points on
the unit lattice distance from the segment AB and contained in the (closed) triangle AABC by
14,(AB; C) (see on Figure 7).

Note that all lattice points on the lattice unit distance from the segment AB in the (closed)
lattice triangle AABC are contained in one straight line parallel to the straight line AB. Besides,
the integer 141 (AB; C) is positive for any triangle AABC.

Now we prove the following lemma.

Lemma 4.4. For any lattice triangle AABC the following holds
ZLCAB +yaBy-1,(AB;c)—1 LABC +yBc)-1e,(Bo,a) -1 LBCA=T.
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B

C.

FIGURE 7. For the given triangle AABC we have 1¢{;(AB;C) = 5.

Proof. Consider an arbitrary lattice triangle AABC. Suppose that the couple of vectors BA and
BC defines the positive orientation of the plane (otherwise we apply to the triangle AABC some
lattice-affine transformation changing the orientation and come to the same position). Denote
(see Figure 9 below):

D=A+BC, and E=A+ AC.

Since CADB is a parallelogram, the triangle ABAD is proper lattice-congruent to the tri-
angle AABC. Thus, the angle /BAD is proper lattice-congruent to the angle ZABC, and
141(BA; D) = W1 (AB; C). Since EABD is a parallelogram, the triangle AAED is proper lattice-
congruent to the triangle ABAD, and hence is proper lattice-congruent to the triangle AABC.
Thus, ZDAE is proper lattice-congruent to ZBCA, and ¢y (DA; E) =1{1(BC} A).

Let Ag...A, be the sail of Z/CAB with the corresponding lattice length-sine sequence
(ag,---,a9n—2). Let ByBj ... By, be the sail of ZBAD (where By = A,) with the corresponding
lattice length-sine sequence (by,...,boym—2). And let CyC ... C; be the sail of ZDAE (where
Cy = B,;,) with the corresponding lattice length-sine sequence (c, - .., co_2)-

Consider now the lattice oriented broken line

AO .. AnBOBl .. BmCOCl .. Cl-
The lattice oriented length-sine sequence for this broken line is
(a()a -e-502n-2, ta bOa LR b2m—2; Uu, g, - - - ac2l—2)-

By definition of the sum of expanded lattice angles this sequence defines the expanded lattice
angle

ZCAB +, /BAD +, /DAE.
By Theorem 4.1,

ZCAB +, ZBAD +, ZDAE = .

Let us find an integer ¢t. Denote by AJ, the closest lattice point to the point A, and distinct
to A, in the segment A, 1A,. Consider the set of lattice points on the unit distance from the
segment AB and lying in the half-plane with the boundary straight line AB and containing the
point D. This set coincides with the following set (See Figure 8):

{Anj = An + AL A, + KAk € T}

Since A, o = A+ A} A, the points A, for k¥ < —2 are in the closed half-plane bounded by
the straight line AC and not containing the point B.



ELEMENTARY NOTIONS OF LATTICE TRIGONOMETRY. 27

FIGURE 8. Lattice points Ay ;.

Since A, 1 = A+ A}, A,, the points A, ; for £ > —1 are in the open half-plane bounded by
the straight line AC and containing the point B.

The intersection of the parallelogram AE DB and the open half-plane bounded by the straight
line AC and containing the point B contains exactly 1{(AB) points of the described set: only
the points A, ; with —1 <k <1/(AB)-2.

Since the triangle ABAD is proper lattice-congruent to AABC/, the number of points A,
in the closed triangle ABAD is 14, (AB; C): the points A, ;, for

14(AB) —U1(AB;C)— 1<k <WU(AB)-2.
Denote the integer 14(AB)—141(AB; C)—1 by k.
The point A, , is contained in the segment ByB; of the sail for the ordinary lattice angle

ZBAD (see Figure 9). Since the angles ZBAD and ZABC are proper lattice-congruent, we

have
t =sgn(A,_14A4,)sgn(A,ABy)sgn(A,_1AnB1)1sinZA, 1A,B; =

1-1- Sgn(An—lAnAn,ko) Isin ZAn—lAnAn,ko =
sign(ko)|ko| = ko = 1(AB) — 14, (AB; C) — 1.

FIGURE 9. The point Ay, -

Exactly by the same reasons,
u=W(DA) - 11(DA;E) —1=U(BC)—-1U(BC;A) — 1.
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Therefore, /CAB 14 AB)-16,(AB;C)—1 /ABC +1e(BC) 161 (BC;A)—1 /BCA=m. O

Lemma 4.5. Let o, B, and v be nonzero ordinary lattice angles. Suppose that G+, B+, 7 =T,
then there exist o triangle with three consecutive ordinary angles lattice-congruent to o, 3, and 7.

Proof. Denote by O the point (0,0), by A the point (1,0), and by D the point (—1,0) in the
fixed system of coordinates OXY.

Let us choose the points B = (p1,41) and C = (p2,¢2) with integers p;, p2 and positive
integers ¢p, go such that

/AOB = larctan(ltan ), and ZAOC = ZAOB +, 8.
Thus the vectors OB and OC defines the positive orientation, and ZBOC = . Since
G4y B+y7=7m and @+, B=LAOC,

the ordinary angle ZCOD is lattice-congruent to +y.
Denote by B’ the point (p1g2,g14g2), and by C’ the point (p2q1, ¢1¢2) and consider the triangle
B'OC". Since the ordinary angle Z/B'OC’ coincides with the ordinary angle ZBOC, we obtain

/B'OC" = 8.

Since the ordinary angle 8 is nonzero, the points B’ and C' are distinct and the straight
line B’C’ does not coincide with the straight line OA. Since the second coordinate of the both
points B’ and C’ equal q1q9, the straight line B’C’ is parallel to the straight line OA. Thus, by
Proposition 1.15 it follows that

/C'B'O0~ /AOB'= ZAOB =~ qa, and ZOC'B'=/C'OD=/COD 2+.

So, we have constructed the triangle AB'OC’ with three consecutive ordinary angles lattice-
congruent to «, 8, and . O

4.3. Proof of Theorem 2.2a: conclusion of the proof. Now we return to the proof of the
first statement of the theorem on sums of lattice tangents for ordinary lattice angles in lattice
triangles.

Proof of Theorem 2.2a. Let o, 3, and v be nonzero ordinary lattice angles satisfying the
conditions %) and #i) of Theorem 2.2a.

The second condition

|ltan(c), —1,Itan(B), —1, ltan(y)[= 0
implies that
a+_1B8+_17=km.

Since all three tangents are positive, we have &k = 1, or k = 2.

Consider the first condition: ]ltana, —1,1tan B[ is either negative or greater than ltana. It
implies that @ +_1 8 = 07 + ¢, for some ordinary lattice angle ¢, and hence k& = 1.

Therefore, by Lemma, 4.5 there exist a triangle with three consecutive ordinary lattice angles
lattice-congruent to o, 5, and .

Let us prove the converse. We prove that condition #) of Theorem 2.2a holds by reductio
ad absurdum. Suppose, that there exist a triangle AABC with consecutive ordinary angles
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a=/CAB, §=/ABC, and v = ZBCA, such that

|ltan(e), —1,1tan(5), —1,ltan(y)[ # O
|ltan(B), —1,1tan(~y), —1,ltan(e)[ # O .
|ltan(y), —1, ltan(a), —1,1tan(B8)[ # O

These inequalities and Lemia 4.4 imply that at least two of the integers
14(AB)—141(AB; C)—1, (BC)-14(BC;A)—1, and UW(CA)—U(CA;B)-1

are nonnegative.
Without losses of generality we suppose that

{ W(AB) — 14,(AB;C) — 1
W(BC) —141(BC; A) — 1

VIV
oo

Since all integers of the continued fraction
r =] ltan(a), l{(AB) — 14, (AB; C) — 1, 1tan(f),14(BC) — 11 (BC; A) — 1, ltan(v)[

are non-negative and the last one is positive, we obtain that » > 0 (or r = o0). From the
other hand, by Lemma 4.4 and by Theorem 4.1 we have that r = 0/—1 = 0. We come to the
contradiction.

