
1 Ïîñòðîåíèå ôóíäàìåíòàëüíûõ ðåøåíèé
Ðàññìàòðèâàåòñÿ óðàâíåíèå

− y′′ + q(x)y = λy, (1)
ãäå λ ∈ C, q(x) ∈ L1

C(0, 1), y ∈ W 2
1 (0, 1)

Ïóñòü q(x) = 0, òîãäà ðåøåíèÿ ýòî cos
√

λx è sin
√

λx√
λ

. Ýòè ðåøåíèÿ îïðåäåëåíû ïðè âñåõ
λ ∈ C.
Ëåììà 1.

y′′ + λy = f ∈ L1(0, 1)

Òîãäà ðåøåíèÿ C1 · cos
√

λx + C2 · sin
√

λx√
λ

+
x�
0

sin
√

λ(x−t)√
λ

f(t)dt

Äîêàçàòåëüñòâî. Ïîäñòàâèì è ïðîäèôôåðåíöèðóåì.

−y′′ + q(x)y = λy ⇔ y(x) = y(0) cos
√

λx + y′(0)
sin
√

λx√
λ

+

x�
0

sin
√

λ(x− t)√
λ

q(t)y(t)dt

(ïîñë. èíò. - âîëüòåððîâ îïåðàòîð. Ñïåêòðàëüíûé ðàäèóñ âîëüò. ðàâåí 0 ; I+ âîëüò. �
îáðàòèì.)

Îïðåäåëåíèå. θ, ϕ � ðåøåíèÿ (1)

θ(0) = 1 = ϕ′(0)

θ′(0) = 0 = ϕ(0)

Çàìå÷àíèå. Íà ñàìîì äåëå θ = θ(x, λ, q).
Îáîçíà÷åíèå. Èíîãäà áóäåì îáîçíà÷àòü z =

√
λ, à |z|1 = max{1, |z|}

Ëåììà 2.
θ(x) =

∞∑
n=0

θn(x),

ãäå θ0(x) = cos
√

λx, θn+1(x) =
� x

0
sin
√

λ(x−t)√
λ

q(t)θn(t)dt;

ϕ(x) =
∞∑

n=0

ϕn(x),

ãäå ϕ0(x) =
sin
√

λx√
λ

, ϕn+1(x) =
� x

0
sin
√

λ(x−t)√
λ

q(t)ϕn(t)dt.

Ðÿäû ñõîäÿòñÿ ðàâíîìåðíî, åñëè λ, q � îãðàíè÷åíû. Èõ ìîæíî ïî÷ëåííî äèôôåðåíöè-
ðîâàòü.

|θ −
k∑

n=0

θk(x)| 6 e
| Im z|x+ 1

|z|1
� x
0 |q(t)|dt

(k + 1)!|z|k+1
1

·
(� x

0

|q(t)|dt

)k+1

1

|z|1 |θ
′(x)−

k∑
n=0

θ′n(x)| 6 e
| Im z|x+ 1

|z|1
� x
0 |q(t)|dt

(k + 1)!|z|k+1
1

·
(� x

0

|q(t)|dt

)k+1

1



|z1|
∣∣∣∣∣ϕ(x)−

k∑
n=0

ϕn(x)

∣∣∣∣∣ 6 e
| Im z|x+ 1

|z|1
� x
0 |q(t)|dt

(k + 1)!|z|k+1
1

·
(� x

0

|q(t)|dt

)k+1

∣∣∣∣∣ϕ
′(x)−

k∑
n=0

ϕ′n(x)

∣∣∣∣∣ 6 e
| Im z|x+ 1

|z|1
� x
0 |q(t)|dt

(k + 1)!|z|k+1
1

·
(� x

0

|q(t)|dt

)k+1

Äîêàçàòåëüñòâî.

θn(x) =

� x

0

sin
√

λ(x− t)√
λ

q(t)θn−1(t)dt =

=



06tn6...6t16x

sin (z(x− t1))

z
·sin (z(t1 − t2))

z
×· · ·×sin (z(tn−1 − tn))

z
·cos (ztn)·q(t1) . . . q(tn)dt1 . . . dtn

• | cos (zt)| 6 e| Im z|t, òàê êàê θ 6 e| Im z|t

|z| ïî ñìûñëó z áîëüøîå.

•
∣∣∣∣
sin (zt)

|z|1

∣∣∣∣ 6 e| Im z|t

|z|1 , òàê êàê =

∣∣∣∣
� t

0

cos (zs)ds

∣∣∣∣ 6 e| Im z|t ïî ñìûñëó z ìàëåíüêîå.

Ñëåäîâàòåëüíî,

θn(x) 6 e| Im z|x

|z|n1



06tn6...6t16x

|q(t1)| . . . |q(tn)| dt1 . . . dtn



06tn6...6t16x

|q(t1)| . . . |q(tn)| dt1 . . . dtn =
1

n!



t1,...,tn∈[0,x]

|q(t1)| . . . |q(tn)| dt1 . . . dtn =
1

n!




x�
0

|q(t)|dt




n

Ñëåäîâàòåëüíî,

|θn(x)| 6 e| Im z|x æn

n!
, ãäå æ =

x�
0

|q(t)| dt

|z|1
Îòñþäà ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà î÷åâèäíà.

e| Im z|x
(

æk+1

(k + 1)!
+

æk+2

(k + 2)!
+ . . .

)
6 e| Im z|x æk+1

(k + 1)!

(
1 + æ +

æ2

2
+

æ3

6
+ . . .

)
=

æk+1

(k + 1)!
e| Im z|x+æ,

ãäå æ =

x�
0

|q(t)| dt

|z|1
Äëÿ ϕn(x) àíàëîãè÷íî.

ϕ′n(x) =

x�
0

cos
√

λ(x− t)q(t)ϕn−1(t)dt = . . . ;

ìîæíî ïî÷ëåííî äèôô-òü (ò.ê. äëÿ ïðîèçâ. ðàâíîì ñõ-ñÿ). Äàëåå àíàëîãè÷íî.
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2 Ñïåêòð ñ òî÷êè çðåíèÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ

{−y′′ + q(x)y = λy
y(0) = y(1) = 0

Îïðåäåëåíèå. λ � ñîáñòâåííîå çíà÷åíèå çàäà÷è Äèðèõëå òîãäà è òîëüêî òîãäà, êîãäà
ñóùåñòâóåò å¼ íåòðèâèàëüíîå ðåøåíèå.

Ëåììà 3. λ � ñîáñòâåííîå çíà÷åíèå ⇔ W (λ) = 0, ãäå W (λ) = W (λ, q) := −ϕ(1, λ, q) �
öåëàÿ ôóíêöèÿ λ ∈ C
Äîêàçàòåëüñòâî.

{−y′′ + q(x)y = λy
y(0) = 0

⇔ y(x) = Cϕ(x) (y = c1θ(x) + c2ϕ(x), íî y(0) = 0 ; c1 = 0)

Âîïðîñ: îáíóëÿåòñÿ ëè ϕ â 1? W (λ) � öåëàÿ ôóíêöèÿ, òàê êàê ϕn(1, λ, q) � öåëàÿ ôóíêöèÿ.
Ðÿä èç ïðîèçâîäíûõ ñõîäèòñÿ ðàâíîìåðíî ; ϕ � öåëàÿ.

Çàìå÷àíèå.
˙( · ) =

d ·
dλ

, ( · )′ = d ·
dx

Îïðåäåëåíèå. Âðîíñêèàíîì ôóíêöèé f è g íàçûâàåòñÿ âûðàæåíèå fg′ − f ′g. Îáîçíà÷à-
åòñÿ {f, g}.
Çàìå÷àíèå. q = q ⇒ ϕ(x, λ) = ϕ(x, λ)

Óòâåðæäåíèå 1. Ïóñòü q = q, òîãäà

1. λn � ñîáñòâåííîå çíà÷åíèå ⇒ λn ∈ R.
2. ∀n Ẇ (λn) 6= 0, áîëåå òîãî ϕ̇(1, λn)ϕ′(1, λn) =

� 1

0
ϕ2(t, λn) dt.

3. Ñîáñòâåííûõ çíà÷åíèé áåñêîíå÷íî ìíîãî, è âåðíî ÷òî λn(q) = π2n2 + O(1).

4. W (λ) = W 0(λ)
∏
n>1

λ−λn

λ−λ0
n

= [sin = Π] = − ∏
n>1

(
1− λ

π2n2

) ∏
n>1

λ−λn

λ−π2n2 =

[ âñ¼ àáñ. ñõ-ñÿ, ò.å. ìîæíî òàê. ] = − ∏
n>1

λn−λ
π2n2 , ãäå W 0(λ) = − sin

√
λ√

λ
, λ0

n = π2n2.

Äîêàçàòåëüñòâî.

1. {ϕ, ϕ}′ = ϕϕ′′ − ϕ′′ϕ = ϕ(q − λ)ϕ − (q − λ)ϕϕ = (λ − λ)|ϕ|2 ⇒ {ϕ, ϕ}
∣∣1
0

= (λ −
λ)

1�
0

|ϕ(t)|2 dt = {ϕ, ϕ}(1) Ò.ê. λ � ñ.÷., òî ïî ëåììå ϕ(1) = 0 ⇒ λ = λ

2.
−ϕ′′ + qϕ = λϕ (2)

Äîìíîæèì óðàâíåíèå (2) íà ϕ̇ . Ïîëó÷èì:

−ϕ′′ϕ̇ + qϕϕ̇ = λϕϕ̇ (3)
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Ïðîäèôôåðåíöèðóåì óðàâíåíèå (2) ïî λ è äîìíîæèì íà ϕ:

− (ϕ̇)′′ ϕ + qϕ̇ϕ = λϕ̇ϕ + ϕ2 (4)

Âû÷òåì èç óðàâíåíèÿ (4) óðàâíåíèå (3):

ϕ2 = ϕ′′ϕ̇− ϕ (ϕ̇)′′ = {ϕ̇, ϕ}′

Èíòåãðèðóåì îò 0 äî 1 ïî t, ϕ(0) = ϕ̇(0) = 0, ïóñòü λ = λn � ñîáñòâåííîå çíà÷åíèå,
; ϕ(1, λn) = 0, ïîëó÷àåì

1�
0

ϕ2(t) dt = {ϕ̇, ϕ}
∣∣∣
1

0
=

(
ϕ̇ϕ′ − (ϕ̇)′ ϕ

)
(1) = (ϕ̇ϕ′) (1, λn)

3. W (λ) = −ϕ(1, λ, q) = − sin
√

λ√
λ

+ O
(

e| Im
√

λ|
|λ|

)
, ïðè λ →∞.

Òåîðåìà (Ðóøå). Ðàññìîòðèì ôóíêöèè f(z), g(z) : |g(z)| < |f(z)| ïðè z ∈ C = ∂D.
Òîãäà f è f + g èìåþò îäèíàêîâîå êîëè÷åñòâî íóëåé â D.

Çàìå÷àíèå. |z − πn| > π
2
∀n ⇒ | sin z| ³ e| Im z|.

|λ| = π2(N+1/2)2 Ïî òåîðåìå Ðóøå, åñëè N äîñòàòî÷íî áîëüøîå, òî W (λ) èìååò ðîâíî
N íóëåé â îáëàñòè |λ| < π2(N + 1/2)2, è ðîâíî 1 íîëü â îáëàñòè |

√
λ − πn| < π/2.

Ñëåäîâàòåëüíî,
√

λn = πn + O(1) ïðè n →∞. Äàëåå

0 = W (λn) =
− sin

√
λn√

λn

+ O

(
1

n2

)
=
− sin

√
λn

πn
+ O

(
1

n2

)

Òîãäà
sin

√
λn = O

(
1

n

)
, è, ñëåäîâàòåëüíî,

√
λn = πn + O

(
1

n

)

4. Îáîçíà÷èì u(λ) := W 0(λ)
∏
n>1

λ−λn

λ−λ0
n
.

Íóæíî ïðîâåðèòü ñëåäóþùåå ðàâåíñòâî:W (λ) = u(λ). Çàìåòèì, ÷òî ëþáîé íîëü
ôóíêöèè W ÿâëÿåòñÿ òàêæå íóëåì ôóíêöèè u. Êðîìå òîãî ëþáîé íîëü ôóíêöèè W
ïðîñò. Ñëåäîâàòåëüíî, u(λ)

W (λ)
� öåëàÿ ôóíêöèÿ. Äàëåå ïóñòü |λ| = π2(N + 1/2)2. Òîãäà

u(λ)

W (λ)
=

W 0(λ)

W (λ)

∏
n>1

λ− λn

λ− λ0
n

= O (1)
∏
n>1

(
1 +

λ0
n − λn

λ− λ0
n

)
= O (1)

∏
n>1

(
1 +

O (1)

λ− λ0
n

)

Êðîìå òîãî ìîæíî íàïèñàòü ñëåäóþùóþ îöåíêó:
∣∣∣∣∣
∑
n>1

O (1)

λ− λ0
n

∣∣∣∣∣ 6 O (1)

(
1

(N + 1/2)2 + 1
+

1

(N + 1/2)2 −N2
+

1

(N + 1)2 − (N + 1/2)2
+

+
1

(N + 2)2 − (N + 1/2)2
+ . . .

)
= O (1)

(
N ·O

(
1

N

)
+

1

(1/2)2
+

1

(3/2)2
+

1

(5/2)2
+ . . .

)
=

= O (1)
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Çàìå÷àíèå. Ñëàãàåìîå N ·O (
1
N

)
ïîëó÷àåòñÿ èç îöåíêè ïåðâûõ N ñëàãàåìûõ. Îñòàëü-

íûå ñëàãàåìûå ïîëó÷àþòñÿ èç íåðàâåíñòâà a2 − b2 > (a− b)2 ïðè a, b > 0.

Òîãäà ïðîèçâåäåíèå ñõîäèòñÿ ðàâíîìåðíî.
Ñëåäîâàòåëüíî, ïî òåîðåìå Ëèóâèëëÿ u(λ)

W (λ)
≡ C. Ïóñòü λ → −∞, òîãäà u(λ)

W (λ)
→ 1.

3 Òåîðåìà åäèíñòâåííîñòè äëÿ ñèììåòðè÷íûõ ïîòåíöè-
àëîâ

Â ýòîé ÷àñòè áóäåì ïðåäïîëàãàòü, ÷òî p è q âåùåñòâåííû.

Òåîðåìà 1. Ïóñòü q, p ∈ L1
even(0, 1) := {q ∈ L1 : q(x) ≡ q(1− x)}, òîãäà

∀n λn(q) = λn(p) ⇒ q ≡ p

Îïðåäåëåíèå. χ(x) = χ(x, λ, q) � ðåøåíèå (1): χ(1) = 0, χ′(1) = −1

Çàìå÷àíèå.

1. χ(x, λ, q) = ϕ(1− x, λ, q]), ãäå q](x) := q(1− x)

2. W (λ) = {ϕ, χ}(λ). Ýòà âåëè÷èíà íå çàâèñèò îò x, òàê êàê âðîíñêèàí äâóõ ðåøåíèé
ÿâëÿåòñÿ êîíñòàíòîé. Ïîëîæèì x = 1, òîãäà (ϕχ′ − ϕ′χ)(1) = −ϕ(1)

Ëåììà 4. Ïóñòü q ∈ L1
even(0, 1), òî åñòü q = q]. Òîãäà χ(x, λn) = (−1)n−1ϕ(x, λ).

Äîêàçàòåëüñòâî. Ïóñòü λ = λn, òî åñòü λ ýòî ñîáñòâåííîå ÷èñëî. Òîãäà χ(x, λn) = C ·
ϕ(x, λn). Òàê êàê q = q], òî ϕ(x, λn) = Cχ(x, λn), ïðè÷¼ì C òà æå êîíñòàíòà, ÷òî è ðàíüøå.
Ñëåäîâàòåëüíî, C = ±1.Èç óòâåðæäåíèÿ (1) ïóíêò 2 ñëåäóåò, ÷òî sign ϕ′(1, λn) = sign ϕ̇(1, λn).
Ïðè λ → −∞ ïîëó÷àåì, ÷òî sign ϕ(1, λn) = sign sin

√
λ√

λ
= sign ei

√
λ−e−i

√
λ

2i
√

λ
= 1

//Ãðàôèê: çàòóõàþùèå âîëíû ñâåðõó ñ λ1

Òàê êàê âñå íóëè ïðîñòûå, òî sign ϕ̇(1, λn) = (−1)n. χ(x, λn) = C · ϕ(x, λn), ñëåäîâàòåëüíî
−1 = χ′(1, λn) = C · ϕ′(1, λn). Êðîìå òîãî sign ϕ′(1, λn) = (−1)n. Òîãäà C = (−1)n−1.