Now we prove that condition ¢) of Theorem 2.2a holds. Suppose that there exist a triangle
AABC with consecutive ordinary angles « = ZCAB, f = ZABC, and v = ZBCA, such that

| ltan(e), —1,1tan(5), —1, ltan(y)[= 0.

Since @+_1 f+_17 = 7, we have @+_1 8 = On + ¢ for some ordinary lattice angle . Therefore,
the first condition of the theorem holds.
This concludes the proof of Theorem 2.2. O

Let us give here the following natural definition.
Definition 4.6. The triangle AABC is said to be lattice-acute-angled if the integers
14(AB)—141(AB; C)—1, (BC)-14(BC;A)—1, and UW(CA)—U(CA;B)-1

are all equal to —1.
The triangle AABC is said lattice right-angled if one of these integers equals 0.
The triangle AABC is said lattice obtuse-angled if one of these integers is positive.

Note that the property of the lattice triangle to be lattice acute-angled, right-angled, or
obtuse-angled cannot be determined by one of the angles, unlike in Fuclidean geometry. We will
illustrate this with the following example. (Actually, there is no relation between right-angled
triangles and right angles, defined before in Subsubsection 1.2.4.)

Example 4.7. On Figure 10 we show the lattice obtuse-angled triangle (on the figure to the
left) with the lattice tangents of its ordinary angles equal to 3/2, 8/3, and 1. Nevertheless, each
of these lattice angles is not supposed to be “lattice-obtuse”, since three lattice triangles (on
the figure to the right) are all lattice acute-angled and contain ordinary lattice angles with the
lattice tangents 3/2, 8/3, and 1.
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3/2 3/2 43 ° ° 1
FI1GURE 10. The triangle to the left is lattice obtuse-angled, three triangles to
the right are all lattice acute-angled.

4.4. Theorem on sum of lattice tangents for ordinary lattice angles of convex poly-
gons. A satisfactory description for lattice-congruence classes of lattice convex polygons has
not been yet found. It is only known that the number of convex polygons with lattice area
bounded from above by n growths exponentially in n, while n tends to infinity (see [2] and [3]).
We conclude this section with the following theorem on necessary and sufficient condition for
the lattice angles to be the angles of some convex lattice polygon.

Theorem 4.8. Let o, ..., ap be an arbitrary ordered n-tuple of ordinary non-zero lattice angles.
Then the following two conditions are equivalent:
— there exist a convex n-vertex polygon with consecutive ordinary lattice angles lattice-congruent

to the ordinary lattice angles «y; fori=1,...,n;
— there exist a set of integers M = {my,...,mp_1} such that
n

Z T—oy = 27.

M,i=1
Proof. Consider an arbitrary n-tuple of ordinary lattice angles o, here ¢ = 1,...,n.

Suppose that there exist a convex polygon A;As... A, with consecutive angles «; for 7 =

1,...,n. Let also the couple of vectors AsA; and AsA; defines the positive orientation of

the plane (otherwise we apply to the polygon A;As... A, some lattice-affine transformation
changing the orientation and come to the initial position).
Let By = O4+A,A;, and B; = O+A; 1A; for i =2,... n. We put by definition
B — ZB;OBj;q, ifi=1,...,n—1
‘| 4B,OBy, ifi=n
Consider the union of the sails for all 8;. This lattice oriented broken line is of the class of the

expanded lattice angle with the normal form 2740. The signed length-sine sequence for this
broken line contains exactly n—1 elements that are not contained in the length-sine sequences

for the sails of ;. Denote these numbers by my,...,my_1, and the set {my,...,mp_1} by M.
Then
n
Z B = 27.
M,i=1

From the definition of 8; for i = 1,...,n it follows that 8; 2 7—q;. Therefore,

n
Z T—oy = 27.

M,i=1
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We complete the proof of the statement in one side.

Suppose now, that there exist a set of integers M = {my,...,my_;} such that
n
Z T—oy = 27.
M,i=1

This implies that there exist lattice points By = (1,0), B; = (x4,¥;), for i = 2,...n—1, and
By, = (—1,0) such that

/B;OB; 1 2nm—oy_1,fori=2,...,n, and /B10B, 2 1—aoy,.
Denote by M the lattice point

n
O+> OB,
i=1
Since all ¢y; are non-zero, the angles m—a; are ordinary. Hence, the origin O is an interior point
of the convex hull of the points B; for ¢ =1,..., k. This implies that there exist two consecutive

lattice points Bs; and By11 (or By, and Bj), such that the lattice triangle AB;M B, contains
O and the edge B;B;11 does not contain O. Therefore,

O =X0M + X0B; + A\30B;1,

where \; is a positive integer, and Ao and A3 are nonnegative integers. So there exist positive
integers a;, where ¢ = 1,...,n, such that

n
0=0+) (a;OB).
i=1
Put by definition 49 = O, and A; = A;_14a;0B; fori =2,...,n. The broken line AyA4; ... A,
is lattice and by the above it is closed (i. e. Ay = A,). By construction, the ordinary lattice
angle at the vertex A; of the closed lattice broken line is proper lattice-congruent to «; (i =

1,...n). Since the integers a; are positive for i = 1,...,n and the vectors OB; are all in the
counterclockwise order, the broken line is a convex polygon.
The proof of Theorem 4.8 is completed. O

Remark 4.9. Theorem 4.8 generalizes the statement of Theorem 2.2a. Note that the direct
generalization of Theorem 2.2b is false: the ordinary lattice angles do not uniquely determine
the proper lattice-affine homothety types of convex polygons. See an example on Figure 11.

ERN

FIGURE 11. An example of different types of polygons with the proper lattice-
congruent ordinary lattice angles.

5. ON LATTICE IRRATIONAL CASE.

The aim of this section is to generalize the notions of ordinary and expanded lattice angles
and their sums to the case of angles with lattice vertices but not necessary lattice rays. We find
normal forms and extend the definition of lattice sums for a certain special case of such angles.
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5.1. Infinite ordinary continued fractions. We start with the standard definition of infinite
ordinary continued fraction.

Theorem 5.1. Consider a sequence (ag,a1,...,0an,-..) of positive integers. There exists the
following limit: r = klim ([ao, at,... ,ak]). O
—00

This representation of r is called an (infinite) ordinary continued fraction for r and denoted
by [ag,a1,--.,an,--.]-

Theorem 5.2. For any irrational there exists and unique infinite ordinary continued fraction.
Any rational does not have infinite ordinary continued fractions. O

For the proofs of these theorems we refer to the book [7] by A. Ya. Hinchin.

5.2. Ordinary lattice irrational angles. Let A, B, and C do not lie in the same straight
line. Suppose also that B is lattice. We denote the angle with the vertex at B and the rays BA
and BC by ZABC. If the open ray BA contains lattice points, and the open ray BC does not
contain lattice points, then we say that the angle ZABC is ordinary lattice R-irrational angle.
If the open ray BA does not contain lattice points, and the open ray BC contains lattice points,
then we say that the angle ZAOB is ordinary lattice L-irrational angle. If the union of open
rays BA and BC does not contain lattice points, then we say that the angle ZABC is ordinary
lattice LR-irrational angle. We also call R-irrational, L-irrational, and LR-irrational angles by
irrational angles.