Äîêàçàòåëüñòâî òåîðåìû (1). Äîêàæåì, ÷òî
(

ϕ χ
ϕ′ χ′

)
(q) =

(
ϕ χ
ϕ′ χ′

)
(p). Òîãäà ôóíäà-

ìåíòàëüíûå ðåøåíèÿ áóäóò ñîâïàäàòü, à òîãäà áóäóò ñîâïàäàòü è ñàìè óðàâíåíèÿ.
(

ϕ χ
ϕ′ χ′

)
(x, λ, q) ·

(
ϕ χ
ϕ′ χ′

)−1

(x, λ, p) =
1

W

(
ϕ χ
ϕ′ χ′

)
(x, λ, q)

(
χ′ −χ
−ϕ′ ϕ

)
(x, λ, p) =

=
1

W

(
ϕ(q)χ′(p)− χ(q)ϕ′(p) −ϕ(q)χ(p) + χ(q)ϕ(p)
ϕ′(q)χ′(p)− χ′(q)ϕ′(p) −ϕ′(q)χ(p) + χ′(q)ϕ(p)

)

(W (λ, p) = W (λ, q) èç óòâ. (1) ï.4, W = {ϕ, χ}) Îáîçíà÷èì ýòó ìàòðèöó K(x, λ).
Çàìåòèì, ÷òî ëþáîé ýëåìåíò ÿâëÿåòñÿ öåëîé ôóíêöèåé ïî λ. Ó W åñòü òîëüêî ïðîñòûå
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íóëè, îíè îäèíàêîâû ïðè p è q ïî óñëîâèþ. Íóæíî äîêàçàòü, ÷òî âñå îíè ÿâëÿþòñÿ êîðíÿìè
ëþáîãî ýëåìåíòà.

ϕ(x, λn, q)χ
′(x, λn, p) = (−1)n−1ϕ(x, λn, q)ϕ′(x, λn, p) = χ(x, λn, q)ϕ

′(x, λn, p)

Òåïåðü |λ| = π2(N + 1/2)2.

K(x, λ) =
1

W


O

(
e| Im

√
λ|x

|
√

λ| e| Im
√

λ|(1−x)
)

O
(

e| Im
√

λ|
|λ|

)

O
(
e| Im

√
λ|
)

O
(

e| Im
√

λ|

|
√

λ|

)

 =

(
O(1) O( 1

|
√

λ|)

O(|
√

λ|) O(1)

)

Ïî òåîðåìå Ëèóâèëëÿ ýòà âåëè÷èíà êîíñòàíòà, òî åñòü K(x, λ) = K(x). Ïóñòü òåïåðü
λ → −∞. Òîãäà O( 1

|
√

λ|) → 0.

ϕ(q)χ′(p)− ϕ′(p)χ(q)

W
→ 1.

Çäåñü âñ¼ ìåíÿåì íà ãëàâíûå ñëàãàåìûå. Òîãäà K11 = 1, K22 = 1.
(

ϕ χ
ϕ′ χ′

)
(q) = K ·

(
ϕ χ
ϕ′ χ′

)
(p), íî K =

(
1 0
. . . . . .

)
. Ñëåäîâàòåëüíî ϕ(q) = ϕ(p) ∀x, λ, p = λϕ+ϕ′′

ϕ
. ⇒ q = p

4 Ñïåêòð ñ òî÷êè çðåíèÿ ñàìîñîïðÿæåííûõ îïåðàòîðîâ.
Ðàññìîòðèì Hy := −y′′ + qy, x ∈ [0, 1], D(H) := {y ∈ W 2

2 (0, 1)|y(0) = y(1) = 0}, ïðè
ýòîì ïóñòü q = q̄, q ∈ L2(0, 1). Äîêàæåì, ÷òî H � ñàìîñîïðÿæåííûé (íåîãðàíè÷åííûé)
îïåðàòîð.

Ëåììà 5. H � ñàìîñîïðÿæåííûé îïåðàòîð â L2(0, 1).

Äîêàçàòåëüñòâî. Ïóñòü ψ, η ∈ L2(0, 1) : (Hϕ,ψ) = (ϕ, η) ∀ϕ ∈ D(H), òî åñòü ψ ∈
D(H∗), η = H∗ψ. Ýòî ýêâèâàëåíòíî òîìó, ÷òî (−ϕ′′, ψ) + (qϕ, ψ) = (ϕ, η), è òàê êàê q = q̄,
ïîëó÷àåì, ÷òî (−ϕ′′, ψ) = (ϕ, η − qψ) (â ÷àñòíîñòè äëÿ ëþáîãî ψ ∈ C∞

0 ). Òîãäà ïî ëåì-
ìå Äþáóà-Ðàéìîíäà ψ ∈ W 2

1 , òî åñòü âòîðàÿ ïðîèçâîäíàÿ ψ ëåæèò â L1, ïðè ýòîì −ψ′′ =
η−qψ. Çàìåòèì, ÷òî η, q ∈ L2, ψ ∈ C∞, ñëåäîâàòåëüíî, ψ ∈ W 2

2 , H∗ψ = η = −ψ′′+qψ Îñòà-
ëîñü ïðîâåðèòü, ÷òî âûïîëíÿþòñÿ óñëîâèÿ Äèðèõëå. Ïóñòü ϕ ∈ D(H), ψ ∈ D(H∗) ⊂ W 2

2 .
Òîãäà

0 = (Hϕ, ψ)− (ϕ,H∗ψ) =

� 1

0

(−ϕ′′ψ + ϕψ′′)(t)dt = (ϕψ′ − ϕ′ψ)
∣∣1
0

= −ϕ′(1)ψ(1) + ϕ′(0)ψ(0)

Ýòî ðàâåíñòâî âûïîëíÿåòñÿ äëÿ ëþáîãî ϕ, ñëåäîâàòåëüíî, ψ(0) = ψ(1) = 0, D(H∗) ⊂
D(H) . . .

Çàìå÷àíèå. Âûðàæåíèå −ϕ′′ψ + ϕψ′′ � ýòî ïðîèçâîäíàÿ Âðîíñêèàíà.

Ëåììà 6. σ(H) = {λn(q)}∞n=1

Çàìå÷àíèå. Ðàññìàòðèâàåòñÿ çàäà÷à
{ −y′′ + qy = λy

y(0) = y(1) = 0 .

Ïðè ýòîì ðàâåíñòâî λ = λn ýêâèâàëåíòíî òîìó, ÷òî ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå.
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Äîêàçàòåëüñòâî.

1. Ïóñòü λ = λn. Ïðîâåðèì, ÷òî â òàêîì ñëó÷àå λ ∈ σ(H). Ðàññìîòðèì (λI −H). (λI −
H)ϕ( · , λn) = 0, ïðè ýòîì ϕ ∈ D(H) � ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è. Òîãäà äëÿ
(λI −H) íå ñóùåñòâóåò îáðàòíîãî.

2. Ïóñòü λ 6= λn. Ïðîâåðèì, ÷òî λ ∈ ρ(H), ãäå ρ � ýòî ðåçîëüâåíòíîå ìíîæåñòâî.
Ïîñòðîèì îáðàòíûé ýëåìåíò ÿâíûì îáðàçîì. Îáîçíà÷èì Rλ := (λI − H)−1. Ïóñòü
Rλ : ψ(y) 7→ � 1

0
K(x, y)ψ(y)dy, ãäå

K(x, y) :=

{
1

W (λ)
ϕ(x)χ(y), x 6 y

1
W (λ)

χ(x)ϕ(y), y 6 x .

Çàìå÷àíèå. K(x, y) � íåïðåðûâíàÿ ôóíêöèÿ. Êðîìå òîãî ÿñíî, ÷òî Rλ äåéñòâóåò â
îáëàñòè îïðåäåëåíèÿ.

Íàäî ïðîâåðèòü, ÷òî äëÿ ëþáîãî ψ ∈ L2(0, 1) âûïîëíåíî ðàâåíñòâî

(Iλ−H)Rλψ = ψ .

Ïåðåïèøåì ïðàâóþ ÷àñòü â äðóãîì âèäå:
(Iλ−H)Rλψ = ( d2

dx2 + (λ− q))
(

1
W

� 1

x
ϕ(x)χ(y)ψ(y)dy + 1

W

� x

0
ϕ(y)χ(x)ψ(y)dy

)
=

= 1
W

(
−ϕ′(x)χ(x)ψ(x) + χ′(x)ϕ(x)ψ(x)

)
= ψ(x) .

Çàìå÷àíèå.

1. Èç ñïåêòðàëüíîé òåîðèè ñëåäóåò, ÷òî λn ∈ R .

2. Äëÿ ∀n λn � ïðîñòîå ñîáñòâåííîå çíà÷åíèå, òî åñòü íå áûâàåò äâóìåðíûõ ñîáñòâåííûõ
ïîäïðîñòðàíñòâ.

Îïðåäåëåíèå.
ψn � ñîáñòâåííàÿ ôóíêöèÿ H, îòâå÷àþùàÿ λn : ‖ψn‖2 =

� 1

0
ψ2

n(t)dt = 1, ψ′n(0) > 0 .

5 Íîðìèðóþùèå ïîñòîÿííûå, îáùàÿ òåîðåìà åäèíñòâåí-
íîñòè.

Ðàññìàòðèâàåì çàäà÷ó
{ −y′′ + q(x)y = λy

y(0) = y(1) = 0
, ïðè÷åì λ1(q) < λ2(q) < . . .

Îïðåäåëåíèå (íîðìèðóþùèé ïîñòîÿííîé, âàðèàíò 1).
νn(q) := ln

(
(−1)nϕ′(1, λn, q)

)

Çàìå÷àíèå. 1. Îïðåäåëåíèå êîððåêòíî â ñìûñëå çíàêà.
Ðàíåå áûëî äîêàçàíî, ÷òî sign ϕ′(1, λn) = sign ϕ̇(1, λn) = (−1)n .

2. Ïóñòü q = q], òîãäà νn(q) = 0 ∀n .
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3. νn(q) = ln
∣∣∣ψ′n(1)
ψ′n(0)

∣∣∣ , òàê êàê ϕ = C · ψn

Òåîðåìà 2. Ïóñòü q = q̄, p = p̄ ; p , q ∈ L1; λn(q) = λn(p), νn(q) = νn(p) ∀n. Òîãäà q = p .
Äîêàçàòåëüñòâî. Àíàëîãè÷íî ñèììåòðè÷íîìó ñëó÷àþ:(

ϕ χ
ϕ′ χ′

)
(q) ·

(
ϕ χ
ϕ′ χ′

)−1

(p) =
1

W

(
ϕ χ
ϕ′ χ′

)
(q) ·

(
χ′ −χ
−ϕ′ ϕ

)
(p) =

(
ϕ(q)χ′(p)−χ(q)ϕ′(p)

W
. . .

. . . . . .

)
,

òàê êàê åñëè q = q], òî ôóíêöèÿ öåëàÿ ; ò. Ëèóâ. Íàäî ïîíÿòü, ÷òî íà âñåõ ïîçèöèÿõ ó
ýëåìåíòîâ íåò îñîáåííîñòè.
Çàìåòèì, ÷òî ϕ′(1, λn) = (−1)neνn , χ′(1, λn) = −1. Òîãäà ϕ(x, λn, q) = (−1)n−1eνn(q)χ(x, λn, q),
òàê êàê ýòî ðåøåíèÿ îäíîãî óðàâíåíèÿ ñ îäèíàêîâîé çàäà÷åé Êîøè. Òàê æå ϕ(x, λn, p) =
(−1)n−1eνn(p)χ(x, λn, p). Ïðè ýòîì (−1)n−1eνn(q) = (−1)n−1eνn(p). Ñëåäîâàòåëüíî, ó ìàòðèöû
îñîáåííîñòè íåò. Áîëüøå ìû íèãäå ñèììåòðè÷íîñòüþ íå ïîëüçîâàëèñü

Çàìå÷àíèå. Ïîçäíåå áóäåò äîêàçàíî, ÷òî {νn} ìîæíî çàäàâàòü íàïåðåä.
Ñëåäñòâèå. νn(q) = 0 ∀n > 1, ñëåäîâàòåëüíî q = q].
Äîêàçàòåëüñòâî. νn(q]) = −νn(q) (ñì. Çàìå÷àíèå ï.3). Êðîìå òîãî λn(q]) = λn(q). Òîãäà
q = q].
Îïðåäåëåíèå (íîðìèðóþùåé ïîñòîÿííîé, âàðèàíò 2).

αn(q) := ‖ϕ( · , λn)‖−2
L2 =

1� 1

0
ϕ2(t, λn)dt

Çàìå÷àíèå.
ϕ′(1, λn, q) = (−1)neνn(q); ϕ̇(1, λn, q) = −Ẇ (λn) Çàâèñèò òîëüêî îò {λm,m > 1}.
Òîãäà ϕ′(1, λn, q) ϕ̇(1, λn, q) =

� 1

0
ϕ2(t, λn, q)dt = 1

αn(q)
.

Ïóñòü λn(q) = λn(p) ∀n. Òîãäà νn(q) = νn(p) ⇔ αn(p) = αn(q). Â ÷àñòíîñòè, äëÿ λ è α
âåðíà òåîðåìà åäèíñòâåííîñòè.

Ìîòèâàöèÿ αn: ïóñòü H := −∆ + q(|x|), ãäå x ∈ B := B(0, 1) ⊂ R3, ∆ � îïåðàòîð
Ëàïëàñà. D(H) = {u ∈ W 2

2 (B) : u
∣∣
S=∂B

= 0}. Âàæíî, ÷òî ìîæíî ðàññìàòðèâàòü çíà-
÷åíèå â òî÷êå (òåîðåìà Ñîáîëåâà î âëîæåíèè). H � ñàìîñîïðÿæåííûé îïåðàòîð, åñëè q �
äîñòàòî÷íî õîðîøèé ïîòåíöèàë. Äîêàçàòåëüñòâî ýòîãî ïî÷òè òàêîå æå êàê è ðàíüøå, òîëü-
êî èíòåãðèðîâàíèå ïî ÷àñòÿì òåïåðü ìíîãîìåðíîå. Áóäåì èñêàòü ñîáñòâåííûå ôóíêöèè:
u(x) = u(|x|) (âîîáùå ãîâîðÿ, åñòü è äðóãèå). r := |x|, −∆ = − 1

r2
d
dr

(
r2 d

dr

)
+ . . . Èùåì

{ −u′′ − 2
r
u′ + q(r)u = λu

u(1) = 0
(5)

Îáîçíà÷èì y(r) := ru(r). Òîãäà óðàâíåíèå (5) ýêâèâàëåíòíî ñëåäóþùåìó óðàâíåíèþ

−y′′(r)
r

+ q(r)
y(r)

r
= λ

y(r)

r
.

Êðîìå òîãî y(0) = y(1) = 0 .
Âûÿñíèì, ÷åìó ñîîòâåòñòâóåò α â òðåõìåðíûõ òåðìèíàõ. Ïóñòü Ψn = Ψn(r), îòâå÷àåò
λn :

�
B

Ψ2
ndrdϕdθ = 1 . Ïðîâåðèì, ÷òî ýòî îäíà è òà æå íîðìèðîâêà.

�
B

Ψ2
ndθdϕdr =

4π
� 1

0
r2Ψ2(r)dr . Òàê êàê ψn(x) = C · ϕ(1, λn), òî 1 =

� 1

0
(. . .)2 = C2 · ‖ϕ( · , λn)‖2 = C2

αn
,

ñëåäîâàòåëüíî, C =
√

αn. Òîãäà Ψn(0) = 1√
4π

ψ′n(0) =
√

αn

4π
;
√

4π · rΨn(r) = ψn(r)
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6 Àñèìïòîòèêè ñïåêòðàëüíûõ äàííûõ.
Òåïåðü áóäåì ïðåäïîëàãàòü, ÷òî q ∈ L2(0, 1). Ïóñòü ‖q‖ < C. λn(q) = π2n2 + O(1) ðàâíî-
ìåðíî ïî q. Òîãäà

√
λn = πn + O( 1

n
). Âûïèøåì öåïî÷êó ïðåîáðàçîâàíèé:

0 = ϕ(1, λn, q) = sin
√

λn√
λn

+ 1
λn

� 1

0

(
sin
√

λn(1− t) · sin
√

λntq(t)
)
dt + O

(
1

λ
3/2
n

)
= sin

√
λn

πn
+

1
π2n2

� 1

0
sin πn(1− t) · sin πnt · q(t) dt + O

(
1
n3

)
= (−1)n sin(

√
λn−πn)

πn
+ (−1)n−1

π2n2

� 1

0
sin2(πnt)q(t) dt +

O
(

1
n3

)
Èòîãî ïîëó÷àåì:

√
λn − πn =

� 1

0
sin2 πnt · q(t) dt

πn
+ O

(
1

n2

)
.

Ñëåäîâàòåëüíî, λn(q) = π2n2 + 2
� 1

0
sin πnt · q(t) dt + O

(
1
n

)
= π2n2 + q̂(0)− q̂(Cn) + O

(
1
n

)
, ãäå

q̂(0) =
� 1

0
q(t) dt, q̂(Cn) =< q, cos 2πnt >. Èç âûøå ñêàçàííîãî âûòåêàåò ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 3. Âåðíà ðàâíîìåðíàÿ (ïðè ‖q‖ < C) àñèìïòîòèêà

λn(q) = π2n2 + q̂(0) − q̂(Cn) + O

(
1

n

)
=: π2n2 + q̂(0) + µn(q) .

Â ÷àñòíîñòè µn(q) ∈ l2 (òàê êàê åñëè q ∈ L2, òî êîýôôèöèåíò Ôóðüå...) Ïðè ýòîì
‖µn(q)‖ 6 C̃q ïðè ‖q‖ < C.

Óòî÷íåíèå: Èç òåîðåìû Ðóøå ñëåäóåò, ÷òî
√

λn = πn + O (1). Òîãäà 0 = sin
√

λn√
λn

+

O
(
‖q‖
λn

)
⇒ sin(

√
λn) = O

(
‖q‖
n

)
⇒ √

λn = πn + O
(
‖q‖
n

)
.