Definition 5.3. Two ordinary lattice irrational angles ZAOB and ZA'O'B’ are said to be
lattice-congruent if there exist a lattice-affine transformation which takes the vertex O to the
vertex O’ and the rays OA and OB to the rays O’ A’ and O’ B’ respectively. We denote this as
follows: ZAOB = /A'O'B'.

5.3. Lattice-length sequences for ordinary lattice irrational angles. In this subsection
we generalize the notion of lattice-length sequences for the case of ordinary lattice irrational
angles and study its elementary properties.

Consider an ordinary lattice angle ZAOB. Let also the vectors OA and OB be linearly
independent.

Denote the closed convex solid cone for the ordinary lattice irrational angle ZAOB by
C(AOB). The boundary of the convex hull of all lattice points of the cone C(AOB) except
the origin is homeomorphic to the straight line. The closure in the plane of the intersection of
this boundary with the open cone AOB is called the sail for the cone C(AOB). A lattice point
of the sail is said to be a vertex of the sail if there is no lattice segment of the sail containing
this point in the interior. The sail of the cone C(AOB) is a broken line with an infinite number
of vertices and without self-intersections. We orient the sail in the direction from OA to OB.
(For the definition of the sail and its higher dimensional generalization, see, for instance, the
works [1], [16], and [10].)

In the case of ordinary lattice R-irrational angle we denote the vertices of the sail by V;, for
i > 0, according to the orientation of the sail (such that V} is contained in the ray OA). In the
case of ordinary lattice L-irrational angle we denote the vertices of the sail by V_;, for ¢ > 0,
according to the orientation of the sail (such that Vj is contained in the ray OB). In the case of
ordinary lattice LR-irrational angle we denote the vertices of the sail by V_;, for ¢ € Z, according
to the orientation of the sail (such that Vj is an arbitrary vertex of the sail).
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Definition 5.4. Suppose that the vectors OA and OB of an ordinary lattice irrational angle
/AOB are linearly independent. Let V; be the vertices of the corresponding sail. The sequence
of lattice lengths and sines

(lg(‘/()‘/l)a Isin Z‘/0‘/1‘/2; lg(‘/l‘/Q)a ISinZVI‘/Q%a . ')a or
(..., 1sin ZV_3V_oV_1,10(V_oV_1),lsin ZV_oV_1 Vo, 1(V_1 V), or
(. .. ,lsin ZV_QV_l‘/O, M(V_l%), Isin Zv_l%‘/l, M(‘/()Vl), .. )

is called the lattice length-sine sequence for the ordinary lattice irrational angle ZAOB, if this
angle is R-irrational, L-irrational, or LR-irrational respectively.

Proposition 5.5. a). The elements of the lattice length-sine sequence for any ordinary lattice
irrational angle are positive integers.

b). The lattice length-sine sequences of lattice-congruent ordinary lattice irrational angles coin-
cide. O

5.4. Lattice tangents for ordinary lattice R-irrational angles. In this subsection we show,
that the notion of lattice tangent is well-defined for the case of ordinary lattice R-irrational
angles. We also formulate some basic properties of lattice tangent.

Let us generalize a notion of tangent to the case of R-irrational angles using the property of
Theorem 1.10 for tangents of ordinary angles.

Definition 5.6. Let the vectors OA and OB of an ordinary lattice R-irrational angle ZAOB
be linearly independent. Suppose that V; are the vertices of the corresponding sail. Let

1(VoWh),1sin £VoViVa, . .., 18I0 £V Vi 1 Vi, W(Viu_1 Vi), ... )

be the lattice length-sine sequence for the ordinary lattice angle ZAOB. The lattice tangent of
the ordinary lattice R-irrational angle ZAOB is the following number

[E(VoW), Isin ZVoViVa, ..., 18in £V oV 1 Vi, U(Vi_1 Vi), ... ]

We denote it by ltan ZAOB. We say also that this number is the continued fraction associated
with the sail of the ordinary lattice R-irrational angle ZAOB.

Proposition 5.7. a) . For any ordinary lattice R-irrational angle ZAOB with linearly indepen-
dent vectors OA and OB the number ltan ZAOB is irrational and greater than 1.
b). The values of the function ltan at two lattice-congruent ordinary lattice angles coincide. [

5.5. Lattice arctangent for ordinary lattice R-irrational angles. We continue with the
definition of lattice arctangents for ordinary lattice R-irrational angles and the main properties
of these arctangents.

Consider the system of coordinates OXY on the space R? with the coordinates (z,y) and the
origin 0. We work with the integer lattice of OXY.

For any rationals p; and po we denote by oy, p, the angle with the vertex at the origin and
two edges {(z,p;z)|z > 0}, where i = 1, 2.

Definition 5.8. For any irrational real s > 1, the ordinary lattice angle Z AOB with the vertex
O at the origin, A = (1,0), and B = (1, ), is called the lattice arctangent of s and denoted by
larctan s.

Theorem 5.9. a). For any irrational s, such that s > 1,

ltan(larctan s) = s.
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b). For any ordinary lattice R-irrational angle o the following holds:

larctan(ltan o) = c.

Proof. Let us prove the first statement of the theorem. Let s > 1 be some irrational real. Suppose
that the sail of the angle larctan s is the infinite broken line AygA; ... and the corresponding
ordinary continued fraction is [ag, a1, as,...]. Let also the coordinates of A; be (z;, y;).

We consider the ordinary lattice angles «;, corresponding to the broken lines Ay ... A;, for
1 > 0. Then,

lim (y;/z;) = s/1.
71— 00

By Theorem 1.7 for any positive integer ¢ the ordinary lattice angle «; coincides with

larctan([ag, a1, . - ., a2;—2]), and hence the coordinates (z;,y;) of A; satisfy
yi/T; = [ag, a1, - - -, a2i2]-
Therefore,
hm ([0,0, Alyeeey G,QZ'_Q]) = 8.
1—00

So, we obtain the first statement of the theorem:

ltan(larctan s) = s.

Now we prove the second statement. Consider an ordinary lattice R-irrational angle . Sup-
pose that the sail of the angle « is the infinite broken line AgA4; .. ..

For any positive integer ¢ we consider the ordinary angle ¢;, corresponding to the broken lines
Ag...A;.

Denote by C(fB) the cone, corresponding to the ordinary lattice (possible irrational) angle 3.
Note that C(8') and C(8") are lattice-congruent iff 3 = 3'.

By Theorem 1.7 we have:

larctan(ltan o;) = «;.

Since for any positive integer n the following is true

LnJ Cloy) = LnJ C(larctan(ltan c;))
i=1

i=1

we obtain

o0 o0

C(a) = | J C(es) = | Clarctan(ltan o)) 2 C(larctan(ltan ).

i=1 i=1

Therefore,
larctan(ltan o) 2 a.
This concludes the proof of Theorem 5.9. [l

There is a description of ordinary lattice R-irrational angles similar to the description of
ordinary lattice angles (see Proposition 1.5e).

Theorem 5.10. (Description of ordinary lattice R-irrational angles.)

a). For any sequence of positive integers (ag,a1,a2,...) there exist some ordinary lattice R-
irrational angle o such that ltana = [ag, a1, ag, . . .].

b). Two ordinary lattice R-irrational angles are lattice-congruent iff they have equal lattice
tangents.
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Proof. Theorem 5.9a implies the first statement of the theorem.

Let us prove the second statement. Suppose that the ordinary lattice R-irrational angles o
and (3 are lattice-congruent, then their sails are also lattice-congruent. Thus their lattice-sine
sequences coincide. Therefore, ltan o = ltan g.

Suppose now that the lattice tangents for two ordinary lattice R-irrational angles « and
are equivalent. Since for any irrational real the corresponding continued fraction exists and is
unique, the lattice length-sine sequences for the the sails of & and 8 coincide.

Let V, be the vertex of the angle «, and AgA; ... be the sail for . For any positive integer
¢ denote by «; the angle AgV,A; (with the sail Agy...A;). Let V3 be the vertex of the angle 3,
and ByBj ... be the sail for 5. For any positive integer i denote by f; the angle ByV,B; (with
the sail By ... B;).

Since the ordinary lattice R-irrational angles o and 8 have the same lattice length-sine se-
quences, for any integer ¢ the ordinary lattice angles «; and §3; have the same lattice length-sine
sequences, and, therefore, o; = ;.

Consider the lattice-affine transformation { that takes the vertex V, to the vertex Vj, the
lattice point Ag to the lattice point By and A to By. (Such transformation exist since 1£(AgA;) =
14(ByB1).)

Choose an arbitrary ¢ > 1. Since

f(Ao) = BO; £(A1) = Bl; and o = /Bia

we have £(A;) = &(B;). This implies that the lattice-affine transformation £ takes the sail for
the ordinary lattice R-irrational angle « to the sail for the ordinary lattice R-irrational angle 5.
Therefore, the angles o and  are lattice-congruent. O

5.6. Lattice signed length-sine infinite sequences. In this section we work in the oriented
two-dimensional real vector space with the fixed lattice. As previously, we fix coordinates O XY
on this space.

A union of (ordered) lattice segments ..., A;_1A4;, A;A;11, Ajr14;19,... infinite to the right (to
the left, or both sides) is said to be a lattice oriented R-infinite (L-infinite, or LR-infinite) broken
line, if any segment of the broken line is not of zero length, and any two consecutive segments are
not contained in the same straight line. We denote this broken line by ... A;_14;4;114;42.-..
We also say that the lattice oriented broken line ... A; 04,11 4;A4;_1 ... is inverse to the broken
line ... Ai—lAiAi+1Ai+2 PN

Definition 5.11. Consider a lattice infinite oriented broken line and a point not in this line.
The broken line is said to be on the unit distance from the point if all edges of the broken line
are on the unit lattice distance from the given point.

Now, let us now associate to any lattice infinite oriented broken line on the unit distance from
some point the following sequence of non-zero elements.

Definition 5.12. Let ... A;_14;A;114;12... be a lattice oriented infinite broken line on the
unit distance from some lattice point V. Let

ag;i—3 = sgn(A; oV A;_1)sgn(A;_1VA;)sgn(A;_24;_14;)1sin ZA;_2A; 1A,

agi—o = sgn(A;_ 1V A;) 1U(A;_1 A;)

for all possible indexes i. The sequence (... ag;—3,a2i—2,a2;—1 - - .) is called a lattice signed length-
sine sequence for the lattice oriented infinite broken line on the unit distance from V.
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Proposition 5.13. A lattice signed length-sine sequence for the given lattice infinite oriented
broken line and the point is invariant under the group action of proper lattice-affine transforma-
tions.

Proof. The statement of the proposition holds, since the functions sgn, 14, and Isin are invariant
under the group action of proper lattice-affine transformations. [l

5.7. Proper lattice-congruence of lattice oriented infinite broken lines on the unit
distance from the lattice points. Let us formulate a necessary and sufficient conditions for
two lattice infinite oriented broken lines on the unit distance from two lattice points to be proper
lattice-congruent.

Theorem 5.14. The lattice signed length-sine sequences of two lattice infinite oriented broken
lines on the unit distance from lattice points Vi and Vo coincide, iff there exist proper lattice-
affine transformation taking the point Vi to Vo and one oriented broken line to the other.

Proof. The lattice signed length-sine sequence for any lattice infinite oriented broken line on the
unit distance is uniquely defined, and by Proposition 3.3 is invariant under the group action of
proper lattice-affine transformations. Therefore, the lattice signed length-sine sequences for two
proper lattice-congruent broken lines coincide.

Suppose now that we have two lattice oriented infinite broken lines ... A;_1A4;A4;11..., and
...B;j_1B;Bjy1 ... on the unit distance from the points V; and V5, and with the same lattice
signed length-sine sequences. Consider the lattice-affine transformation ¢ that takes the point V)
to Vo, A; to B;, and A;y1 to B;y; for some integer . Since sgn(A;V A;11) = sgn(B;V B;11), the
lattice-affine transformation £ is proper. By Theorem 3.4 the transformation ¢ takes any finite
oriented broken line A;As1; ... As containing the segment A;A;,; to the oriented broken line
B;Bgsy1...B;. Therefore, the transformation £ takes the lattice oriented infinite broken lines
... A;_1A;A;41 ... to the oriented broken line ... B;_1B;B;y ... and the lattice point V; to the
lattice point V.

This concludes the proof of Theorem 5.14. O

5.8. Equivalence classes of almost positive lattice infinite oriented broken lines and
corresponding expanded lattice infinite angles. We start this subsection with the following
general definition.

Definition 5.15. We say that the lattice infinite oriented broken line on the unit distance from
some lattice point is almost positive if the elements of the corresponding lattice signed length-sine
sequence are all positive, except for some finite number of elements.

Let [ be the lattice (finite or infinite) oriented broken line ... A, 1A, ... AppApy1 - .. Denote
by I(—o00, Ayp) the broken line ... A,_1A,. Denote by [(A,,,+00) the broken line A, Ayptq ..
Denote by I( Ay, Ayn) the broken line A, ... A,,.

Definition 5.16. Two lattice oriented infinite broken lines /; and Iy on unit distance from V'
are said to be equivalent if there exist two vertices W11 and W1o of the broken line /; and two
vertices Wo; and Wao of the broken line [y such that the following three conditions are satisfied:
1) the broken line /1 (—oo, Wi1) coincides with the broken line lo(—o0, Wa1);

i1) the broken line [ (W2, +00) coincides with the broken line lo(Wag, +00);

111) the closed broken line generated by [ (W11, Wi2) and the inverse of lo(Wa1, Waz) is homotopy
equivalent to the point on R? \ {V'}.
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Now we give the definition of expanded lattice irrational angles.

Definition 5.17. An equivalence class of lattice R/L/LR-infinite oriented broken lines on unit
distance from V' containing the broken line [ is called the ezpanded lattice R/L/LR-infinite angle
for the equivalence class of | at the vertex V and denoted by Z(V;l) (or, for short, expanded
lattice R/L/LR-infinite angle).

Definition 5.18. Two expanded irrational lattice angles ®; and ®, are said to be proper lattice-
congruent iff there exist a proper lattice-affine transformation sending the class of lattice oriented
broken lines corresponding to ®, to the class of lattice oriented broken lines corresponding to
®5. We denote it by @, £ ,.

Remark 5.19. Since all sails for ordinary lattice irrational angles are lattice infinite oriented
broken lines, the set of all ordinary lattice irrational angles is naturally embedded into the set of
expanded lattice irrational angles. An ordinary lattice irrational angle with a sail S corresponds
to the expanded lattice irrational angle with the equivalence class of the broken line S.