0 = sin
√

λn√
λn

+ 1
λn

� 1

0

(
sin
√

λn(1− t) · sin√λnt · q(t)) dt + O
(
‖q‖2
λ
3/2
n

)
⇒ sin

√
λn = −1√

λn

� 1

0
. . . dt +

O
(
‖q‖2

n

)
= (−1)n

� 1

0

(
sin2 πnt · q(t)) dt + O

(
‖q‖2

n

)
⇒ λn(q) = π2n2 + q̂(0) − q̂(Cn) + O

(
‖q‖2

n

)

Äëÿ íîðìèðóþùèõ ïîñòîÿííûõ νn(q):
Ïðîäèôôåðåíöèðóåì ðÿä äëÿ ϕ. Ïîëó÷èì:
ϕ′(1, λn, q) = cos

√
λn+ 1√

λn

� 1

0

(
cos

√
λn(1− t)·sin√λnt·q(t)

)
dt+O

(
‖q‖2
λn

)
= cos

(
πn + O

(
‖q‖
n

))
+

1
πn

� 1

0

(
cos πn(1− t) · sin πnt ·q(t)) dt+O

(
‖q‖2
n2

)
= (−1)n + (−1)n

2πn

� 1

0

(
sin 2πnt ·q(t)) dt+O

(
‖q‖2
n2

)

Òåîðåìà 4. νn(q) = q̂(Sn)

2πn
+ O

(
‖q‖2
n2

)
, ïðè÷åì îöåíêà ðàâíîìåðíàÿ. Â ÷àñòíîñòè, {n ·

νn(q)} ∈ l2.

7 Ïðîìåæóòî÷íûå èòîãè.
q 7→

(
{λn}∞n=1; {νn(q)}∞n=1

)
↔

(
q̂(0); {µn(q)}∞n=1; {nνn}∞n=1

)
, ãäå µn(q) = λn(q)− π2n2 − q̂(0).

Ðàññìîòðèì îòîáðàæåíèå Φ : q 7→
(
q̂(0); {µn(q)}∞n=1; {nνn(q)}∞n=1

)
. Ïðî ýòî îòîáðàæåíèå

óæå èçâåñòíî, ÷òî

1. Φ : L2 → R× l2 × l2.

2. Φ � èíúåêöèÿ (ïî òåîðåìå åäèíñòâåííîñòè).

3. Φ = F + O(‖q‖2), ïðè q → 0, ãäå F : q 7→ (
q̂(0); {−q̂(Cn)}; 1

2π
{q̂(Sn)}) (ïðåîáðàçîâàíèå

Ôóðüå ñ êàêèìè-òî êîýôôèöèåíòàìè).
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Íóæíî äîêàçàòü, ÷òî Φ � ïî÷òè áèåêöèÿ.
Φ : q 7→

(� 1

0
q(t) dt; {µn(q)}∞n=1; {nνn(q)}∞n=1

)
� ñïåêòðàëüíûå äàííûå.

F : L2(0, 1) ↔ R× l2 × l2 � áèåêöèÿ.
Φ = F + Φ1

8 Íåïðåðûâíîñòü îòîáðàæåíèÿ Φ. Êîìïàêòíîñòü Φ1.
Ëåììà 7. Ïóñòü qm, q ∈ L2, qm

w−→ q. Òîãäà ϕ(x, λ, qm) → ϕ(x, λ, q) ðàâíîìåðíî ïî (x, λ)
íà îãðàíè÷åííûõ ïîäìíîæåñòâàõ [0, 1] × C. Àíàëîãè÷íîå óòâåðæäåíèå âåðíî è äëÿ ïðî-
èçâîäíûõ, à èìåííî: ϕ′(x, λ, qm) → ϕ′(x, λ, q) ðàâíîìåðíî ïî (x, λ) íà îãðàíè÷åííûõ ïîä-
ìíîæåñòâàõ [0, 1]× C.

Äîêàçàòåëüñòâî. ϕ(x) =
∞∑

n=0

ϕn(x), ãäå ϕn(x) =
	

06tn6...6t16x

sin (
√

λ(x−t1))√
λ

· sin (
√

λ(t1−t2))√
λ

× · · · ×
sin (

√
λ(tn−1−tn))√

λ
· sin (

√
λtn)√
λ

· q(t1) . . . q(tn)dt1 . . . dtn, òàê êàê qm(t1) . . . qm(tn)
w−→ q(t1) . . . q(tn), òî

ϕn(x, λ, qm) → ϕn(x, λ, q) ∀n > 0.
qm

w−→ q ⇒ ‖qm‖ 6 C, íî ïðè ‖qm‖ 6 C ðÿä
∞∑

n=0

ϕn ñõîäèòñÿ ðàâíîìåðíî. Ñëåäîâàòåëüíî,
ϕ(x, λ, qm) → ϕ(x, λ, q). Äîêàçàòåëüñòâî óòâåðæäåíèÿ äëÿ ïðîèçâîäíûõ àíàëîãè÷íî.

Ëåììà 8. qm
w−→ q ⇒ λn(qm) → λn(q) ∀n, νn(qm) → νn(q) ∀n.

Äîêàçàòåëüñòâî. ϕ(1, λn(q), q) = 0

ϕ(1, λ, qm)
λ∈Cε

⇒ ϕ(1, λ, q) 6= 0, ãäå Cε := {λ : |λ − λn(q)| = ε}. Òîãäà ïî òåîðåìå Ðóøå
äëÿ äîñòàòî÷íî áîëüøèõ m ϕ(1, · , qm) èìååò ñòîëüêî æå íóëåé, ñêîëüêî ϕ(1, · , q) âíóòðè
Cε, òî åñòü ðîâíî îäèí íîëü. Íî íàäî, ÷òîáû ýòî áûë èìåííî n-é íîëü. Ñëåäîâàòåëüíî,
|λn(qm)− λn(q)| < ε äëÿ äîñòàòî÷íî áîëüøèõ m.
Äî λN(q) ðàññìîòðèì âñå êðóãè ñðàçó, à äàëüøå - ëîêàëèçàöèÿ ; λn(qm) → λn(q)

νn(qm) = ln
(
(−1)n · ϕ′(1, λn(qm), qm))

)
→ νn(q).

Òåîðåìà 5. à) qm
w−→ q â L2(0, 1) ⇒ Φ1(qm)

s−→ Φ1(q) â R× l2 × l2.

á) Φ � íåïðåðûâíîå îòîáðàæåíèå èç L2(0, 1) â R× l2 × l2.

Çàìå÷àíèå. Ïåðâàÿ êîìïîíåíòà òîæäåñòâåííî ðàâíà íóëþ, ïîýòîìó â ôîðìóëèðîâêå òåî-
ðåìû ïèøåì R.

Äîêàçàòåëüñòâî òåîðåìû.
(à) Îáîçíà÷èì âðåìåííî αn(q) := λn(q)− π2n2 − q̂(0) + q̂(Cn), βn(q) := nνn(q)− 1

2π
q̂(Sn).

Òîãäà Φ1 : q 7→
(
0; {αn(q)}∞n=1; {βn(q)}∞n=1

)

|αn(q)|, |βn(q)| = O
(

1
n

)
� ìàæîðàíòà, òàê êàê {qm} ñëàáî ñõîäèòñÿ, à ñëåäîâàòåëüíî, îãðà-

íè÷åíà. Áîëåå òîãî, αn(qm) → αn(q) è βn(qm) → βn(q) ïîòî÷å÷íî ∀n > 1. Ñëåäîâàòåëüíî
ìîæíî ïðèìåíÿòü òåîðåìó Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè.
‖Φ1(qm)−Φ1(q)‖2 =

N∑
n=1

(
|αn(qm)− αn(q)|2 + |βn(qm)− βn(q)|2

)
+

∞∑
n=N+1

(
. . .

)
. Ïåðâîå ñëàãà-

åìîå −−−→
m→∞

0, âòîðîå =
∞∑

n=N+1

O
(

1
N2

)
= O

(
1
N

)
ðàâíîìåðíî ïî m.

Çàìå÷àíèå. Ñíà÷àëà ôèêñèðîâàëè N , à ïîòîì m. Ôàêòè÷åñêè ýòî äîêàçàòåëüñòâî òåîðåìû
Ëåáåãà.
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Îòñþäà ñëåäóåò, ÷òî Φ1 íåïðåðûâíî, òàê êàê åñëè ñëàáî ñõîäÿùèåñÿ ïîñëåäîâàòåëüíî-
ñòè ïåðåâîäèò â ñèëüíî ñõîäÿùèåñÿ, òî ñèëüíî ñõîäÿùèåñÿ ïåðåâîäèò â ñèëüíî ñõîäÿùèåñÿ.
(á) Òàê êàê F � èçîìåòðèÿ, òî èç òîãî ÷òî Φ1 íåïðåðûâíî, ñëåäóåò, ÷òî Φ òîæå íåïðåðûâ-
íî.

Îïðåäåëåíèå. f : X → Y , ãäå X,Y � áàíàõîâû ïðîñòðàíñòâà, f � íåïðåðûâíîå îòîáðà-
æåíèå. f � êîìïàêòíî, åñëè äëÿ ëþáîãî îãðàíè÷åííîãî Ω ⊂ X ìíîæåñòâî f(Ω) êîìïàêòíî.

Çàìå÷àíèå. Φ1 : L2(0, 1) → R× l2× l2 � êîìïàêòíî, òàê êàê èç ëþáîé îãðàíè÷åííîé ïîñëå-
äîâàòåëüíîñòè ìîæíî âûáðàòü ñëàáî ñõîäÿùóþñÿ ïîäïîñëåäîâàòåëüíîñòü, à Φ1 ïåðåâîäèò
ëþáóþ ñëàáî ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü â ñèëüíî ñõîäÿùóþñÿ.

Ðàññìîòðèì ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü {f(qm)}∞m=1. qm ∈ Ω � îãð., ñëåäîâàòåëü-
íî, ñóùåñòâóåò qmk

w−→ q. Òîãäà f(qmk
) → f(q).

Òåîðåìà (Øàóäåðà). f : B → B , ãäå B := {x : ‖x‖ 6 1} � íåïðåðûâíîå, êîìïàêòíîå
îòîáðàæåíèå. Òîãäà ñóùåñòâóåò x ∈ B : f(x) = x .

9 Ëîêàëüíàÿ ñþðúåêòèâíîñòü.
Òåîðåìà 6. Ñóùåñòâóåò δ > 0 : Φ(L2(0, 1)) = Im Φ ⊃ B(0, δ) ⊂ R× l2 × l2.

Äîêàçàòåëüñòâî. I + K = F−1Φ : L2(0, 1) → L2(0, 1), ãäå K := F−1Φ1 � êîìïàêòíîå
îòîáðàæåíèå. ‖K(q)‖ = O (‖q‖2), òàê êàê F−1 � ëèíåéíîå è îãðàíè÷åííîå îòîáðàæåíèå.
Òîãäà ñóùåñòâóåò δ > 0 : K(B(0, 2δ)) ⊂ B(0, δ)
Ïóñòü y ∈ B(0, δ). Íàäî ïðîâåðèòü ñóùåñòâóåò ëè x : (I +K)x = y ⇔ x = y−Kx =: Ky(x).
Îòîáðàæåíèå Ky : B(0, 2δ) → B(0, 2δ) � êîìïàêòíî. Ñëåäîâàòåëüíî, ïî òåîðåìå Øàóäåðà
ñóùåñòâóåò x : x = Ky(x).

Ä-âî òåîðåìû Øàóäåðà:
Ñëó÷àé Rn

Òåîðåìà (Áîðñóêà). Íå ñóùåñòâóåò íåïðåðûâíîãî îòîáðàæåíèÿ f : Bn → Sn−1 òàêîãî,
÷òî f

∣∣
Sn−1 = idSn−1.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà ñóùåñòâóåò îòîáðàæåíèå F : Sn−1 ×
[0, 1] → Sn−1 òàêîå, ÷òî F (ϕ, t) := f(tϕ), F ( · , 0) = const, F ( · , 1) = id. ×òî ïðîòèâîðå÷èò
íåñòÿãèâàåìîñòè ñôåðû â òî÷êó.

Òåîðåìà (Áðàóýðà). Åñëè îòîáðàæåíèå f : Bn → Bn � íåïðåðûâíî, òî ñóùåñòâóåò
x ∈ Bn òàêîé, ÷òî f(x) = x.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî òàêîãî x íå ñóùåñòâóåò. Òîãäà ïîñòðîèì îòîáðàæå-
íèå g : Bn → Sn−1. g(x) = ïåðåñå÷åíèå ëó÷à [f(x), x) ñî ñôåðîé Sn−1. g � íåïðåðûâíîå
îòîáðàæåíèå, òàê êàê Rn � ãèëüáåðòîâî ïðîñòðàíñòâî. Ïðè ýòîì g

∣∣
Sn−1 = idSn−1 . Ïðîòèâî-

ðå÷èå.

Îáùèé ñëó÷àé:

Ëåììà 9. Ïóñòü f : B → X � íåïðåðûâíîå êîìïàêòíîå îòîáðàæåíèå. Òîãäà äëÿ ∀ε > 0
ñóùåñòâóåò îòîáðàæåíèå fε : X → X òàêîå, ÷òî

à) ‖f(x)− fε(x)‖ < ε ∀x ∈ B,
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á) dim
(
Im fε(x)

)
< +∞

Äîêàçàòåëüñòâî. f(B) ⊂ ⋃
y∈f(B)

B(y, ε), ñëåäîâàòåëüíî f(B) ⊂ ⋃
i=1

B(yi, ε). Ñóùåñòâóåò ðàç-

áèåíèå åäèíèöû, òî åñòü íà f(B) âûïîëíåíî ðàâåíñòâî: 1 =
N∑

i=1

ψi(y), ïðè÷åì ψi � íåïðå-
ðûâíû ïî ëåììå Óðûñîíà, supp ψj ⊂ B(yj, ε) ∀j, ψj > 0.

fε(x) :=
N∑

j=1

ψj(f(x))yj � ýòî ëèíåéíàÿ îáîëî÷êà {yj}, òî åñòü Lin {yj}, òàêèì îáðàçîì ïóíêò

á) äîêàçàí. ‖f(x) − fε(x)‖ = ‖
N∑

j=1

ψj(f(x))(f(x) − yj)‖ < ε, òàê êàê åñëè ψj(f(x)) > 0, òî

‖f(x)− yj‖ < ε.

Äîêàçàòåëüñòâî òåîðåìû Øàóäåðà. Â ñëó÷àå ïðîñòðàíñòâà Rn óòâåðæäåíèå ñëåäóåò èç
òåîðåì Áîðñóêà è Áðàóýðà. Äîêàæåì îáùèé ñëó÷àé.
Ðàññìîòðèì íåïðåðûâíîå êîìïàêòíîå îòîáðàæåíèå f : B → B è îòîáðàæåíèå fε : B →
B ∩Nε(B � ò.ê. ýòî âûïóêëàÿ êîìá. òî÷åê øàðà), ãäå Nε - àôôèííîå, dim Nε < +∞.
Â ÷àñòíîñòè, fε : B∩Nε → B∩Nε. Òîãäà ïî òåîðåìå Áðàóýðà (çàìåíÿÿ øàð íà ïðîèçâîëüíîå
çàìêíóòîå âûïóêëîå ìíîæåñòâî) ñóùåñòâóåò xε ∈ B ∩ Nε, òàêîé ÷òî fε(xε) = xε. Òîãäà
‖f(xε)− xε‖ < ε. Íî ïðè ýòîì f(xε) ∈ f(B), à ýòî êîìïàêòíîå ìíîæåñòâî. Ñëåäîâàòåëüíî,
ñóùåñòâóåò εk % 0, òàêàÿ ÷òî f(xεk

) → x∗. Òîãäà è xεk
→ x∗, à ñëåäîâàòåëüíî, òàê êàê f �

íåïðåðûíîå îòîáðàæåíèå, f(xεk
) → f(x∗), òî åñòü f(x∗) = x∗.

Çàìå÷àíèå. Áåç óñëîâèÿ î êîìïàêòíîñòè îòîáðàæåíèÿ f òåîðåìà ïåðåñòàåò áûòü âåðíîé.

Ïðèìåðû.
Ïóñòü X := l2

1. Ðàññìîòðèì îòîáðàæåíèå f : (x1, x2, . . .) 7→ (
√

1− ‖x‖2, x1, x2, . . .). f : B → S ⊂ B.
Ïðåäïîëîæèì, ÷òî f(x) = x, ãäå x = (x1, x2, . . .). Òîãäà x1 =

√
1− ‖x‖2, x2 = x1, x3 =

x2, . . . Ñëåäîâàòåëüíî, x1 = x2 = . . . = 0 � ïðîòèâîðå÷èå.

2. (Ê ò. Áîðñóêà) Îòîáðàæåíèå g : B → S, òàêîå ÷òî g
∣∣
S

= id. Ïóñòü îòîáðàæåíèå f
íå èìååò íåïîäâèæíîé òî÷êè(íàïðèìåð, èç ïðåäûä. ïðèìåðà). Òîãäà îïðåäåëèì g(x)
êàê ïåðåñå÷åíèå ëó÷à [f(x), x) ñî ñôåðîé.
Ñëîâîì, ýòî ïðèìåð òîãî,÷òî ñôåðà ñòÿãèâàåìà ïî ñåáå â òî÷êó.

Îòñòóïëåíèå. f ∈ L2(0, 1) ; åãî ñðåçêà ft :=

{
f

(
x
t

)
, x ∈ [0, t]

1, x ∈ [t, 1] .
‖f‖ = 1 ⇒

‖ft‖ = 1. Ïðè ýòîì f � íåïðåðûâíî êàê ïî x, òàê è ïî t. (Ò.å. ýòî ïðèìåð 2)

3. Ðàññìîòðèì îòîáðàæåíèå h : l2 → l2. Îáîçíà÷èì Bn := B
(

e1

n
, 1

4n2

)
. Íàáîð {Bn}

äèçúþíêòíûé. h(x) :





x, x 6∈
∞⋃

n=1

Bn

gn(x), x ∈ Bn

, ãäå gn(x) := e1

n
+ 1

4n2 g
(
4n2

(
x− e1

n

))
.

Òàêèì îáðàçîì, h � íåïðåðûâíîå îòîáðàæåíèå. Ïðè ýòîì h(x) = x+O (‖x‖2) , x → 0.
Íî îáðàç íå ñîäåðæèò îêðåñòíîñòè íóëÿ, òàê êàê íå ñîäåðæèò Bn.
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10 Ñõåìà äîêàçàòåëüñòâà ëîêàëüíîé ñþðúåêòèâíîñòè.
Ïðåäïîëîæèì, ÷òî âåðíû äâå ñëåäóþùèõ òåîðåìû:
Òåîðåìà 7. ∀q ∈ L2 ∀n > 1 ∀t ∈ R ∃ qt

n ∈ L2 :

λm(qt
n) = λm(q),∀m > 1

νm(qt
n) = νm(q) ∀m 6= n

νn(qt
n) = νn(q) + t.

Òåîðåìà 8. ∀q ∈ L2 ∀n > 1 ∀t ∈ R : λn−1(q) < λn(q) + t < λn+1(q) (ïðè n = 1 íåò ëåâîãî
íåðàâåíñòâà) ∃ qn,t ∈ L2 :

λm(qn,t) = λm(q) ∀m 6= n,

λn(qn,t) = λn(q) + t,

νm(qn,t) = νm(q) ∀m.

Òîãäà âåðíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 9. Ïóñòü S := {{µn} ∈ l2 : π2 + µ1 < 4π2 + µ2 < 9π2 + µ3 < . . .} � îòêðûòîå
âûïóêëîå ìíîæåñòâî. Òîãäà Φ : L2(0, 1) → R× S × l2 � ñþðúåêöèÿ.
Äîêàçàòåëüñòâî. Ðàññìîòðèì

(
C∗; {µ∗n}∞n=1; {nν∗n}∞n=1

) ∈ R× S × l2. Èç ëîêàëüíîé ñþðú-
åêòèâíîñòè ñëåäóåò, ÷òî ñóùåñòâóåò N , òàêîå ÷òî

(
0; {0, . . . , 0, µ∗N+1, . . .}; {0, . . . , 0(N +

1)ν∗N+1, . . .}
) ∈ Φ(L2(0, 1)), òàê êàê â îáðàçå ëåæèò îêðåñòíîñòü íóëÿ, à òàêèå òðîéêè ñõî-

äÿòñÿ ê íóëþ â R × l2 × l2 ñèëüíî. Òàêèì îáðàçîì èç àñèìïòîòèêè ñîáñòâåííûõ ÷èñåë
ñëåäóåò, ÷òî ñóùåñòâóåò q1 òàêîå ÷òî � 1

0

q1(t) dt = 0,

λn(q1) = π2n2, ïðè n = 1, . . . , N

λn(q1) = π2n2 + µ∗n, ïðè n > N,

νn(q1) = 0, ïðè n = 1, . . . , N,

νn(q1) = ν∗n, ïðè n > N .

Ïðèìåíÿÿ òåîðåìó 7 äîñòàòî÷íîå êîëè÷åñòâî ðàç, ó÷èòûâàÿ àñèìïòîòèêó ñîáñòâåííûõ ÷è-
ñåë, ïîëó÷èì, ÷òî ñóùåñòâóåò q2, òàêîå ÷òî� 1

0

q2(t) dt = 0,

λn(q2) = π2n2, ïðè n = 1, . . . , N

λn(q2) = π2n2 + µ∗n, ïðè n > N,

νn(q2) = ν∗n, ïðè n > 1 .

Ïðèìåíÿÿ òåîðåìó 8 äîñòàòî÷íîå êîëè÷åñòâî ðàç (âñ¼ íàëåâî, çàòåì íàïðàâî, ÷òîá íå "ïå-
ðåñåêàëîñü"), ïîëó÷èì, ÷òî ñóùåñòâóåò q3, òàêîå ÷òî

λn(q3) = π2n2 + µ∗n ∀n > 1,

νn(q3) = ν∗n ∀n > 1 .

Îñòàëîñü òîëüêî ïîëîæèòü q∗ := q3 + C∗.
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11 Äîáàâëåíèå î íåïîäâèæíîé òî÷êå.
Òåîðåìà 10 (ïðèíöèï Ëåðå-Øàóäåðà). Ïóñòü X � õàóñäîðôîâî ëîêàëüíî âûïóêëîå
âåêòîðíîå ïðîñòðàíñòâî. Ω � âûïóêëûé êîìïàêò â X. f : Ω → Ω � íåïðåðûâíîå îòîáðà-
æåíèå. Òîãäà f èìååò íåïîäâèæíóþ òî÷êó.

Áåç äîêàçàòåëüñòâà.

Òåîðåìà 11 (÷àñòíûé ñëó÷àé ïðèíöèïà Ëåðå-Øàóäåðà). Ïóñòü X := H � ñå-
ïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî ñî ñëàáîé òîïîëîãèåé. Ω = B(0, 1) � êîìïàêò
â ∗-ñëàáîé òîïîëîãèè. Ïóñòü îòîáðàæåíèå f : Ω → Ω, òàêîå ÷òî åñëè xn

w−→ x, òî
f(xn)

w−→ f(x), òî åñòü f íåïðåðûâíî â ñëàáîé òîïîëîãèè. Òîãäà ñóùåñòâóåò x, òàêîé
÷òî f(x) = x.

Çàìå÷àíèå. Ïóñòü X = Y ∗.∗-ñëàáàÿ òîïîëîãèÿ â X: íåïðåðûâíû âñå ôóíêöèîíàëû âèäà
x 7→ (x, y) ∀y ∈ Y . Ñëàáàÿ òîïîëîãèÿ â X: íåïðåðûâíû âñå ôóíêöèîíàëû âèäà x 7→
(x, y) ∀y ∈ X∗ = Y ∗∗ ⊃ Y .

Äîêàçàòåëüñòâî. Ðàññìîòðèì îðòîãîíàëüíûé ïðîåêòîð PN : H → span < e1, . . . , eN > =:
EN . Ðàññìîòðèì îòîáðàæåíèå PNf

∣∣
EN

: Ω ∩ EN → Ω ∩ EN � íåïðåðûâíîå â ñëàáîé
(≡ñèëüíîé) òîïîëîãèè, òàê êàê dim EN < ∞ Òîãäà ïî òåîðåìå Áðàóýðà ñóùåñòâóåò xN :
PNf(xN) = xN . {xN}∞N=1 � îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü. Òîãäà ñóùåñòâóåò ïîäïîñëå-
äîâàòåëüíîñòü {xNk

}, òàêàÿ ÷òî xNk

w−→ x, ñëåäîâàòåëüíî ak := f(xNk
)

w−→ f(x). À òàê êàê
< PNk

ak, y >=< ak, PNk
y >→< f(x), y >, ò.ê. ak

w−→ f(x), PNk
y

s−→ y, ò.å. PNk
ak

w−→ f(x). Íî
PNk

ak = xNk
. Òàêèì îáðàçîì

xNk

w−→ x

xNk

w−→ f(x)

}
⇒ x = f(x).

12 Ïðåîáðàçîâàíèå Äàðáó äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ âòîðîãî ïîðÿäêà

Ïóñòü y = gµ(x) - íåíóëåâîå ðåøåíèå (1) (ãäå λ = µ).

L := − d2

dx2
+ (q(x)− µ) (ò.å. Lgµ = 0)

A := gµ

(
d

dx

(
1

gµ

·
))

A∗ :=
−1

gµ

(
d

dx
(gµ ·)

)

Òîãäà A∗A = L.

ôîðìàëüíûå âûêëàäêè:

A∗Af = − 1

gµ

(
g2

µ

(
f

gµ

)′)′
= − 1

gµ

(
f ′gµ − fg′µ

)′
= − 1

gµ

(
f ′′gµ − fg′′µ

)
= −f ′′+f

g′′µ
gµ

= −f ′′+f(q−µ)
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Ïóñòü A∗Af = Lf = (λ− µ)f , ò.å. f � ðåøåíèå (1) äëÿ äðóãîãî λ.
Òîãäà AA∗Af = (λ−µ)Af ; AA∗(Af) = (λ−µ)(Af). Íî AA∗ � òîæå äèôôåðåíöèàëüíûé
îïåðàòîð.

AA∗f = −gµ

(
1

g2
µ

(gµf)′
)′

= −gµ

(
g′µ
g2

µ

f +
f ′

gµ

)′
= −f ′′+f ′

(
−g′µ

gµ

−
(

1

gµ

)′
gµ

)
−gµ

(
g′µ
g2

µ

)′
f =

= −f ′′ + f

(
−g′′µ

gµ

+
2(g′µ)2

g2
µ

)
= −f ′′ + f

(
g′′µ
gµ

− 2
d2

dx2
ln gµ

)
= −f ′′ + f

(
q − µ− 2

d2

dx2
ln gµ

)

Èòàê,
A∗A = L = − d2

dx2
+ (q − µ),

AA∗ = − d2

dx2
+ (q − µ)− 2

d2

dx2
ln gµ

(ln gµ îïðåäåëåíî âåçäå, ãäå gµ 6= 0, ò.ê. ýòî ïðîñòî ñîêðàùåííàÿ çàïèñü.)
Ëåììà 10 (Ïðåîáðàçîâàíèå Äàðáó). Ðàññìîòðèì óðàâíåíèå

−y′′ + q(x)y = λy. (*)

Ïóñòü gµ � ðåøåíèå (*) äëÿ λ = µ. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

−y′′ +
(

q(x)− 2
d2

dx2
ln gµ(x)

)
y = λy (**)

(a) Åñëè f � ðåøåíèå (*) äëÿ λ 6= µ(íî ôèêñèðîâàííîãî), òî ôóíêöèÿ

Af = gµ

(
f

gµ

)′
= − 1

gµ

{f, gµ}

ÿâëÿåòñÿ ðåøåíèåì (**) äëÿ òîãî æå λ ((**) � ýòî äèôôåðåíöèàëüíîå óðàâíåíèå,
êîòîðîå òðåáóåòñÿ ðåøèòü âåçäå, ãäå gµ 6= 0 èëè ï.â., ãäå gµ 6= 0 (åñëè q ∈ L2))

(á) Âñå ôóíêöèè âèäà 1
gµ

(
a + b

�
g2

µ

)
� ðåøåíèå (**) äëÿ λ = µ.

Äîêàçàòåëüñòâî. (a) Äîêàçàëè.

(á)

A∗
[

1

gµ

(
a + b

�
g2

µ(x)dx

)]
= − 1

gµ

(
a + b

�
g2

µ(x)dx

)′
= −bgµ

; AA∗[. . .] = 0 (ïðîèçâ. îò êîíñòàíòû)

Ëåììà 11. Ïóñòü hν � ðåøåíèå (**) äëÿ λ = ν.

−y′′ +
(

q(x)− 2
d2

dx2
ln(gµhν)(x)

)
y = λy (***)

Åñëè f � ðåøåíèå (*) äëÿ λ 6= µ, ν, òî
1

hν

{ 1

gµ

{f, gµ}, hν

}

� ðåøåíèå (***) äëÿ òîãî æå λ.
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Äîêàçàòåëüñòâî. Íåïîíÿòíî òîëüêî ñ íåïðåðûâíîñòüþ. Íó è ôèã ñ íåé. Äâàæäû ïðèìå-
íÿåì ëåììó (10) (ln ϕψ = ln ϕ + ln ψ. Òðåáóåì ëèøü, ÷òîáû 6= 0.)

Çàìå÷àíèå.

1

hν

{ 1

gµ

{f, gµ}, hν

}
=

1

hν

{
f

g′µ
gµ

− f ′, hν

}
=

(
f

g′µ
gµ

− f ′
)

h′ν
hν

−
(

f
g′µ
gµ

− f ′
)′

=

= (µ− λ)f +

(
f

g′µ
gµ

− f ′
)
· d

dx
ln (gµhν)

Òåîðåìà 12 (ßâíîå ïîñòðîåíèå äëÿ òåîðåìû (7)). Ïóñòü q ∈ L2[0, 1], n > 1, t ∈ R.

qt
n(x) = q(x)− 2

d2

dx2
ln ηt

n(x, q), ãäå

ηt
n(x, q) = 1 + (et − 1)

1�
x

ψ2
n(s, q)ds,

ψn � n-ÿ íîðìèðîâàííàÿ ñîáñòâåííàÿ ôóíêöèÿ.

⇓

λm(qt
n) = λm(q) ∀m > 1,

νm(qt
n) = νm(q) ∀m 6= n, νn(qt

n) = νn(q) + t

Äîêàçàòåëüñòâî.
−y′′ + q(x)y = λy. (*)

g = ψn � ðåøåíèå (*) äëÿ λ = λn(q)
ëåììà(10)

;
ηt

n

ψn

= h � ðåøåíèå

−y′′ +
(

q(x)− 2
d2

dx2
ln ψn(x)

)
y = λy (**)

äëÿ λ = λn(q).
∀m 6= n f = ψm � ðåøåíèå (*) äëÿ λ = λm(q) 6= λn(q).
Ïî ëåììå (11) 1

h

{
h,

1

g
{g, f}

}
� ðåøåíèå

−y′′ +
(

q(x)− 2
d2

dx2
ln ψn(x)

ηt
n

ψn

)

︸ ︷︷ ︸
qt
n:=

y = λy

Äîêàæåì, ÷òî ýòî ðåøåíèå íåïðåðûâíî è óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì(òîãäà ∀λm

íîâîå óðàâíåíèå èìååò íåíóëåâîå ðåøåíèå, ò.å. ñîáñòâåííûå çíà÷åíèÿ òàì æå)

1

h

{
h,

1

g
{g, f}

}
=

1

h

{
h, f ′ − g′

g
f
}

=

(
f ′ − f

g′

g

)′
− h′

h

(
f ′ − g′

g
f

)
=

= (µ− λ)f −
(

f ′ − g′

g
f

)(
g′

g
+

h′

h

)
= (µ− λ)f − 1

g
{g, f}

(
g′

g
+

h′

h

)
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Òîãäà
1

h

{
h,

1

g
{g, f}

}
= (λm − λn)ψm − 1

ψn

{ψn, ψm} d

dx
ln ηt

n,

ïåðñïåêòèâíûå ðàçðûâû - îò îáíóëåíèÿ ψn. Èòàê,

{ψn, ψm}′′ = ψnψ′′m − ψ′′nψm = (λn − λm)ψnψm ⇒ {ψn, ψm} = (λm − λn)

1�
x

(ψnψm)(s)ds

1

ψn

d

dx
ln ηt

n =
(ηt

n)′

ψnηt
n

= −(et − 1)ψn
1

ηt
n

Èòîãî,

ψ̃m

n,t
= ψm +

(et − 1)ψn

ηt
n

1�
x

(ψnψm)(s)ds� ðåøåíèå óðàâíåíèÿ− y′′ + qt
ny = λny

Ò.ê. ýòî ðåøåíèå âåçäå, çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà òî÷åê, è ôóíêöèÿ íåïðåðûâíî
äèôôåðåíöèðóåìà, òî ýòî ðåøåíèå âñþäó.

ψ̃m

n,t
(0) = ψ̃m

n,t
(1) = 0, ψ̃m

n,t ∼
x→0

ψm, ψ̃m

n,t ∼
x→1

ψm

Îòñþäà

1) λm îñòàëîñü ñîáñòâåííûì ÷èñëîì

2) íîðìèðóþùàÿ ïîñòîÿííàÿ íå èçìåíèëàñü (νm)

À ÷òî ïðîèñõîäèò ñ λn? Ñòðîèì h =
ηt

n

ψn

. 1

h
� ðåøåíèå−y′′+qt

n(x)y = λny ((á) èç ëåììû (10)).

ψ̃n =
ψn

ηt
n

� óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

ψ̃n(x) ∼
x→1

ψn(x), ψ̃n ∼
x→0

e−tψn(x)

Îòñþäà

1) λn îñòàëîñü ñîáñòâåííûì ÷èñëîì

2) νn(qt
n) = ln

∣∣∣∣∣
ψ̃n

′
(1)

ψ̃n

′
(0)

∣∣∣∣∣ = νn(q) + t

Ò.ê. çíàåì àñèìïòîòèêó ñ.÷., òî íè÷åãî íîâîãî ïîÿâèòüñÿ íå ìîãëî.