5.9. Revolution number for expanded lattice L- and R-irrational angles. Let us extend
the revolution number to the case of almost positive infinite oriented broken lines.

Definition 5.20. Let ... A;_1A;A;y1 ... be some lattice R-, L- or LR-infinite almost positive
oriented broken line, and r = {V + Aw|A > 0} be the oriented ray for an arbitrary vector v with
the vertex at V. Suppose that the ray r does not contain the edges of the broken line, and the
broken line does not contain the vertex V. We call the number

lim #(r,V,ApA;... Ap) if the broken line is R-infinite,

n—+oo

Erf #(r, V,A_, ... A_1Ap) if the broken line is L-infinite,
n o0

lim #(r,V,;A_p,A_py1...4y) if the broken line is LR-infinite

n——+0o

the intersection number of the ray r and the lattice almost positive infinite oriented broken line
broken line ... A;_1A;A;y1 ... and denote it by #(r,V,... A;_14;A;41...).

Proposition 5.21. The intersection number of the ray r and an almost positive lattice infinite
oriented broken line is well-defined.

Proof. Consider an almost positive lattice infinite oriented broken line [. Let us show that the
broken line ! intersects the ray r only finitely many times.

By Definition 5.15 there exist vertices W7 and Wy of this broken line such that the signed
lattice-sine sequence for the lattice oriented broken line I{—oo, W1) contains only positive ele-
ments, and the signed lattice-sine sequence for the oriented broken line [(Ws, +00) also contains
only positive elements.

The positivity of lattice-sine sequences implies that the lattice oriented broken lines
[(—o0, W1), and I(Wa, +00) are the sails for some angles with the vertex V. Thus, these two
broken lines intersect the ray r at most once each. Therefore, the broken line [ intersects the ray
r at most once at the part [(—oo, W1), only a finite number times at the part [(W;, Ws), and at
most once at the part [(Ws, +00).

So, the lattice infinite oriented broken line [ intersects the ray r only finitely many times, and,
therefore, the corresponding intersection number is well-defined. [l

Now we give a definition of the lattice revolution number for expanded lattice R-irrational
and L-irrational angles.
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Definition 5.22. a). Consider an arbitrary R-infinite (or L-infinite) expanded lattice angle
Z(V,1), where V is some lattice point, and [ is a lattice infinite oriented almost-positive broken
line. Let Ay be the first (the last) vertex of I. Denote the rays {V + AV Ag|A > 0} and
{V — AV Ap|X > 0} by r; and r_ respectively. The following number

1

S e Vi) + -, VD)

is called the lattice revolution number for the expanded lattice irrational angle Z(V,I), and
denoted by #(£(V,1)).

Proposition 5.23. The revolution number of an R-irrational (or L-irrational) expanded lattice
angle is well-defined.

Proof. Consider an arbitrary expanded lattice R-irrational angle Z(V, AgA; ...). Let
ry ={V+AVAIA >0} and r_ ={V — AV Ay >0}.

Since the lattice oriented broken line Ay A4 As. .. is on the unit lattice distance from the point
V', any segment of this broken line is on the unit lattice distance from V. Thus, the broken line
does not contain V', and the rays r4 and r_ do not contain edges of the broken line.

Suppose that

LV, AgA1 Ay ... = LV ALAL A, ...

This implies that V = V', Ay = Ay, Apyx = A, for some integers n and m and any non-
negative integer k, and the broken lines AgA;... AnA4;, ;... Al A} is homotopy equivalent to
the point on R? \ {V'}. Thus,

#H(LV, AgAy ..y —#(LV' ALAL..) =

%(#(m, AgAr .. ARAL, . AVAY) + (o AgAr . AGAL .. A’lAg))

=0+0=0.
And hence

#(LV, ApA1As...) = #(LV' AY AL A ...
Therefore, the revolution number of any expanded lattice R-irrational angle is well-defined.

The proof for L-irrational angles repeats the proof for R-irrational angles and is omitted
here. [l

Proposition 5.24. The revolution number of expanded lattice R/L-irrational angles is invariant
under the group action of the proper lattice-affine transformations. O

5.10. Normal forms of expanded lattice R- and L-irrational lattice angles. In this
subsection we formulate and prove a theorem on normal forms of expanded lattice R-irrational
and L-irrational lattice angles.

For the theorems of this subsection we introduce the following notation. By the sequence

((0,0, ... ,an) X k-times, bo, by .. .),
where k£ > 0, we denote the sequence:

(go,...,an,ao,...,an, ,ao,...,awbo,bl,...).

k-times
By the sequence
(. . b_g, b_l, bo, (0,0, - ,an) X k-times),
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where k£ > 0, we denote the following sequence:

(...,b_g,b_l,bo,go,...,an,ao,...,an, ,ao,...,an).

k-times
We start with the case of expanded lattice R-irrational angles.

Definition 5.25. Consider a lattice R-infinite oriented broken line AgA; ... on the unit distance
from the origin O. Let also Ay be the point (1,0), and the point A; be on the line z = 1. If the
signed length-sine sequence of the expanded ordinary R-irrational angle &y = Z(0, Ap4; ...)
coincides with the following sequence (we call it characteristic sequence for the corresponding
angle):

IVy) ((1,-2,1,-2) X k-times, ag, a1, ...), where k > 0, a; > 0, for i > 0, then we denote the
angle ®) by k74 larctan([ag, a1, - ..]) and say that ®¢ is of the type IVy;

Vi) ((—1,2,-1,2) x k-times, ag,a1,...), where k > 0, a; > 0, for ¢ > 0, then we denote the
angle ®) by —km + larctan([ag, a1, - ..]) and say that ®¢ is of the type V.

Theorem 5.26. For any expanded lattice R-irrational angle © there exist and unique o type
among the types IV-V and a unique expanded lattice R-irrational angle ® of that type such that
Dq is proper lattice congruent to Dy.

The expanded lattice R-irrational angle ® is said to be the normal form for the expanded lattice
R-irrational angle ®.

Proof. First, we prove that any two distinct expanded lattice R-irrational angles listed in Defini-
tion 5.25 are not proper lattice-congruent. Let us note that the revolution numbers of expanded
lattice angles distinguish the types of the angles. The revolution number for the expanded lat-
tice angles of the type IVy, is 1/44+1/2k where k& > 0. The revolution number for the expanded
lattice angles of the type Vy is 1/4—1/2k where & > 0.

We now prove that the normal forms of the same type IV (or Vi) are not proper
lattice-congruent for any integer k. Counsider the expanded lattice R-infinite angle ® =
km+larctan([ag,a1,...]). Suppose that a lattice oriented broken line AgA;As... on the unit
distance from O defines the angle ®. Let also that the signed lattice-sine sequence for this
broken line be characteristic.

If k is even, then the ordinary lattice R-irrational angle with the sail AgxAog1q ... is proper
lattice-congruent to the angle larctan([ag, a1, ...]). This angle is a proper lattice-affine invariant
for the expanded lattice R-irrational angle ® (since Agx, = Ap). This invariant distinguish the
expanded lattice R-irrational angles of type IV (or Vi) for even k.

If k is odd, then denote B; = V+A;V. The ordinary lattice R-irrational angle with the sail
By Boj+1 - - - 18 proper lattice-congruent to the angle larctan([ag, a1, ...]). This angle is a proper
lattice-affine invariant of the expanded lattice R-irrational angle ® (since Boy = V+A4V). This
invariant distinguish the expanded lattice R-irrational angles IV}, (or V}) for odd k.