Çàìå÷àíèå. à) Ìîæíî ÿâíî âûïèñàòü ðåçóëüòàò íåñêîëüêèõ òàêèõ ïðåîáðàçîâàíèé

q 7→ q − 2
d2

dx2
ln det E(x, q), ãäå E(x, q)[i, j] = δi,j + (eti − 1)

1�
x

(ψiψj)(s)ds

á)
1�
0

ψ̃m

2
(s)ds = 1,

1�
0

ψ̃n

2
(s)ds = e−t/2 (âðîäå áû)
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q ∈ L1, Φ : L1 → . . . F−1Φ : L1 → L1

F−1Φ = Id + F−1Φ : åñëè qn
w−→
L1

q, òî Φ1(qn)
w−→
l2

Φ1(q) ; F−1Φ1(qn) → F−1Φ1(q)â L2 ;

F−1Φ1(qn) −−→
â L1

F−1Φ1(q)

Èòàê, õîòèì äîêàçàòü òåîðåìó (8).
Îïðåäåëåíèå. Ïóñòü ξn,t � ðåøåíèå çàäà÷è





−ξ′′n,t + qξn,t = (λn + t)ξn,t

ξn,t(0) =
1

ψ′n(0)

ξn,t(1) =
1

ψ′n(1)

λn = λn(q), ψn � n-ÿ ñîáñòâåííàÿ ôóíêöèÿ äëÿ q. ωn,t = {ξn,t, ψn} (ωn,t(0) = ωn,t(1) = 1)
(Êñòàòè, ïðè t = 0 íåêîððåêòíî îïðåäåëåíî, ò.ê. åñòü ðåøåíèå çàäà÷è Äèðèõëå è åãî ìîæíî
ïðèáàâëÿòü.)
Ëåììà 12 (ïîêà áåç äîêàçàòåëüñòâà). Ïóñòü t 6= 0 : λn−1 < λn + t < λn+1 ⇒

à) ∃! ξn,t

á) ωn,t(x) > 0 ∀x ∈ [0, 1]

Äîêàçàòåëüñòâî òåîðåìû (8). Ðàññìîòðèì (*); gµ := ψn � ðåøåíèå ïðè λ = λn(=: µ)
ξn,t � ðåøåíèå (*) äëÿ λ = λn + t.
Èç âñåãî ýòîãî ñëåäóåò, ÷òî − 1

ψn

{ψn, ξn,t}
(

=
ωn,t

ψn

=: hν

)
� ðåøåíèå (**) äëÿ λ = λn+t =: ν.

Ïîëó÷àåòñÿ (***):
−y′′ +

(
q − 2

d2

dx2
ln ωn,t

)
y = λy

(çíàåì, ÷òî ωn,t > 0, qn,t := q − 2
d2

dx2
ln ωn,t)

à) ×òî ïðîèñõîäèò ñ ñ.÷. íîìåð n?
ωn

ψn

= h � ðåøåíèå (**) äëÿ λ = λn + t ;
1

h
=

ψn

ωn,t

=: ψ̃n � ðåøåíèå (***) äëÿ λ = λn + t.

Î÷åâèäíî, ÷òî ψ̃n(0) = 0 = ψ̃n(1).
ψ̃n

′
(0) =

ψ′n(0)

ωn,t(0)
= ψ′n(0)(âñ¼ îñòàëüíîå îáíóëÿåòñÿ) ψ̃n

′
(1) = ψ′n(1) ; λ̃n = λn + t, ν̃n = νn

á) ×òî ïðîèñõîäèò ñ ñ.÷. íîìåð m 6= n?
f = ψm � ðåøåíèå (*) äëÿ λ = λm ; (λn − λm)ψm − 1

ψn

{ψn, ψm} d

dx
ln ωn,t � ðåøåíèå (***)

äëÿ λ = λm. Íî d

dx
ln ωn,t =

ω′n,t

ωn,t

=
tξn,tψn

ωn,t

(ÿâíî ñ÷èòàåì è ïîëüçóåìñÿ òåì, ÷òî ξ, ψ � íåêèå

ðåøåíèÿ ÷åãî-òî). Êðîìå òîãî, {ψn, ψm} = (λn − λm)
x�
0

ψnψm.

Èòîãî, ψ̃m := ψm − tξn,t

ωn,t

x�
0

(ψnψm)(s)ds � ðåøåíèå (***) äëÿ λ = λm

Ïðè x → 0 ψ = O(x) ⇒ ψ̃m(x) = ψm(x) + O
x→0

(x3), ψ̃m(x) = ψm(x) + O
x→1

((1− x)3) ⇒
⇒ ψ̃m(0) = 0 = ψ̃m(1), ψ̃m

′
(0) = ψ′m(0), ψ̃m

′
(1) = ψ′m(1) ⇒ λ̃m = λm, ν̃m = νm

Ò.ê. âûïîëíÿåòñÿ àñèìïòîòèêà, òî ýòî âñå ñ.÷.
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Äîêàçàòåëüñòâî ëåììû (12). Âñïîìíèì ïðî ðåøåíèÿ ϕ, θ :
ϕ(0) = 0 = θ′(0), ϕ′(0) = 1 = θ(0) ⇒ ξn,t(x) := (aϕ + bθ)(x; λn + t)(èùåì â òàêîì âèäå)

1

ψ′n(0)
=: ξn,t(0) = b

1

ψ′n(1)
=: ξn,t(1) = aϕ(1, λn + t) +

θ(1, λn + t)

ψ′n(0)
⇒

a =

1
ψ′n(0)

θ(1, λn + t)− 1
ψ′n(1)

W (λn + t)
(ò.ê. ϕ(1, λn + t) = −W (λn + t), λn + t - íå ñ.÷. ïî óñëîâèþ)

Åñëè t 6= 0, λn + t 6= λm, òî ∃! ξn,t (ïîõîæå íà àëüòåðíàòèâó Ôðåäãîëüìà)
a =

· · ·
. . .

� ÷èñëèòåëü àíàëèòè÷åí ïî t, çíàìåíàòåëü àíàëèòè÷åí ïî t(ïðîñòîé êîðåíü â 0).

Äîêàæåì, ÷òî θ(1, λm)

ψ′n(0)
− 1

ψ′n(1)
= 0.

θ(1, λm)

ψ′n(0)
− 1

ψ′n(1)
=

θ(1)ψ′n(1)− θ(0)ψ′n(0)

ψ′n(0)ψ′n(1)
=
{θ, ψn}(1)− {θ, ψn}(0)

ψ′n(0)ψ′n(1)
= 0

(âðîíñêèàí äâóõ ðåøåíèé îäíîãî óðàâíåíèÿ ≡ const) ⇒ a(t) íåïð. ïðè t → 0

Èòîãî, ξn,t(x) = a(t)ϕ(x, λn + t) +
1

ψ′n(0)
θ(x, λn + t) � ýòî íåïðåðûâíàÿ ôóíêöèÿ îò (x, t) ∈

[0, 1]× (λn−1 − λn, λn+1 − λn) ⇒ ωn,t òàêàÿ æå.
Íî ìû çíàåì: ωn,t(0) = 1 = ωn,t(1) ∀ t

ωn,0(x) = {ξn,0, ψn} =
1

ψ′n(0)
{θ, ψn} =

1

ψ′n(0)
{θ, ψn}(0) = 1

(ξn,0, ψn � ðåøåíèÿ îäíîãî äèôô. óðàâíåíèÿ (ïðè t = 0), ψn ïðîïîðöèîíàëüíà ϕ).
Èëè ïî-äðóãîìó: âðîíñêèàí íå çàâèñèò îò t (t := 0), íî ìû çíàåì åãî çíà÷åíèå íà êîíöàõ
; ωn,0(x) ≡ 1.
Õîòèì äîêàçàòü, ÷òî ω > 0.
Ïóñòü ∃x ∈ [0, 1], t > 0 : ωn,t(x) ≤ 0.
t∗ := inf{t > 0|∃x ∈ [0, 1] : ωn,t(x) ≤ 0} ⇒ t∗ > 0 (ÿñíî, ò.ê. â îêðåñòíîñòè {t=0} ω ðàâíî-
ìåðíî íåïðåðûâíà).
Àíàëîãè÷íî ∃x∗ ∈ [0, 1] : ωn,t∗(x∗) ≤ 0.(x∗ � òî÷êà ìèíèìóìà)
@x : ωn,t∗(x) < 0(ò.ê. t∗ � inf, ïîëüçóåìñÿ ðàâíîìåðíîé íåïðåðûâíîñòüþ ω)(Íî íóëåé áûâàåò
íåñêîëüêî. Íó è ïóñòü.)
; 0 = ω′n,t∗(x∗) = t∗ξn,t∗(x∗)ψn(x∗) 0 = ωn,t∗(x∗) = ξn,t∗(x∗)ψ

′
n(x∗)− ξ′n,t∗(x∗)ψn(x∗)

Ïóñòü ψn(x∗) = 0 ⇒ ψ′n(x∗) 6= 0 ⇒ ξn,t∗(x∗) = 0
Ïóñòü ξn,t∗(x∗) = 0 ⇒ . . . ⇒ ψn(x∗) = 0
Ò.å. ξn,t∗(x∗) = 0 = ψn(x∗) ψ′n(x∗) 6= 0 6= ξ′n,t∗(x∗) ⇒ âûðàæåíèå t∗ξn,t∗(x∗)ψn(x∗) ëîêàëü-
íî ñîõðàíÿåò çíàê ⇒ ω′n,t∗(x∗) ëîêàëüíî ñîõðàíÿåò çíàê ⇒ ïðîòèâîðå÷èå.

Φ : q 7→
(

1�
0

q(t)dt,
{

h(q)− λn(q)−
1�
0

q(t)dt
}∞

1
,
{

nνn(q)
}∞

1

)

1. Òåîð. !-òè ⇒ Φ � èíúåêöèÿ.

2. Àñèìïòîòèêè Φ = F + Φ1, Φ1 =

(
0,

{
O

(‖q‖2

n

)}∞

1

,

{
O

(‖q‖2

n

)}∞

1

)

⇓

2.1 Φ : L2(0, 1) → R× l2 × l2
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2.2 ∃Φ′(0) = F

3. Ñëàáàÿ íåïðåðûâíîñòü (äàæå áîëüøå), ò.å. qn
w−→ q ⇒ Φ(qn)

w−→ Φ(q)

4. 2.2
3

} ⇒ ëîêàëüíàÿ ñþðúåêòèâíîñòü

5. Ïðåîáðàçîâàíèå Äàðáó ⇒
5.1 ìîæíî q 7→ qt

n : . . . , νn(qt
n) = νn(q) + t

5.2 ìîæíî q 7→ qn,t : . . . , λn(qn,t) = λn(q) + t

6. 4
5

} ⇒ ãëîáàëüíàÿ ñþðúåêòèâíîñòü Φ : L2 → R× S × l2,

S :=
{
{µn} ∈ l2 : π2 + µ1 < 4π2 + µ2 < 9π2 + µ3 < . . .

}

13 Àíàëèòè÷åñêèå îòîáðàæåíèå áàíàõîâûõ ïðîñòðàíñòâ.
Íå áóäåì íàëàãàòü óñëîâèå êîìïëåêñíîñòè íà ðàññìàòðèâàåìûå ïðîñòðàíñòâà. Ðàññìîòðèì
îòîáðàæåíèå f : U ⊂ E → F , ãäå E, F � áàíàõîâû ïðîñòðàíñòâà, U � îòêðûòîå ïîäìíîæå-
ñòâî.

Îïðåäåëåíèå. íåïðåðûâíîå îòîáðàæåíèå f íàçûâàåòñÿ äèôôåðåíöèðóåìûì (ïî Ôðåøå)
â òî÷êå x ∈ U , åñëè ∃ dxf ∈ L (E,F ) : ‖f(x + h)− f(x)− (dxf)(h)‖ = o(‖h‖), ïðè ‖h‖ → 0.

Îïðåäåëåíèå. Îòîáðàæåíèå f ∈ C1(U ; F ), åñëè f äèôôåðåíöèðóåìî â ëþáîé òî÷êå
èç ìíîæåñòâà U , è îòîáðàæåíèå x 7→ dxf ÿâëÿåòñÿ íåïðåðûâíûì îòîáðàæåíèåì U →
L (E, F ).

Îïðåäåëåíèå. Ïóñòü f íåïðåðûâíî. (δxf)(h) := lim
ε→0

f(x+εh)−f(x)
ε

� íàçûâàåòñÿ ïðîèçâîäíîé
Ãàòî.

Çàìå÷àíèå. 1. Åñëè ñóùåñòâóåò ïðîèçâîäíàÿ ïî Ôðåøå, òî ñóùåñòâóåò è ïðîèçâîäíàÿ
ïî íàïðàâëåíèþ.

2. Åñëè f ∈ C1(U, F ), òî äëÿ ∀x, h (δxf)(h) = (dxf)(h).

3. f(x, y) := 3
√

x3 + y3 : R2 → R. Â íóëå ïî ëþáîìó íàïðàâëåíèþ ñóùåñòâóåò ïðîèçâîä-
íàÿ. Íî (δ0f) ( cos α

sin α ) =
3
√

cos3 α + sin3 α � íå ëèíåéíûé îïåðàòîð.

Ëåììà 13. Ïóñòü ∀x ∈ U, h ∈ E, f � íåïðåðûâíîå îòîáðàæåíèå.
Ïóñòü ∃ (δxf)(h), f(x+εh)−f(x)

ε

loc

⇒
ε→0

(δxf)(h). Òîãäà f ∈ C1(U,F ).

Äîêàçàòåëüñòâî. Çàôèêñèðóåì x. Äîêàæåì, ÷òî (δxf)( · ) � ëèíåéíûé îïåðàòîð.
(δxf)(Ch) = C(δxf)(h) � ÿñíî. Äîêàæåì, ÷òî (δxf)(h + k) = (δxf)(h) + (δxf)(k).
f(x+ε(h+k))−f(x)

ε
− f(x+εh)−f(x)

ε
− f(x+εk)−f(x)

ε
= 1

ε

(
f
(
x+ε(h+k)

)−f(x+εh)−f(x+εk)+f(x)
)

=[
xε := x + ε

2
(h + k)

]
= 1

ε

([
f
(
xε + ε

2
(h + k)

)− f(xε)
]− [

f
(
xε + ε

2
(h− k)

)− f(xε)
]− [

f
(
xε +

ε
2
(k − h)

)− f(xε)
]
+

[
f
(
xε − ε

2
(h + k)

)− f(xε)
]) −−→

ε→0
0 (ãðóïïèðóåì 1 è 4, 2 è 3)
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Ïóñòü E,F � êîìïëåêñíûå áàíàõîâû ïðîñòðàíñòâà.

Îïðåäåëåíèå. Ôóíêöèÿ f : U ⊂ E → F àíàëèòè÷íà, åñëè f ∈ C1
C(U, F ).

Îïðåäåëåíèå. Ôóíêöèÿ f ñëàáî àíàëèòè÷íà, åñëè äëÿ ∀x ∈ U, h ∈ E, L ∈ F ∗ ôóíêöèÿ
z 7→ Lf(x + zh) ∈ C � àíàëèòè÷åñêàÿ â îêðåñòíîñòè íóëÿ.

Çàìå÷àíèå. Ôóíêöèÿ z 7→ Lf(x+zh) îïðåäåëåíà è àíàëèòè÷íà â êðóãå
{

z : |z| < dist (x,∂U)
‖h‖

}
.

Ôèêñèðóåì z0. Òîãäà Lf(x + zh) = Lf(x + z0h + (z − z0)h). Íî òàê êàê ýòî ðàâåíñòâî
âûïîëíÿåòñÿ äëÿ ëþáîãî x, òî èìååò ìåñòî àíàëèòè÷íîñòü â îêðåñòíîñòè òî÷êè z0.

Ëåììà 14 (Ôîðìóëà Êîøè). Ïóñòü ôóíêöèÿ f íåïðåðûâíà è ñëàáî àíàëèòè÷íà. Òîãäà
f(x + zh) = 1

2πi

�
|ρ|=r

f(x+ρh)
ρ−z

dρ, ïðè 0 6 |z| < r < dist(x,∂U)
‖h‖ .

Äîêàçàòåëüñòâî. Äëÿ ∀L ∈ F ∗ âûïîëíåíî ðàâåíñòâî: Lf(x + zh) = 1
2πi

�
|ρ|=r

Lf(x+ρh)
ρ−z

dρ =

L

(
1

2πi

�
|ρ|=r

f(x+ρh)
ρ−z

dρ

)
.

Òåîðåìà 13. Ïóñòü f : U ⊂ E → F , ãäå E, F � êîìïëåêñíûå áàíàõîâû ïðîñòðàíñòâà.
Òîãäà ýêâèâàëåíòíû äâà ñëåäóþùèõ óòâåðæäåíèÿ:

1. f àíàëèòè÷íà â U .

2. f ñëàáî àíàëèòè÷íà è ëîêàëüíî îãðàíè÷åíà, òî åñòü äëÿ ëþáîé òî÷êè ñóùåñòâóåò
îêðåñòíîñòü è íåêîòîðàÿ êîíñòàíòà C, òàêèå ÷òî â ýòîé îêðåñòíîñòè ‖f‖ 6 C.

Äîêàçàòåëüñòâî.

(1)⇒(2). Ôóíêöèÿ äèôôåðåíöèðóåìàÿ ïî Ôðåøå, íåïðåðûâíà, ñëåäîâàòåëüíî, ëîêàëüíî îãðà-
íè÷åíà. Êðîìå òîãî z 7→ x+zh 7→ f(x+zh) 7→ Lf(x+zh).(ëèíåéíîñòü, ñëåäîâàòåëüíî
àíàëèòè÷íîñòü)

(2)⇒(1). Ðàññìîòðèì x ∈ U . Ñóùåñòâóåò òàêîå r > 0, ÷òî sup
‖h‖6r

‖f(x + zh)‖ 6 M .

|z| < 1.
Lf(x+zh)−Lf(x)

z
= 1

2πi

�
|ρ|=1

1
z

(
1

ρ−z
− 1

ρ

)
Lf(x + ρh) dρ = L

(
1

2πi

�
|ρ|=1

f(x+ρh)
(ρ−z)ρ

) dρ

)
(îáû÷í. ô-

ëà Êîøè). Ñëåäîâàòåëüíî,
∥∥∥Lf(x+zh)−Lf(x)

z

∥∥∥ 6 ‖L‖ M
1−|z| . Òîãäà, òàê êàê |z| < 1, ‖h‖ 6 r,

âûïîëíåíî ‖f(x + zh)− f(x)‖ 6 ‖z‖
1−‖z‖M . Ñëåäîâàòåëüíî, åñòü íåïðåðûâíîñòü, à âìå-

ñòå ñ òåì è ôîðìóëà Êîøè. Òîãäà f(x + zh) = 1
2πi

�
|ρ|=1

f(x+ρh)
ρ−z

dρ. Òîãäà, äèôôåðåí-

öèðóÿ ïîä çíàêîì èíòåãðàëà, ïîëó÷àåì, ÷òî ñóùåñòâóåò (δxf)(h) = lim
z→0

f(x+zh)−f(x)
z

=

1
2πi

�
|ρ|=1

f(x+ρh)
ρ2 dρ. Îñòàëîñü ïîêàçàòü, ÷òî ïðåäåë ðàâíîìåðåí. Ïóñòü ‖y−x‖ 6 r

2
, ‖h‖ 6 r

2
.

Òóò îí ðàâíîìåðíî îãð. M
f(y+zh)−f(y)

z
−(δyf)(h) = 1

2πi

�
|ρ|=1

(
1

(ρ−z)ρ
− 1

ρ2

)
f(x+ρh) dρ. Ñëåäîâàòåëüíî, ‖f(y+zh)−f(y)

z
−

(δyf)(h)‖ 6 |z|
1−|z|M . Òàêèì îáðàçîì åñòü ëîêàëüíàÿ ðàâíîìåðíîñòü.
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Ñëåäñòâèå. Ïóñòü ôóíêöèè fn : U → F � àíàëèòè÷íûå ôóíêöèè. Ïóñòü fn

U

⇒ f . Òîãäà
f � àíàëèòè÷åñêàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. ßñíî, ÷òî ôóíêöèÿ f áóäåò ëîêàëüíî îãðàíè÷åíà è ñëàáî àíàëèòè÷íà,
òàê êàê ìîæíî ïðèìåíèòü òåîðåìó Âåéåðøòðàññà äëÿ ôóíêöèé îäíîé ïåðåìåííîé.

Òåîðåìà 14. Ïóñòü ôóíêöèÿ f : U ⊂ E → H, ãäå H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðî-
ñòðàíñòâî. f = (f1, f2, . . .), fk =< f, ek >, ãäå {ek} � áàçèñ. Òîãäà ýêâèâàëåíòíû ñëåäóþ-
ùèå óòâåðæäåíèÿ:

1. Ôóíêöèÿ f àíàëèòè÷íà.

2. Ôóíêöèÿ f ëîêàëüíî îãðàíè÷åíà. Ôóíêöèÿ fn àíàëèòè÷íà äëÿ ∀n.
Áîëåå òîãî, (dxf)(h) =

(
(dxf1)(h), (dxf2)(h), . . .

)
.

Ïðèìåð (òðåáîâàíèå êîìïëåêñíîñòè ñóùåñòâåííî). Ïóñòü f : R → H, ãäå H � âå-
ùåñòâåííîå, ãèëüáåðòîâî ïðîñòðàíñòâî (l2). x 7→ {xn}∞n=1, ãäå xn := x

1+n2x2 . Àíàëèòè÷íîñòü

ïîêîîðäèíàòíî â âåùåñòâåííîì ñìûñëå î÷åâèäíà.
∑
n>1

x2
n = x2

∑
n>1

1
(1+n2x2)2

= x2
1/x2∑
n=1

(. . .) +

+∞∑
n=1/x2

(. . .) 6 1 + x2
+∞∑

n=1/x2

1
(1+nx2n)2

6 1 + x2
+∞∑

n=1/x2

1
(1+n)2

. (n > 1
x2 ) . Íî ïðîèçâîäíàÿ â íóëå

ðàâíà 1. dxn

dx

∣∣
x=0

= 1. Íî (1, 1, . . .) /∈ l2.

Äîêàçàòåëüñòâî òåîðåìû. 1. ⇒ � ÿñíî.

2. ⇐ Ïðîâåðèì ñëàáóþ àíàëèòè÷íîñòü. Ðàññìîòðèì L ∈ H∗, h ∈ E. Äîêàæåì, ÷òî ô-ÿ
z 7→ Lf(x+zh) àíàëèòè÷íà â îêð-òè 0. Ïî òåîðåìå Ðèññà Lf(x+zh) =

∞∑
k=1

fk(x+zh) l̄k,

ãäå {lk}∞1 ∈ l2. Ïðèáëèçèì êîíå÷íûìè ñóììàìè. Îáîçíà÷èì Lnf :=
n∑

k=1

fk l̄k. Îòîá-
ðàæåíèå Fn : z 7→ Lnf(x + zh) àíàëèòè÷íî â îêðåñòíîñòè òî÷êè z = 0. Íåîáõîäèìî
äîêàçàòü ðàâíîìåðíóþ ñõîäèìîñòü. Âûáåðåì ðàäèóñ r > 0 òàêîé, ÷òî ‖f(y)‖ 6 M ,
åñëè ‖y−x‖ 6 r � ëîêàëüíàÿ îãðàíè÷åííîñòü. Îòîáðàæåíèå Fn � àíàëèòè÷íî â êðóãå
|z| 6 1

‖h‖ . Êðîìå òîãî ‖Fn − F‖ 6 M
∞∑

k=n+1

l2k → 0 ðàâíîìåðíî â øàðå ; ïî òåîðåìå

Âåéåðøòðàññà F àíàëèò. Äîêàæåì ôîðìóëó äëÿ ïðîèçâîäíîé: < dxf(h), ek >= (dx <
f, ek >)(h) = (dxfk)(h) (äèôô-å ñëîæíîé ô-èè).

Çàìå÷àíèå. Èç ýòîãî ñëåäóåò, ÷òî ôóíêöèÿ ðàñêëàäûâàåòñÿ â ðÿä Òåéëîðà.

14 Òåîðèÿ âîçìóùåíèé ïðîñòîãî ñîáñòâåííîãî çíà÷åíèÿ.
14.1 Êîíå÷íûå ìàòðèöû. Ýâðèñòè÷åñêèå ñîîáðàæåíèÿ.
Ïóñòü A � (n + 1)× (n + 1)-ìàòðèöà òàêàÿ, ÷òî A = A∗. Ïóñòü λ0, λ1, . . . , λn � ñîáñòâåííûå
÷èñëà ìàòðèöû A, ïðè÷åì λ0 � ïðîñòîå ñîáñòâåííîå ÷èñëî, òî åñòü íå ñîâïàäàåò íè ñ êàêèì
äðóãèì ñîáñòâåííûì ÷èñëîì. Ïóñòü ψ0, ψ1, . . . , ψn � ñîáñòâåííûå âåêòîðû ìàòðèöû A, ïðè-
÷åì ‖ψk‖ = 1. Ïóñòü B � (n+1)× (n+1)-ìàòðèöà òàêàÿ, ÷òî B = B∗. Ðàññìîòðèì ìàòðèöó
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A + εB, ãäå ε ∈ R, ε → 0. Ñîáñòâåííûå ÷èñëà íåïðåðûâíî çàâèñÿò îò êîýôôèöèåíòîâ
ìàòðèöû, ò.ê. ýòî êîðíè õàð-ãî ìíîãî÷ëåíà. Ïóñòü óæå èçâåñòíî, ÷òî ó ìàòðèöû A + εB
åñòü ñîáñòâåííîå ÷èñëî λ0 + εµ + o(ε) è ñîáñòâåííûé âåêòîð ψ0 + εξ + o(ε). Õîòèì íàéòè µ
è ξ.
‖ψ0 + εξ + o(ε)‖ = 1, ñëåäîâàòåëüíî < ψ0, ξ >= 0.
(A+εB)(ψo +εξ+o(ε)) = (λ0 +εµ+o(ε))(ψ0 +εξ+o(ε)). Òîãäà Bψ0 +Aξ = µψ0 +λ0ξ. Óìíî-
æèì ñêàëÿðíî íà ψ0, òîãäà ïîëó÷èì, ÷òî < Bψo, ψ0 > + < Aξ, ψo >= µ + λ < ξ, ψ0 >= µ,
òàê êàê < ξ, Aψ0 >= λ0 < ξ, ψ0 >= 0.
Èòîãî: µ =< Bψ0, ψ0 >. Äîìíîæèì òåïåðü ñêàëÿðíî íà ψk. Òîãäà ïîëó÷èì, ÷òî < Bψ0, ψk >
+ < Aξ, ψk >= λ0 < ξ, ψk >, òàê êàê < Aξ, ψk >=< ξ, aψk >= λk < ξ, ψk >= λk < ξ, ψk >.
Òîãäà < ξ, ψk >= <Bψ0,ψk>

λ0−λk
∀k > 1.

Ñëåäîâàòåëüíî ξ =
n∑

k=1

< Bψ0, ψk >

λ0 − λk

ψk.

14.2 Êîíå÷íûå ìàòðèöû. Ñòðîãîå äîêàçàòåëüñòâî.
Ðàññìîòðèì ðåçîëüâåíòó R(z) := (A− zI)−1, z 6= λ0, λ1, . . . , λn.
Íàðèñóåì âîêðóã λ0 îêðóæíîñòü ðàäèóñà r, ïðè÷åì r : |λk − λ0| > r ∀k > 1.
Ðàññìîòðèì − 1

2πi

�
|λ0−z|=r

R(z) dz.

A =
n∑

k=0

λk < · , ψk > ψk, (A− zI)−1 =
n∑

k=0

< · ,ψk>
λk−z

ψk

Òîãäà − 1
2πi

�
|λ0−z|=r

R(z) dz = − 1
2πi

�
|λ0−z|=r

(
n∑

k=0

< · ,ψk>
λk−z

ψk

)
dz =< · , ψ0 > ψ0 � îðòîïðîåêòîð

íà ψ0. Åñëè |ε| äîñòàòî÷íî ìàë, òî âíóòðè êðóãà {z : |λ0 − z| < r} åñòü ðîâíî îäíî ñîá-
ñòâåííîå çíà÷åíèå (íåïðåðûâíîñòü). Rε(z) := (A + εB − zI)−1.
R(z)−Rε(z) = (A+εB−zI)−1((A+εB−zI)− (A−zI))(A−zI)−1 = (A+εB−zI)−1εB(A−
zI)−1 = εR(z)BR(z) + o(ε).
Ïóñòü P =< · , ψ0 > ψ0, Pε =< · , ψ(ε)

0 > ψ
(ε)
0 , ãäå ψ

(ε)
0 � ñîáñòâåííûé âåêòîð ìàòðèöû

A + εB. Ñëåäîâàòåëüíî, P − Pε = − ε
2πi

�
|z−λ0|=r

R(z)BR(z) dz + o(ε).

Îáîçíà÷èì Q := ε
2πi

�
|z−λ0|=r

R(z)BR(z) dz. Òîãäà P − Pε = −εQ + o(ε).

Pε = P + εQ + o(ε). Ïóñòü λ(ε) = λ0 + µ, ãäå µ = o(1).
(A + εB)Pε = λ(ε)Pε = (λ0 + µ)Pε ;

AP + ε[BP + AQ] + o(ε) = λ0P + µP + ελ0Q + o(ε). Ñîêðàòèì AP è λ0P è óìíîæèì íà
P ñëåâà. Ïîëó÷èì, ÷òî εPBP + o(ε) = µP + o(ε), ñëåäîâàòåëüíî, P =< · , ψ0 > ψ0 ⇒
µ = ε < Bψo, ψ0 > +o(ε).

Çàìå÷àíèå. (AP )∗ = PA = λ0P = (λ0P )∗

14.3 Íåîãðàíè÷åííûå ñàìîñîïðÿæåííûå îïåðàòîðû.
Ïóñòü îïåðàòîð A òàêîé, ÷òî A = A∗ : D(A) → H.

Òåîðåìà 15. Ïóñòü åñòü çàìêíóòûé êîíòóð Γ ⊂ C, ðàçäåëÿþùèé ñïåêòð íà äâå ÷àñòè
(â ÷àñòíîñòè Γ ∩ σ(A) = ∅). P := − 1

2πi

�
Γ

R(z) dz, R(z) := (A− zI)−1, z /∈ σ(A) ⇒ R(z) ∈
L (H). Òîãäà:

1. P : H → H1 � îðòîïðîåêòîð. (äëÿ íåêîòîðîãî H1)

23



2. D(A) ⊃ H1, A : H1 → H1, A
∣∣
H1
∈ L (H1).

3. H2 � èíâàðèàíòíîå ïîäïðîñòðàíñòâî: A : D(A) ∩H2 → H2

4. A = A
∣∣
H1
⊕A

∣∣
H2
, ïðè÷åì A

∣∣
H1
∈ L (H1), A

∣∣
H2

: D(A) ∩ H2 → H2, è îáà ñëàãàåìûõ
ñàìîñîïðÿæåííûå.

Äîêàçàòåëüñòâî. R(z) � àíàëèòè÷åñêàÿ ôóíêöèÿ àðãóìåíòà z ∈ C \ σ(A). Ïîýòîìó êîí-
òóð ìîæíî äâèãàòü â îáëàñòè àíàëòè÷íîñòè, è ìîæíî ñ÷èòàòü, ÷òî Γ � ýòî îêðóæíîñòü,
ñèììåòðè÷íàÿ îòíîñèòåëüíî R. Äîêàæåì òåïåðü, ÷òî P � ýòî îðòîïðîåêòîð, òî åñòü íàäî
äîêàçàòü, ÷òî P 2 = P è P ∗ = P .
Ïóñòü Γ′ � ÷óòü áîëüøàÿ îêðóæíîñòü.
Òîãäà P 2 =

(− 1
2πi

)2 �
Γ

R(z) dz
�
Γ′

R(z′) dz′ =
(− 1

2πi

)2 
Γ×Γ′

R(z)R(z′) dzdz′ =
(− 1

2πi

)2 
Γ×Γ′

R(z)−R(z′)
z−z′ dzdz′.

1
2πi

�
Γ′

R(z)
z−z′ dz′ = − 1

2πi
R(z)

�
Γ′

dz′
z−z′ = R(z)

− 1
2πi

�
Γ

R(z′)
z−z′ dz = − 1

2πi
R(z′)

�
Γ

dz
z−z′ = 0. Ñëåäîâàòåëüíî, P 2 = − 1

2πi

�
Γ

R(z) dz = P . Äîêàæåì
ñàìîñîïðÿæåííîñòü:
P ∗ = 1

2πi

�
Γ

R(z̄) dz̄ = [w := z̄] = − 1
2πi

�
Γ

R(w) dw = P .

Ïðîäîëæàåì äîêàçàòåëüñòâî. Ïî÷åìó H1 ⊂ D(A)? Ðàññìîòðèì

AP = − 1

2πi
A

�
Γ

R(z)dz = [ ïóñòü ] = − 1

2πi

�
Γ

AR(z)dz = − 1

2πi
A

�
Γ

I + zR(z)dz

(ò.ê. A = A− Iz + Iz). I + zR(z) ðàâíîìåðíî îãðàíè÷åíî ïðè z ∈ Γ, ò.ê. Γ êîìïàêòíî.
Îáúÿñíèì, ïî÷åìó A ìîæíî âíåñòè:

�
Γ

R(z)dz ← A

N∑

k=1

R(zk)∆zk =
N∑

k=1

AR(zk)∆zk →
�
Γ

R(z)dz

(ò.ê. è ñëåâà, è ñïðàâà îãðàíè÷åííûå îïåðàòîðû, è èñïîëüçóåì òåîðåìó î çàìêíóòîì ãðà-
ôèêå, ò.ê. ãðàôèê ñ/ñ îïåðàòîðà çàìêíóò)

ò.ê. AP = − 1
2πi

�
Γ

AR(z)dz, òî AP ∈ L (H) (Åñëè áû AP áûëî çàäàíî íå íà H, òî ãðàôèê

íå áûë áû çàìêíóòûì.) Îòñþäà H1 ⊂ D(A).
∀ϕ ∈ H1 ⊂ D(A)

Aϕ = APϕ = − 1

2πi

�
Γ

AR(z)ϕdz = − 1

2πi

�
Γ

R(z)Aϕdz = PAϕ

Êðîìå òîãî, ∀ϕ ∈ H1 ∀ψ ∈ D(A) ∩ H2 (ϕ,Aψ) = (Aϕ,ψ) = 0, ò.ê. Aϕ ∈ H1, ψ ∈ H2,
îòñþäà Aψ ∈ H2.