Therefore, the expanded lattice angles listed in Definition 5.25 are not proper lattice-
congruent.

Secondly, we prove that an arbitrary expanded lattice R-irrational angle is proper lattice-
congruent to some of the expanded lattice angles listed in Definition 5.25.

Consider an arbitrary expanded lattice R-irrational angle ® = Z(V, AgA; ...). Suppose that
#(®) = 1/4+k/2 for some non-negative integer k. By Proposition 5.21 there exist an integer
positive number ng such that the lattice oriented broken line Ay, Ay 41 ... does not intersect
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the rays r, = {V+AVA|X > 0} and r_ = {V-AVAp|\ > 0}, and the signed lattice length-
sine sequence (agny—2,a2ne—1--.) for the oriented broken line A, Ay, 4+1... does not contain
non-positive elements.

By Theorem 3.14 there exist integers & and m, and a lattice oriented broken line

AoBlBQ .. BQkB2k+1 .. B2k+mAno
with lattice length-sine sequence of the form
((1,-2,1,—-2) x k-times, by, by, ..., bam—2),

where all b; are positives.
Consider now the lattice oriented infinite broken line AgB1Bs... Bogim—1An,Ang+1--- The
length-sine sequence for this broken line is as follows

((1, —2,1,—2) x k-times, by, by, . . ., bap—2, v, A2ng—202n0—1 - - .),

where v is (not necessary positive) integer.

Note that the lattice oriented broken line AgB1Bs...BogimAn, is a sail for the angle
LAgV Ay, and the sequence Ap,Apyt1-.. is a sail for some R-irrational angle (we denote it
by ). Let H; be the convex hull of all lattice points of the angle ZAyV A, except the origin,
and Hs be the convex hull of all lattice points of the angle o except the origin. Note that H;
intersects Hy in the ray with the vertex at Ap,.

The lattice oriented infinite broken line BogBog12 - . . Bog+mAngAng+1 - - - intersects the ray ry
in the unique point By and does not intersect the ray r_. Hence there exists a straight line [
intersecting both boundaries of H; and Hs, such that the open half-plane with the boundary
straight line [ containing the origin does not intersect the sets Hy and Ho.

Denote By = A¢ and Bogim+1 = Ap,. The intersection of the straight line [ with H; is
either a point B; (for 2k < s < 2k + m+ 1), or a boundary segment B;B,.1 for some integer s
satisfying 2k < s < 2k+m. The intersection of [ with Hy is either a point A; for some integer
t > ny, or a boundary segment A; 1 A; for some integer ¢t > ny.

Since the triangle AV A;B; does not contain interior point of H; and Hs, the lattice points
of AV A.B, distinct to B are on the segment A;B;. Hence, the segment A,B; is on unit lattice
distance to the vertex V. Therefore, the lattice infinite oriented broken line

AoBlBQ - BsAtAt—I—l -

is on lattice unit distance.

Since the lattice oriented broken line By...BgA;Arq ... is convex, it is a sail for some
lattice R-irrational angle. (Actually, the case B, = A; = A, is also possible, then delete
one of the copies of A,, from the sequence.) We denote this broken like by Cogt1Cok+2- .-
The corresponding signed lattice length-sine sequence is (cak, Cak+1, Cak+2,---), where ¢; > 0
for ¢ > 4k. Thus the signed lattice length-sine sequence for the lattice ordered broken line
AoBlBQ ‘e B2kC2k+IC2k+2 ... 18

((1,-2,1,-2) x (k — 1)-times, 1, —2, 1, w, (4, Cak+1, Cak+2: - - -),

where w is an integer that is not necessary equivalent to —2.

Consider an expanded lattice angle Z(V, AgB1Bs ... Bo;Cox+1). By Lemma 3.15 there exists
a lattice oriented broken line Cj...Co;y1 with the vertices Cyp = Ap and Coiy1 of the same
equivalence class, such that Cop = By, and the signed lattice length-sine sequence for it is

((15 _25 ]-a _2) X k'timesa Cak, C4k+1)'
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Therefore, the lattice oriented R-infinite broken line CyC; ... for the angle Z(V, AgA; ...) has
the signed lattice length-sign sequence coinciding with the characteristic sequence for the angle
km + larctan([cag, C4g+1, - - -]). Therefore,

Xk + larctan([C4k, Cak+1, - - ])

This concludes the proof of the theorem for the case of nonnegative integer k.
The proof for the case of negative k repeats the proof for the nonnegative case and is omitted
here. [l

Let us give the definition of trigonometric functions for expanded lattice R-irrational angles.

Definition 5.27. Counsider an arbitrary expanded lattice R-irrational angle ® with the normal
form km+p for some integer £.

a). The ordinary lattice R-irrational angle ¢ is said to be associated with the expanded lattice
R-irrational angle ®.

b). The number ltan(p) is called the lattice tangent of the expanded lattice R-irrational angle
.

We continue now with the case of expanded lattice L-irrational angles.

Definition 5.28. The expanded lattice irrational angle Z(V,... A;104;114;...) is said to be
transpose to the expanded lattice irrational angle Z(V,...A;A;11A;12...) and denoted by
(Z(V,... AiAiy1 Aiya .. )

Definition 5.29. Consider a lattice L-infinite oriented broken line ... A_; Ag on the unit distance
from the origin O. Let also Ay be the point (1,0), and the point A_; be on the straight
line £ = 1. If the signed length-sine sequence of the expanded ordinary L-irrational angle
®y = Z£(0,... A_1Ap) coincides with the following sequence (we call it characteristic sequence
for the corresponding angle):

IVy) ( ey 0-1,00,(—2,1,-2,1) x k-times), where k£ > 0, a; > 0, for i < 0, then we denote the
angle &) by kr+larctan®([ag,a_1,...]) and say that ®g is of the type IVy;

Vi) ( .oy 6-1,00,(2,—1,2,—1) X k-times), where k > 0, a; > 0, for ¢ < 0, then we denote the
angle &) by —kn+larctan’([ag,a_1,...]) and say that ®g is of the type V.

Theorem 5.30. For any expanded lattice L-irrational angle ® there exist and unique a type
among the types IV-V and a unique expanded lattice L-irrational angle ®¢ of that type such that
D is proper lattice congruent to ®y.

The expanded lattice L-irrational angle ® is said to be the normal form for the expanded lattice
L-irrational angle ®.

Proof. After transposing the set of all angles and change of the orientation of the plane the
statement of Theorem 5.30 coincide with the statement of Theorem 5.26. O

5.11. Sums of expanded lattice angles and expanded lattice irrational angles. We
conclude this section with a particular definitions of sums of ordinary lattice angles, and ordinary
lattice R-irrational or/and L-irrational angles.