Ïî îïðåäåëåíèþ ìîæíî ïîâåðèòü, ÷òî A
∣∣
H2

� ñ/ñ.

Äîáàâëåíèå: σ(A1) ëåæèò âíóòðè Γ, σ(A2) ëåæèò ñíàðóæè Γ, (Ak := A
∣∣
Hk

, k = 1, 2)

Äîêàçàòåëüñòâî. Íàäî äîêàçàòü, ÷òî R1 àíàëèòè÷íî ïðîäîëæàåòñÿ ñíàðóæè Γ, à R2 �
âíóòðè.

Ò.ê. A = A1 ⊕ A2, òî R òîæå ïî îòäåëüíîñòè äåéñòâóåò â H1 è â H2.
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R1(z) ⊕ 0 = R1(z) = (â ñìûñëå, ÷òî P (H2) = 0) = R(z)P = − 1
2πi

R(z)
�
Γ

R(z′)dz′ =

(ïóñòü z′ ïîïàäàåò â ðåçîëüâåíòíîå ìíîæåñòâî) = − 1
2πi

�
Γ

R(z)R(z′)dz′ = − 1
2πi

�
Γ

R(z)−R(z′)
z−z′ dz′ =

(ïóñòü z âíå êîíòóðà) = − 1
2πi

R(z)
�
Γ

dz′
z−z′ +

1
2πi

�
Γ

R(z′)dz′
z−z′ � ñ R(z) ìîãóò áûòü ïðîáëåìû (à

âäðóã z ∈ σ), íî ñïàñàåò òî, ÷òî
�
Γ

dz′
z−z′ = 0, âòîðîå æå ñëàãàåìîå àíàëèòè÷íî ïî z.

Îòñþäà R(z)P àíàëèòè÷íî âíå Γ, çíà÷èò R(z1) àíàëèòè÷íî âíå Γ, çíà÷èò σ(A1) ëåæèò
âíóòðè Γ

0 ⊕ R2(z) = R(z)(I − P ) = R(z) − R(z)P = R(z) + 1
2πi

R(z)
�
Γ

dz′
z−z′ − 1

2πi

�
Γ

R(z′)dz′
z−z′ =

(÷åðåç res) = R(z)−R(z)− 1
2πi

�
Γ

R(z′)dz′
z−z′ , ïîñëåäíåå ñëàãàåìîå àíàëèòè÷íî ïî z.

Ðàññìîòðèì A + εB =: Aε

À ïî÷åìó ïðîñòîå ñ.÷. îñòà¼òñÿ ïðîñòûì ñ.÷.?
Ïóñòü A � ñ/ñ, B � îãð., ñ/ñ (òîãäà A + εB ñ/ñ, D(A + εB) = D(A))
Ïóñòü λ0 � èçîëèðîâàííîå (â òîïîëîãè÷åñêîì ñìûñëå), ïðîñòîå (ðîâíî îäèí ñ.â.) ñîáñòâåí-
íîå çíà÷åíèå. Îêðóæèì λ0 ìàëîé îêðóæíîñòüþ.
Ðàññìîòðèì Pε := − 1

2πi

�
Γ

Rε(z)dz = − 1
2πi

�
Γ

(A + εB − zI)−1dz � îäíîìåðíûé ïðîåêòîð (ïðè ε = 0).

Pε íåïð. çàâèñÿùèé îò ε ïðîåêòîð (; dim Im íåïð. çàâèñèò îò ε) (Âàæíî, ÷òî ïðè ìà-
ëûõ ε Γ âñ¼ åù¼ îñòà¼òñÿ â ðåçîëüâåíòíîì ìíîæåñòâå äëÿ Aε)
z 6∈ σ(A) ⇒ ‖(A − z)ϕ‖ > dist(z, σ(A)) · ‖ϕ‖ (Èç ñïåêòðàëüíîãî ïðåäñòàâëåíèÿ (A − z) �
ýòî óìíîæåíèå íà λ− z, íî |λ− z| > dist(z, σ(A)))
‖(A + εB − zI)ϕ‖ > (dist(z, σ(A)) − ε‖B‖) · ‖ϕ‖. Ïóñòü ε < dist(Γ, σ(A))

‖B‖ ; A + εB − zI �
èíúåêöèÿ. Ïëîòåí ëè îáðàç?
Ò.ê. σε ⊂ R, òî ïëîòíîñòü îáðàçà íàñ èíòåðåñóåò ëèøü äëÿ z ∈ R ∩ Γ (íå âàæíî)
Im(A + εB − zI) = Ker(A + εB − zI)⊥ = {0}⊥ = H

Pε − P0 = − 1

2πi

�
Γ

(Rε(z)−R0(z))dz =

= [(A + εB − zI)−1((A + εB − zI − (A− zI))(A− zI)−1 = (A + εB − zI)−1εB(A− zI)−1] =

=
1

2πi
ε

�
Γ

Rε(z)BR0(z)dz =
ε

2πi

�
Γ

R0(z)BR0(z)dz + O(ε2) =: εQ + O(ε2)

dimPε(H) = 1 ; ∃ψε : Aεψε = λεψε ⇔ AεPε = λεPε

AεPε = (A + εB)(P0 + εQ + O(ε2))
λεPε = (λ0+µε)(P0+εQ+O(ε2)) îòñþäà ε[BP0 + AQ] + O(ε2) = ελ0Q + µε(P0 + εQ + O(ε2)) + O(ε2)
Äîìíîæèì ñëåâà íà P0 è ó÷èòûâàåì, ÷òî P0A = λ0P0 (ò.ê. P0 äåéñòâóåò â R(P0) è â R(P0)

⊥,
íó à â îáîèõ ÷àñòÿõ ýòî âåðíî)

εP0BP0 = µε(P0 + εP0Q) + O(ε2) ; µεP0 = εP0BP0 + O(ε2)
Ò.ê. P0 =< · , ψ0 > ψ0, òî µε = ε < Bψ0 , ψ0 > +O(ε2)

15 Ãðàäèåíòû ôóíäàìåíòàëüíûõ ðåøåíèé ïî ïîòåíöè-
àëó. Ãðàäèåíòû ñïåêòðàëüíûõ äàííûõ.

Çàìå÷àíèå. Íàäî ñîñ÷èòàòü ãðàäèåíò òåìïåðàòóðû è èäòè ïî íåìó.
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Ïóñòü F : q ∈ L2
C(0, 1) 7→ F (q) ∈ C

Ïóñòü ∃dqF ∈ L (L2
C(0, 1),C) = (L2

C(0, 1))∗, òîãäà ïî òåîðåìå Ðèññà
(dqF )(v) =

� 1

0
v(t) ∂F

∂q(t)
dt =< v , ∂F

∂q
>

−y′′ + qy = λy θ(0, λ, q) = 1 = ϕ′(0, λ, q) θ′(0, λ, q) = 0 = ϕ(0, λ, q)

Ëåììà 15. Ïóñòü f : −f ′′ + qf = λf + h, ãäå q, h ∈ L2
C(0, 1) , λ ∈ C. Òîãäà f(x) =

f(0)θ(x) + f ′(0)ϕ(x)−
x�
0

(θ(t)ϕ(x)− ϕ(t)θ(x))h(t)dt

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííî âû÷èñëÿåì f ′′(x) = f(0)θ′′(x)+f ′(0)ϕ′′(x)−
x�
0

(θ(t)ϕ′′(x)−
ϕ(t)θ′′(x))h(t)dt− (θ(x)ϕ′(x)− ϕ(x)θ′(x))︸ ︷︷ ︸

=1

h(x). Íó è çíàåì, ÷òî θ, ϕ � ðåøåíèÿ ñîîòâ. óðàâ-

íåíèÿ.

Õîòèì âû÷èñëèòü ∂θ(x, λ, q)

∂q(t)
. (dqθ(x, λ, q))(v) = lim

z→0

θ(x, λ, q + zv)− θ(x, λ, q)

z
θ(x, λ, q), ϕ(x, λ, q), θ′(x, λ, q), ϕ′(x, λ, q) � àíàëèòè÷åñêèå ôóíêöèè ïî q ∈ L2

C(0, 1) (ò.ê. θ =
∑
k

θk, θk �
àíàëèòè÷íà ∀k, ò.ê. èíòåãðàë � ýòî ïðåäåë èíòåãðàëüíûõ ñóìì, íó à ðÿä ñõîäèòñÿ ðàâíî-
ìåðíî íà êîìïàêòàõ) Îòñþäà dqθ(x, λ, q) � îãð. îïåð.

θ̃(x) := θ(x, λ, q + zv) θ(x) := θ(x, λ, q)

−θ̃′′ + qθ̃ = λθ − zvθ̃ ;
ëåììà

θ̃(x) =(íà÷àëüíûå äàííûå ñîâïàä. ñ íà÷àëüíûìè äàííûìè θ)

= θ(x) +
x�
0

(θ(t)ϕ(x)− ϕ(t)θ(x))zv(t)θ̃(t)dt

Óòâåðæäåíèå 2. ∂θ(x, λ, q)

∂q(t)
= (θ(t)ϕ(x)− ϕ(t)θ(x))θ(t)1[0,x](t)

∂ϕ(x)

∂q(t)
= (θ(t)ϕ(x)− ϕ(t)θ(x))ϕ(t)1[0,x](t)

∂θ′(x)

∂q(t)
= (θ(t)ϕ′(x)− ϕ(t)θ′(x))θ(t)1[0,x](t)

∂ϕ′(x)

∂q(t)
= (θ(t)ϕ′(x)− ϕ(t)θ′(x))ϕ(t)1[0,x](t)

(ïî÷òè óæå äîêàçàëè)
Ëåììà 16. (à) ∀q ∈ L2

R(0, 1) ∀n > 1 ∃rn = rn(q) > 0 : âñå λn(q) , νn(q) àíàëèòè÷åñêè
ïðîäîëæàþòñÿ â BC(q, rn) := {p ∈ L2

C : ‖p− q‖ 6 rn}
(á) ∀q ∈ L2

R(0, 1) ∃r = r(q) > 0 : âñå λn(q) , νn(q) àíàëèòè÷åñêè ïðîäîëæàþòñÿ â BC(q, r)

Äîêàçàòåëüñòâî. (à) Ðàññìîòðè îêðóæíîñòü Cn (ñîîòâ. êðóã - Dn): W (λ, q) = −ϕ(1, λ, q)
èìååò â Dn òîëüêî îäèí êîðåíü (λn(q)), è ϕ′(1, λ, q) 6= 0 â Dn ; ∃ rn : ∀p ∈ BC(q, rn) |ϕ(1, λ, p)−
ϕ(1, λ, q)| < |ϕ(1, λ, q)| íà Cn è ϕ′(1, λ, q) 6= 0 â Dn (ò.ê. îò ïðàâîé ÷àñòè áåð¼ì ìèíè-
ìóì, à ëåâàÿ ÷àñòü 6 |ϕ′| · | . . . |) ; ïî ò. Ðóøå ô-ÿ ϕ(1, λ, q) èìååò ðîâíî îäèí êîðåíü
â Dn (îáîçí. λn(p)). Ïðè ýòîì

λn(p) =
1

2πi

�
Cn

λϕ̇(1, λ p)

ϕ(1, λ p)
dλ

(ò.ê. f(λ) = ḟ(λn)(λ−λn)+O((λ−λn)2), λ → λn ; ÷åðåç âû÷åòû ...); λn àíàëèòè÷í.
νn(p) := ln[(−1)nϕ′(1, λn(p), p)] ; νn àíàëèò., êàê êîìïîçèöèÿ àíàëèò. ô-èé.
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(á) ϕ(1, λ, p) =
sin
√

λ√
λ

+ O

(
e| Im

√
λ|

|
√

λ|

)
ϕ′(1, λ, p) = cos

√
λ + O

(
e| Im

√
λ|

|
√

λ|

)
, ïðè÷¼ì

êîíñòàíòû çàâèñÿò òîëüêî îò ‖p‖ ; ∃ N = N(‖q‖) : ∀n > N ìîæíî âçÿòü
Cn = {|

√
λ− πn| = π/4}, rn := 1

r := min{r1, . . . , rN−1, 1}

Óòâåðæäåíèå 3. Ïóñòü q ∈ L2
R(0, 1) (Ìîæíî è C, íî íàñ èíòåðåñóåò ëèøü R.) Òîãäà

∂λn(q)

∂q(t)
= ψ2

n(t, q) (ψn � n-ÿ íîðìèðîâàííàÿ ñ. ô-ÿ), ∂νn(q)

∂q(t)
= (ξnψn)(t, q), ãäå ξn (∃ è !):





− ξ′′n + qξn = λnξn (êàê è ψn)

{ξn, ψn} = 1
1�

0

(ξnψn)(t)dt = 0

Äîêàçàòåëüñòâî. ϕ(1, λn(q), q) ≡ 0 ; 0 = dq(ϕ(1, λn(q), q)) = ϕ̇(1, λn(q), q)dqλn(q)+(dqϕ)(1, λn(q), q)
(dqϕ � â ñìûñëå äèôôåðåíöèàë ïî 3-ìó àðãóìåíòó) ;

∂λn(q)

∂q(t)
= −

∂ϕ
∂q(t)

(1, λn(q), q)

ϕ̇(1, λn(q), q)
= −(θ(t)ϕ(1)− θ(1)ϕ(x))ϕ(t)

ϕ̇(1)
=

[
ϕ(1) = 0, θ(1)ϕ′(1) = W = 1

]
=

=
(ϕ(t))2

ϕ′(1)ϕ̇(1)
=

(ϕ(t))2

‖ϕ‖2
= ψ2

n(t)

Çàìå÷àíèå. Íè÷åãî óäèâèòåëüíîãî: (íåñòðîãî) Ðàññìîòðèì Ay := −y′′ + qy, By := vy

λn(A + εB)− λn(A) = ε < Bψn, ψn > + . . . = ε
1�
0

v(t)ψ2
n(t)dt + . . .

∂νn(q)

∂q(t)
=

∂ log[(−1)nϕ′(1, λn(q), q)]

∂q(t)
=

1

ϕ′(1)

[
ϕ̇′(1)

∂λn(q)

∂q(t)
+

∂ϕ′(1)

∂q(t)

]
=

=
1

ϕ′(1)

[
ϕ̇′(1)ψ2

n(t) + (−θ′(1)ϕ(t) + ϕ′(1)θ(t))ϕ(t)
]

= (θϕ)(t) + cϕ2(t)

ξn(t) := (θ(t) + cϕ(t))‖ϕ‖
Äåéñòâèòåëüíî,

à) {ξn, ψn} = {θ + cϕ, ϕ} = 1 ( ò.ê. ψ =
ϕ

‖ϕ‖)

á) ξn � ðåøåíèå, êàê ëèí. êîìáèíàöèÿ ðåøåíèé.

â) Çàìåòèì, ÷òî λn(q + c) = λn(q) + c, νn(q + c) = νn(q) ∀c ∈ R
(äëÿ νn íàäî äîêàçàòü, ÷òî ln[(−1)nϕ′(1, λn + c, q + c)] = ln[(−1)nϕ′(1, λn, q)], íî ýòî
ðåøåíèÿ îäíîãî óðàâíåíèÿ: −ϕ′′ + (q + c)ϕ = (λn + c)ϕ è −ϕ′′ + qϕ = λnϕ)

Ò.ê. νn(q + c) = νn(q) ;
1�
0

∂νn(q)

∂q(t)
dt = 0 ;

1�
0

ξnψndt = 0
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16 Ãëàäêîñòü îòîáðàæåíèÿ Φ. Îáðàòèìîñòü dqΦ.
Φ : q 7→ (q̂ (0), {µn(q)}+∞

n=1 , {nνn(q)}+∞
n=1), µn(q) = λn(q)− π2n2 − q̂ (0)

Φ : L2(0, 1) → R× l2 × l2

Óòâåðæäåíèå 4. ∀q ∈ L2
R(0, 1) ∃ dqΦ ∈ L (L2,R× l2 × l2)

Äîêàçàòåëüñòâî. Ïî ëåììå èç ïðåäûäóùåãî ïàðàãðàôà ∃r > 0 : Φ ïðîäîëæàåòñÿ â BC(q, r) :
âñå êîîðäèíàòû (q̂ (0), µn(q) , nνn(q)) àíàëèòè÷íû. (Õîòèì äîêàçàòü ëîê. îãð. � äîñò. äëÿ
ãëîá. àíàëèòè÷íîñòè)
‖Φ(p)‖R×l2×l2 îãð. â BC(q, r), ïîòîìó ÷òî

λn(p) = π2n2 + p̂ (0) − p̂ (Cn) + O( 1
n
), νn(p) = 1

2πn
p̂ (Sn) + O( 1

n2 )
(äîñëîâíî ïîâòîðÿåì âåùåñòâåííîå ä-âî)
; Φ : BC(q, r) → C× l2C × l2C � àíàëèò. ; ∃dqΦ

Çàìå÷àíèå. Áîëåå òîãî, (dqΦ)(v) = (< v, 1 >= v̂ (0) ; {< v, ψ2
n − 1 >}∞1 ; {n < v, ξnψn >}∞1 )

(èç òåîðåìû îá àíàëèò. îòîáð. è óòâ. î ãðàäèåíòàõ)

Òåîðåìà 16. ∀q ∈ L2
R(0, 1) ∃ (dqΦ)−1 � îãðàí.

Äîêàçàòåëüñòâî. Ïðîâåðèì:

à) dqΦ � îãðàí. îáðàòèìûé + êîìïàêòíûé (ôðåäãîëüìîâ)

á) Im dqΦ ïëîòåí â R× l2 × l2

(à) Ðàññìîòðèì Φ = F + Φ1, ãäå F : q 7→ (
q̂ (0) ; {−q̂ (Cn)}∞1 ; { 1

2π
q̂ (Sn)}∞1

)

Φ1 = Φ−F =
(
0, {O( 1

n
)}∞1 , {O( 1

n
)}∞1

)

Ðàññìîòðèì l2δ := {{cn}∞1 : ‖c‖2
l2δ

:=
∞∑
1

n2δ|cn|2 < +∞}, δ > 0

Òîãäà Id : l2δ ↪→ l2 � êîìïàêòíûé îïåðàòîð. (ò.ê. ẽn :=
1

nδ
en � ÎÍÁ â l2δ ;

;
∞∑

n=1

cnẽn 7→
∞∑

n=1

cn

nδ
ẽn , ò.å. ýòî îïåðàòîð, êîòîðûé äåéñòâóåò, êàê äåëåíèå íà nδ (ýòî

äèàãîíàëüíûé îïåðàòîð, ó êîòîðîãî íà äèàãîíàëè ïîëîæèò ñ.÷., → 0 ; îí êîìï.))
Èòàê, Φ1 : L1 → R× l21/4 × l21/4.
Òàê æå, êàê è ðàíüøå, äîêàçûâàåòñÿ, ÷òî ∃dqΦ1 ∈ L(L2,R× l21/4 × l21/4) ;

; dqΦ1 : L1 → R×l2×l2 � êîìïàêòíûé îïåðàòîð(îãð. â ïð-âå, êîò. âêëàä. â êîìï.). Íî
dqΦ = F + dqΦ1, à F � îãð. îáðàòèìûé. Èòàê, äîêàçàëè, ÷òî ôðåäãîëüìîâ, îñòàëîñü
äîêàçàòü, ÷òî îáðàç ïëîòåí.

(á)

Ëåììà (êîììóòàöèîííûå ñîîòíîøåíèÿ). ∀n,m > 1

< ψ2
n, (ψ2

m)′ > = 0

< ξnψn, (ξmψm)′ > = 0

< ψ2
n, (ξmψm)′ >= − < (ψ2

n)′, ξmψm > = −1

2
δnm

Ïóñòü ëåììà äîêàçàíà. dqΦ åñòü óìíîæåíèå íà 1 , {ψ2
n − 1}∞1 , {nξnψn}∞1
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ßñíî, ÷òî ýòà ñèñòåìà è ñèñòåìà {1 , {−2(ξmψm)′}∞1 , { 1
2m

(ψ2
m)′}∞1 } � ýòî áèîðòîãî-

íàëüíûå ñèñòåìû(ëåììà), à ýòî áàçèñû
; (dqΦ)(1) = (1,0,0), (dqΦ)(−2(ξmψm)′) = (0, em,0), (dqΦ)( 1

2m
(ψ2

m)′) = (0,0, em), ò.å.
îáðàç ïëîòåí.

äîêàçàòåëüñòâî ëåììû. Äîêàæåì, íàïðèìåð, < ψ2
n, (ξmψm)′ >= [èíò. ïî ÷àñòÿì] =

− < (ψ2
n)′, ξmψm >= 1

2
(< ψ2

n, (ξmψm)′ > − < (ψ2
n)′, ξmψm >) =

= 1
2

1�
0

(ψnξm(ψnψ
′
m − ψ′nψm) + ψnψm((psinξ

′
m − ψ′nξm))(t)dt =

= 1
2

1�
0

(ψnψm{ψn, ψm}+ ψnψm{ψn, ξm})(t)dt(∗)

m = n ; (∗) = −1
2

1�
0

ψ2
n(t)dt = −1

2

m 6= n ; ò.ê. {ψn, ψm}′ = (λn − λm)ψnψm, {ψn, ξm}′ = (λn − λm)ψnξm

(∗) =
1

2(λn − λm)

1�
0

({ψn, ξm}{ψn, ψm})′(t)dt = 0 ò.ê. {ψn, ψm}(0) = {ψn, ψm}(1) =

0

17 Äðóãèå êðàåâûå óñëîâèÿ
Âîñïîìèíàíèå:
HDy := −y′′ + qy(= λy) íà (0, 1), y(0) = y(1) = 0
L2(0, 1) 3 q 7→ λn(q) = π2n2 + q̂ (0) + µn(q), n > 1

Íîðìèðóþùèå ïîñòîÿííûå νn(q) := log[(−1)nϕ(1, λn(q), q)] = log

∣∣∣∣
ψ′n(1, q)

ψ′n(0, q)

∣∣∣∣
Êðóòèëîñü âîêðóã

q 7→ (q̂ (0), {µn(q)}∞1 , {νn(q)}∞1 )

L2(0, 1) ↔ R× S × l21 (áèåêöèÿ)
S ⊂ l2, l21 � îçíà÷àåò, ÷òî ïîñëå äîìíîæåíèÿ íà n, ∈ l2

Íà ÷òî ìîæíî çàìåíèòü êðàåâûå óñëîâèÿ, ÷òîáû ýòîò îïåðàòîð áûë ñ/ñ? Äåëÿòñÿ íà 2
òèïà:

• Ðàçäåë¼ííûå óñëîâèÿ: y′(0) − ay(0) = 0, y′(1) + by(1) = 0, a, b ∈ R (ó íàñ áûëî
a = b = ∞)

• Îáîáù¼ííûå ïåðèîäè÷åñêèå óñëîâèÿ:(
y(1)
y′(1)′

)
=

(
a b
c d

)(
y(0)
y′(0)

)
, a, b, c, d ∈ R, ad− bc = 1

Çàäà÷à 1 Ïðîâåðèòü, ÷òî ýòî ñ/ñ (èëè õ.á. ñèììåòð.) ðàñøèðåíèå îïåðàòîðà −y′′ + qy íà
C∞

0 (0, 1) (åñëè q ∈ L2(0, 1))

Çàäà÷à 2∗ Äîê-òü, ÷òî ýòî âñå ñ/ñ ðàñøèðåíèÿ (ïðîâåðèòü, ÷òî n− = n+ = 2)
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Ïî÷åìó íå áóäåì îá îáîáù. ïåðèîä. óñë-ÿõ è ïî÷åìó òàì ñëîæíåå:
Ïóñòü a = d = 1, b = c = 0 ;

{
y(1) = y(0)
y′(1) = y′(0)

Ïóñòü q = 0 ; −y′′ = λy .
Ïåðèîäè÷åñêèå ðåøåíèÿ íà (0,1) � ýòî cos 2πnx, n > 0, sin 2πnx, n > 1, ò.å. ñïåêòð

0 < 4π2 = 4π2 < 16π2 = 16π2 < . . .
q q q q q
λ0 λ1 λ2 λ3 λ4

Ò.å. êðàòíûå ñ.÷. ìîãóò áûòü, àñèìïòîòèêè ñëîæíåå è ò.ï., à ïîòîìó äóìàåì òîëüêî î
ðàçäåë¼ííûõ óñëîâèÿõ.
Òðè ñëó÷àÿ: ñêîëüêî èç a, b ðàâíû ∞. Åñëè îáà � óæå èçó÷èëè (óñëîâèÿ Äèðèõëå)
Áóäåì ðàññìàòðèâàòü




−y′′ + qy = λy
y′(0)− ay(0) = 0
y′(1) + by(1) = 0

a, b ∈ R

(åñëè îäíî ðàâíî ∞, òî ìîæíî äåëàòü "òàê æå", íî ìû íå áóäåì)
Ïóñòü ïîêà a = b = 0.

Çàìå÷àíèå. q ≡ 0 ;

{ −y′′ = λy
y′(0) = y′(1) = 0

Ðåøåíèÿ: λn = π2n2, n > 0; ψ0 ≡ 0, ψn(x) =
√

2 cos πnx

×òî òàêîå ñ. çíà÷åíèÿ?
Çàäà÷à 3

à) σn � c.çí. çàäà÷è Íåéìàíà ⇔ θ′(1, σn, q) = 0

á) W (λ, q) := θ′(1, λ, q) = −
√

λ sin
√

λ
∏

n> 0

λ− σn(q)

λ− π2n2
(öåëàÿ ïî λ)

Êàê óñòðîåíà àñèìïòîòèêà ñ.çí.?

Çàäà÷à 4 σn(q) = π2n2 + q̂ (0) + τn(q), n > 0, ãäå τn(q) = q̂ (Cn) + O( 1
n
), â ÷àñòíîñòè,

{τn(q)}∞0 ∈ l2

Íîðìèðóþùèå ïîñòîÿííûå.

Îïðåäåëåíèå. æn(q) := log[(−1)nθ(1, σn, q)] = log

∥∥∥∥
ψn(1, q)

ψn(0, q)

∥∥∥∥

Çàäà÷à 5 Ïóñòü q, p : σn(q) = σn(p), æn(q) = æn(p) ∀n > 0 ⇒ q = p

Ïîäñêàçêà: Ðàññìîòðåòü
(

θ η
θ′ η′

)
(q)

[(
θ η
θ′ η′

)
(p)

]−1

, ãäå η′(1) = 0, η(1) = 1

Çàäà÷à 6 q = q] ⇔æn(q) = 0 ∀ n > 0

Îäíàêî, {σn(q)}∞0 , {æn(q)}∞0 ÍÅ íåçàâèñèìûå ïàðàìåòðû!

Óòâåðæäåíèå 5. ∑
n>0


 e±æn(q)

|
•

W (σn(q))|
− 2


 = −1
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Äîêàçàòåëüñòâî. Ðàññìîòðèì f(λ) :=
θ(1, λ, q)

θ′(1, λ, q)
. Õîòèì àñèìïòîòèêó íà ∞ è îñîáåííîñòè

ñ âû÷åòàìè.

f(λ) =

cos
√

λ + 1√
λ

1�
0

sin
√

λ(1− t) cos
√

λtq(t)dt + O

(
e| Im

√
λ|

|
√

λ|

)

−
√

λ sin
√

λ +
1�
0

cos
√

λ(1− t) cos
√

λtq(t)dt + O

(
e| Im

√
λ|

|
√

λ|

) =

=

cos
√

λ + q̂ (0)

2
√

λ
sin
√

λ + o

(
e| Im

√
λ|

|
√

λ|

)

−
√

λ sin
√

λ + q̂ (0)

2
cos

√
λ + o

(
e| Im

√
λ|
) = (∗)

o(· · · ) â ÷èñëèòåëå � ë.Ðèìàíà-Ëåáåãà. Ñ÷èòàåì |λ| = π2(n + 1/4)2, n →∞, ÷òîáû íå áûëî
ïðîáëåì â çíàìåíàòåëå � sin è cos 6= 0. Òîãäà:

(∗) =
cos

√
λ

−
√

λ sin
√

λ
·
1 + q̂ (0)

2
√

λ
tg
√

λ + o

(
1

|
√

λ|

)

1− q̂ (0)

2
√

λ
ctg

√
λ + o

(
1

|
√

λ|

) = −ctg
√

λ√
λ︸ ︷︷ ︸

f0(λ):=

(
1 +

q̂ (0)

2
√

λ
(tg

√
λ + ctg

√
λ) + o

(
1

|
√

λ|

))
=

= f0(λ)− q̂ (0)

2
√

λ
− q̂ (0)

2
(f0(λ))2 + o

(
1

|
√

λ|

)

À òåïåðü âû÷åòû: îñîáåííîñòè f(λ) � â (·) λ = σn

res
λ=σn

f(λ) =
θ(1, σn, q)
•
θ′(1, σn, q)

=
eæn(q)

|
•

W (σn(q))|
Ïî òåîðåìå Êîøè î âû÷åòàõ:

N∑
n=0

eæn(q)

|
•

W (σn(q))|
=

N∑
n=0

res
λ=π2n2

f0(λ)− q̂ (0)

2

(
1 +

N∑
n=0

res
λ=π2n2

(f0(λ))2

)
+ o(1), N →∞

Çàäà÷à 7 Äîñ÷èòàòü.
Âòîðîå òîæäåñòâî (ñ −æn(q)) äîêàçûâàåòñÿ òàê:
Ðàññìîòðèì q]. σn(q]) = σn(q) ; W (λ, q]) = W (λ, q), æn(q]) = −æn(q)

Ñëåäñòâèå 1. Ïóñòü p = p] ∈ L1. Ïóñòü q ∈ L1 : σn(q) = σn(p) ∀n > 0 ⇒ q = p

Äîêàçàòåëüñòâî. 1. W (λ, q) = W (λ, p), ò.ê. σn(q) = σn(p) ∀n > 0

2. p = p] ; æn(p) = 0 ∀n > 0 ;

∑
n>0


 1

|
•

W (σn(q))|
− 2


 = −1 ;

∑
n>0


eæn(q) − 2 + e−æn(q)

|
•

W (σn(q))|


 = 0 ; æn(q) = 0 ∀n > 0

3. Ïî òåîðåìå åäèíñòâåííîñòè q = p.
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Êàê ñïàñòè ñèòóàöèþ? Ðàññìîòðèì a, b � ïóñòü îíè íå ôèêñèðîâàíû. Ðàññìîòðèì



y′′ + qy = λq
y′(0)− ay(0) = 0
y′(1) + by(1) = 0

, Q = (q, a, b) 7→ ({σn(Q)}∞n=0, {æn(Q)}∞n=0)

Çàäà÷à
1. σn(Q) � êîðíè W (λ,Q) := [(θ + aϕ)′ + b(θ + aϕ)](1, ·, q) = θ′ + aϕ′ + bθ + abϕ =
−
√

λ sin
√

λ + . . . (ãëàâíàÿ ÷àñòü)

2. W (λ,Q) = −
√

λ sin
√

λ
∏
n>0

λ− σn(Q)

λ− π2n2

3. σn(Q) = π2n2 + Q0 + τn(Q), n > 0, ãäå Q0 = q̂ (0) + 2a + 2b, {τn(Q)}∞n=0 ∈ l2

Íîðìèðóþùèå ïîñòîÿííûå:

Îïðåäåëåíèå. æn(Q) := log

∣∣∣∣
ψn(1, Q)

ψn(0, Q)

∣∣∣∣ = log[(−1)n(θ + aϕ)(1)]

Òåîðåìà 17. Q = (q, a, b) 7→ (Q0, {τn(Q)}∞n=0, {æn(Q)}∞n=0) (èëè ({σn(Q)}∞n=0, {æn(Q)}∞n=0))−
− áèåêöèÿ

L2 × R× R→ R× S × l21, S = {{τn}∞n=0 ∈ l2 : τ0 < π2 + τ1 < 4π2 + τ2 < . . .}

Ïðè ýòîì
∑
n>0


 eæn(q)

|
•

W (σn(q))|
− 2


 = −1− b,

∑
n>0


 e−æn(q)

|
•

W (σn(q))|
− 2


 = −1− a (∗)

Äîêàçàòåëüñòâî. (îñíîâíûå èäåè)
(Ìîæíî äîêàçàòü, êàê â Äèðèõëå, íî ìû ïîéä¼ì äðóãèì ïóò¼ì.)
1. Òåîðåìà !-òè

• Ñíà÷àëà äîêàçàòü (∗)(ðàññìîòðåòü (θ + aϕ)(1, λ, q)

W (λ, Q)
è êàê ðàíåå)

• Ïóñòü òåïåðü σn(P ) = σn(Q), æn(P ) = æn(Q) ∀n > 0
(∗)⇒ ap = aq, bp = bq

• Ïîâòîðèòü ñòàíäàðòíîå äîêàçàòåëüñòâî: ðàññìîòðèì
(

ψ− ψ+

ψ′− ψ′+

)
,

ψ− = θ + aϕ, ψ+ : ψ+(1) = 1, ψ′+(1) = −b

Ò.å. ýòî èíúåêöèÿ.

2. Ñþðúåêòèâíîñòü
Ëåììà (1). Ïóñòü q ∈ L2(0, 1), a, b ∈ R, òîãäà
∃q−a, b ∈ L2(0, 1) : σn(Q) = λn(q), æn(Q) = νn(q) ∀n > 0, ãäå Q = (q−a, b, a, b)

Ëåììà (2). ∀ {σn}∞n=1 , {æn}∞n=1 , a, b ∃ ! σ0, æ0 : âûïîëíÿåòñÿ (∗)
Ïóñòü òåïåðü äàíû {σn}∞n=0 , {æn}∞n=0

(a) ñ÷èòàåì a, b ïî (∗)
(b) ñòðîèì q : λn(q) = σn, νn(q) = æn (ò.ê. ïðî Äèðèõëå çíàåì)
(c) ñòðîèì q−a, b èç ëåììû 1
(d) σ0(q

−
a, b, a, b), æ0(q

−
a, b, a, b) óäîâë. (∗) ëåììà 2

=⇒ ðàâíû ñîîòâ. σ0, æ0
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