Definition 5.31. Consider expanded lattice angles ®;, where ¢ = 1,...,%, an expanded lattice
R-irrational angle ®,, and an expanded lattice L-irrational angle ®;. Let the characteristic signed
lattice lengths-sine sequences for the normal forms of the angles ®; be (ag, @14, --,a2n,,4); of
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®, be (ao,r,a1,r,---), and of &; be (..., a_1,a0y).
Let Mr = (mq,...,my_1,m,) be some t-tuple of integers. The normal form of any expanded
lattice angle, corresponding to the following lattice signed length-sine sequence

(00,1, a1,15---5,02n,,1,M1,00,2,01,2,- - -,082n,,2,712; - . .
ceesM—1,80,t, ALt - - - 5 A2 t T, Q0,r s Gl s - - )

is called the Mp-sum of expanded lattice angles ®; (i =1,...,t) and ®,.
Let My, = (my,mq,...,my_1) be some t-tuple of integers. The normal form for any expanded
lattice angle, corresponding to the following lattice signed length-sine sequence

(' -ey0-1,1,00,0,M(,00,1,01,1,---,02n,;,1,7M1,00,2,01,2, - - - ; 42n5,2, M2, . . .
<o My—1,80¢,A1,5 - - - aa2nt,t)

is called the My, -sum of expanded lattice angles ®;, and ®; (i =1,...,t).
Let Mrr = (my,my,...,my_1,m,) be some (¢t + 1)-tuple of integers. Any expanded lattice
LR-irrational angle, corresponding to the following lattice signed length-sine sequence

(- <oy G_11,001,M],00,1,81,15---,02n,9,1,71,00,2,01,25 -+ ,02n5,2, T2, - . .
<oy M—1,00,t, A1t - - - 5 G20 t T, A0 Al s - - )

is called a My g-sum of expanded lattice angles ®;, ®; (i=1,...,t) and @,.

APPENDIX A. ON GLOBAL RELATIONS ON ALGEBRAIC SINGULARITIES OF COMPLEX
PROJECTIVE TORIC VARIETIES CORRESPONDING TO INTEGER-LATTICE
TRIANGLES.

In this appendix we describe an application of theorems on sums of lattice tangents for the
angles of lattice triangles and lattice convex polygons to theory of complex projective toric
varieties. We refer the reader to the general definitions of theory of toric varieties to the works
of V. I. Danilov [4], G. Ewald [5], W. Fulton [6], and T. Oda [18].

Let us briefly recall the definition of complex projective toric varieties associated to lattice
convex polygons. Consider a lattice convex polygon P with vertices Ag, A1,...,A,. Let the
intersection of this (closed) polygon with the lattice consists of the points B; = (x;,y;) for
1=0,...,m. Let also B; = A; for i =0,...,n. Denote by € the following set in CP™:

{(tfltglt;“‘yl DR T P T TV ) b, B, 83 € C\ {0}}.

The closure of the set () in the natural topology of CP™ is called the complex toric variety
associated with the polygon P and denoted by Xp.

For any i = 0,..., m we denote by A; the point (0:...:0:1:0:...:0) where 1 stands on
the (z+1)-th place.

From general theory it follows that:

a) the set Xp is a complex projective complex-two-dimensional variety with isolated algebraic
singularities; ~

b) the complex toric projective variety contains the points A; for i = 0,...,n (where n+1 is
the number of vertices of convex polygon);

c) the points of Xp \ {Ag, A1, ..., An} are non-singular;

d) the point A; for any integer ¢ satisfying 0 < ¢ < n is singular iff the corresponding ordinary
lattice angle «; at the vertex A; of the polygon P is not lattice-congruent to larctan(1);
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e) the algebraic singularity at A; for any integer ¢ satisfying 0 < ¢ < n is uniquely determined
by the lattice-affine type of the non-oriented sail of the lattice angle «;.

The algebraic singularity is said to be toric if there exists a projective toric variety with the
given algebraic singularity.

Note that the lattice-affine classes of non-oriented sails for angles & and 3 coincide iff 5 =2 «, or

= ot. This allows us to associate to any complex-two-dimensional toric algebraic singularity,
corresponding to the sail of the angle «, the unordered couple of rationals (a, b), where a = ltan
and b = ltan o.

Remark A.1. Note that the continued fraction for the sail « is slightly different to the Hirzebruch-
Jung continued fractions for toric singularities (see the works [9] by H-W.E. Jung, and [8] by
F. Hirzebruch). The relations between these continued fractions is described in the paper [19]
by P.Popescu-Pampu.

Corollary A.2. Suppose, that we are given by three complex-two-dimensional toric singularities
defined by couples of rationals (a;,b;) fori =1,2,3. There exist a complex toric variety associated
with some triangle with these three singularities iff there exist a permutation o € S3 and the
rationals ¢; from the sets {a;,b;} for i =1,2,3, such that the following conditions hold:

i) the rational |c,(1y, —1,¢q(2)[ is either negative or greater than c,(yy;

i) les(1), =1, ¢o(2); =1, Co(3) [= 0.

We note again that we use odd continued fractions for ¢, co, and cs in the statement of the
above proposition (see Subsection 2.1 for the notation of continued fractions).

Proof. The proposition follows directly from Theorem 2.2a. O

Proposition A.3. For any collection (with multiplicities) of complez-two-dimensional toric
algebraic singularities there exist a complex-two-dimensional toric projective variety with exactly
the given collection of toric singularities.

For the proof of Proposition A.3 we need the following lemma.

Lemma A.4. For any collection of ordinary lattice angles o; (1 = 1,...,n), there exist an
integer k > n—1 and a k-tuple of integers M = (my,...,my), such that

01 +my --- Fma_y On +m, larctan(l) +,,,, - .. +m, larctan(l) = 27.
Proof. Consider any collection of ordinary lattice angles «; (i = 1,...,n) and denote
O=0o1+iag+1 ... +1 Q-

There exist an oriented lattice broken line for the angle ® with the signed lattice-signed sequence
with positive elements. Hence, ® = ¢ + O7.
If ¢ 2 larctan(1l), we have

® +_5 larctan(1) +_9 larctan(l) +_o larctan(1) = 27.

Then k =n+2,and M =(1,...,1,-2,—-2,—2).
Suppose now ¢ % larctan(l), then the following holds

@ +_1 T—@ +_2 larctan(1) +_o larctan(1) = 2.
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Consider the sail for the angle 7—¢p. Suppose the sequence of all its lattice points (not only
vertices) is By, ..., Bs (with the order coinciding with the order of the sail). Then we have

/B;OB;,1 Zlarctan(l) foranyi=1,...,s.
Denote by b; the values of Isin /B;OB;41 for i =1,...,s. Then we have

@ +_2 larctan(1) +_o larctan(1l) +_o larctan(1) =
oy tiaz+1 ... F1 0+

larctan(1) +, larctan(l) +4, - .. +s, larctan(1)+_o
larctan(1) +_o larctan(l) +_o larctan(1) = 27.

Therefore, k = n+s+3, and
M=(1,1,...,1,1,—=1,by,...,bs,—2,—2,—2).
~—_——
(n—1)-times
The proof of Lemma A.4 is completed. O

Proof of the statement of the Proposition A.3. Counsider an arbitrary collection of two-
dimensional toric algebraic singularities. Suppose that they are represented by ordinary lattice
angles o; (1 =1,...,n). By Lemma A.4 there exist an integer £ > n—1 and a k-tuple of integers
M = (mg,...,my), such that

(m—o1) +my - Fmg_y (T — o) +m, larctan(l) -, - .. +m, larctan(l) = 27.

By Theorem 4.8 there exist a convex polygon P = Ay... Ay with angles proper lattice-
congruent to the ordinary lattice angles o; (1 =1,...,n), and k—n+1 angles larctan(1).

By the above, the toric variety Xp is nonsingular at points of Px \ {AO, Ay, ... ,flk}. It is also
nonsingular at the points A; with the corresponding ordinary lattice angles lattice-congruent to
larctan(1). The collection of the toric singularities at the remaining points coincide with the
given collection.

This concludes the proof of Proposition A.3. O

On Figure 12 we show an example of the polygon for a projective toric variety with the unique
toric singularity, represented by the sail of larctan(7/5). The ordinary lattice angle « on the
figure is proper lattice-congruent to larctan(7/5), the angles 5 and «y are proper lattice-congruent
to larctan(1).

F1GURE 12. Constructing a polygon with all angles proper integer-congruent to
larctan(1) except one angle that is proper integer-congruent to larctan(7/5).
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APPENDIX B. ON LATTICE-CONGRUENCE CRITERIONS FOR LATTICE TRIANGLES. EXAMPLES
OF LATTICE TRIANGLES.

Here we discuss the lattice-congruence criterions for lattice triangles. By the first criterion of
lattice-congruence for lattice triangles we obtain that the number of all lattice-congruence classes
for lattice triangles with bounded lattice area is finite. Further we introduce the complete list
of lattice-congruence classes for triangles with lattice area less then or equal to 10. There are
exactly 33 corresponding lattice-congruence classes, shown on Figure 16.

On criterions of lattice triangle lattice-congruence. We start with the study of lattice
analogs for the first, the second, and the third Euclidean criterions of triangle congruence.

Statement B.1. (The first criterion of lattice triangle lattice-congruence.) Consider
two lattice triangles NABC and NA'B'C’. Suppose that the edge AB is lattice-congruent to the
edge A'B’, the edge AC is lattice-congruent to the edge A'C’, and the ordinary angle /CAB is
lattice-congruent to the ordinary angle ZC'A'B’, then the triangle NA'B'C' is lattice-congruent
to the triangle ANABC. O

It turns out that the second and the third criterions taken from Euclidean geometry do not
hold. The following two examples illustrate these phenomena.

Example B.2. The second criterion of triangle lattice-congruence does not hold in lattice
geometry. On Figure 13 we show two lattice triangles AABC and AA'B'C’. The edge AB is
lattice-congruent to the edge A’B’ (here 14(A’B’) = I{(AB) = 4). The ordinary angle ZABC is
lattice-congruent to the ordinary angle Z/A'B'C’ (since ZABC = /A'B'C’ 2 larctan(1)), and
the ordinary angle ZCAB is lattice-congruent to the ordinary angle ZC'A'B’ (since /CAB =
ZC'A'B' 2 larctan(1)), The triangle AA'B'C’ is not lattice-congruent to the triangle AABC,
since 1S(AABC) = 4 and IS(AA'B'C') = 8.

B’ A
FIGURE 13. The second criterion of triangle lattice-congruence does not hold.

Example B.3. The third criterion of triangle lattice-congruence does not hold in lattice ge-
ometry. On Figure 14 we show two lattice triangles AABC and AA'B'C’. All edges of both
triangles are lattice-congruent (of length one), but the triangles are not lattice-congruent, since
IS(AABC) =1 and 1IS(AA'B'C") = 3.

Instead of the second and the third criterions there exists the following additional criterion of
lattice triangles lattice-congruence.

Statement B.4. (An additional criterion of lattice triangle integer-congruence.) Con-
sider two lattice triangles ANABC and NA'B'C’ of the same lattice area. Suppose that the ordi-
nary angle ZABC is lattice-congruent to the ordinary angle ZA'B'C’, the ordinary angle /CAB
is lattice-congruent to the ordinary angle Z/C'A'B', the ordinary angle ZBC A is lattice-congruent
to the ordinary angle /B'C'A’, then the triangle NA'B'C’ is lattice-congruent to the triangle
ANABC. O
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& ) o

B A o o

FIGURE 14. The third criterion of triangle lattice-congruence does not hold.

In the following example we show that the additional criterion of lattice triangle lattice-
congruence is not improvable.

Example B.5. On Figure 15 we show an example of two lattice non-equivalent triangles AABC
and AA'B'C’ of the same lattice area equals 4 and the same ordinary lattice angles ZABC,
/CAB, and ZA'B'C', ZC'A'B' all lattice-equivalent to the angle larctan(l), but AABC
ANA'B'C'.

FIGURE 15. The additional criterion of lattice triangle lattice-congruence is not improvable.

Examples of lattice triangles. First, we define different types of lattice triangles.

Definition B.6. The lattice triangle AACB is called dual to the triangle AABC.

The lattice triangle is said to be self-dual if it is lattice-congruent to the dual triangle.

The lattice triangle is said to be pseudo-isosceles if it has at least two lattice-congruent angles.
The lattice triangle is said to be lattice isosceles if it is pseudo-isosceles and self-dual.

The lattice triangle is said to be pseudo-regular if all its ordinary angles are lattice-congruent.
The lattice triangle is said to be lattice regular if it is pseudo-regular and self-dual.

On Figure 16 we show the complete list of 33 triangles representing all lattice-congruence
clagses of lattice triangles with small lattice areas not greater than 10. We enumerate the
vertices of the triangle in the clockwise way. Near each vertex of any triangle we write the
tangent of the corresponding ordinary angle. Inside any triangle we write its area. We draw
dual triangles on the same light gray area (if they are not self-dual). Lattice regular triangles are
colored in dark grey, lattice isosceles but not lattice regular triangles are white, and the others
are light grey.

APPENDIX C. SOME UNSOLVED QUESTION ON LATTICE TRIGONOMETRY.

We conclude this paper with a small collection of unsolved questions.

Let us start with some questions on elementary definitions of lattice trigonometry. In this
paper we do not show any geometrical meaning of lattice cosine. Here arise the following
question.
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FIGURE 16. List of lattice triangles of lattice volume less than or equal 10.
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Problem 1. Find a natural description of lattice cosine for ordinary lattice angles in terms of
lattice invariants of the corresponding sublattices.

This problem seems to be close to the following one.

Problem 2. Does there exist a lattice analog of the cosine formula for the angles of triangles
in Euclidean geometry?

Now we formulate some problems on definitions of lattice trigonometric functions for lattice
irrational angles.

Problem 3. a). Find a natural definition of lattice tangents for lattice L-irrational angles, and
lattice LR-irrational angles.
b). Find a natural definition of lattice sines and cosines for lattice irrational angles?

Let us continue with questions on lattice analogs of classical trigonometric formulas for
trigonometric functions of angles of triangles in Euclidean geometry.

Problem 4. a). Knowing the lattice trigonometric functions for lattice angles «, 5 and integer
n, find the explicit formula for the lattice trigonometric functions of the expanded lattice angle
T+ .

b). Knowing the lattice trigonometric functions for a lattice angle a, an integer m, and positive
integer m, find the explicit formula for the lattice trigonometric functions of the expanded lattice
angle

l
>
M,i=1
where M = (m,...,m) is an n-tuple.

The next problem is about a generalization of the statement of Theorem 2.2b to the case of n
ordinary angles, that is important in toric geometry and theory of multidimensional continued
fractions.

Problem 5. Find a necessary and sufficient conditions for the existence of an n-gon with the
given ordered sequence of ordinary lattice angles (a1,...,a,) and the consistent sequence of
lattice lengths of the edges (I1,...,l,) in terms of continued fractions for n > 4.

In Section b5, in particular, we introduced the definition of the sums of any expanded lattice
L-irrational angle with any expanded lattice R-irrational angle.

Problem 6. Does there exist a natural definition of the sums of

a) any expanded lattice LR-irrational angle and any expanded lattice (irrational) angle;
b) any expanded lattice R-irrational angle and any expanded lattice (irrational) angle;
¢) any expanded lattice (irrational) angle and any expanded lattice L-irrational angle?

We conclude this paper with the following problem being actual in the study of expanded
lattice irrational angles.

Problem 7. Find an effective algorithm to verify whether two given almost-positive signed
lattice length-sine sequences define lattice-congruent expanded lattice irrational angles, or not.
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