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November 23, 2020

1. DIFFERENTIABLE FUNCTIONS IN BANACH SPACES: BASICS

Recall that a function f: R D U — R is called differentiable at a point a € U if
there exists f’(a) € R such that f(z) = f(a) + f'(a)(x — a) + o(|z — a]) as © — a.
To generalize this definition to the context of mappings between Banach spaces we
can view the second term as a linear operator h — f’(a)h acting from R to R.

Definition 1.1. Let E, F' be Banach spaces and U C E is an open set. A mapping
f: U — F is called differentiable at a point a € U (in the Fréchet sense) if there
exists a bounded linear operator (Df)(a) € L(E; F) such that

f(@) = fla) +[(Df)(@))(x —a) + o(lz —a]) as = —a.
One says that f is continuously differentiable on U (and writes f € CY(U, F)) if is
differentiable at all points of U and the mapping Df : U — L(E; F) is continuous.

Let us briefly discuss this definition.

e Clearly, nothing changes if one replaces the norm in E (or in F) by an
equivalent. However, let us emphasize that one needs to require that F
is a mormed space to be able to write the error term o(||z — al|), which is
uniform in the direction of the increment = — a.

e There exists a weaker notion, called the differentiability in the Gateaux
sense. Namely, one requires that for each h € E there exists a vector
(Df)(a,h) € F such that f(a+th) = f(a) +t(Df)(a,h) + o(t) as t — 0.
Compared to Definition 1.1, there are two important differences: we do not
require neither linearity nor continuity of (D f)(a, h) in h. In particular, if
we consider the the mapping

3
T

z? + 23’
near a = (0,0), then (Df)(a,h) exists for all h € R? but is not linear

in h. In what follows, all the derivatives are understood in the sense of
Definition 1.1 (= Fréchet) and not in this weaker (= Gateaux) sense.

f:Rz _>R7 f(xth) =

One can now iterate Definition 1.1 in order to define the second (and higher) order
derivatives of a continuous mapping. Let us first discuss the types of objects arising
along this way. We should have D?f = DD f € L(E; L(E; F)) and similar for higher
order derivatives. However, instead of considering bounded linear operators acting
to the spaces of bounded linear operators, it is much more transparent to speak
about bounded multi-linear mappings.

Definition 1.2. Let Ei,...,E,, and F be Banach spaces. A multi-linear (i.e.,
linear in each of its arguments) mapping L : E1 X ... E,, — F is called bounded if
[L(P1, - . hn) || F

ILll ey, .y = SUD < +o0.
(B D koo MmNl

Similarly to bounded linear operators, it is easy to see that the vector-space
L(E4,...,Ep) of bounded multi-linear mappings is complete with respect to the
norm introduced above. Also, note that a multi-linear mapping L is bounded if
and only if it is continuous at 0. (Indeed, due to the multi-linearity it is enough to
consider |||, = ... = ||hm]|| g, =1 in the definition of ||L||z(g,.... E,.;F)-)
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Lemma 1.3. There exists a canonical isomorphism of Banach spaces
L(E;L(E;F)) = Ly(E3F):=L(E,E;F),  L(h)hy = L(ha, hs),
where L € L(E; L(E; F)) and L € Lo(E; F). The same holds true for higher orders:
L(E;L(E;L(E;F)) = Ls(E;F):=L(E,E,E;F) etc.
Proof. This is almost a tautology: the linearity is trivial and

IL(h) |l (a5 |L(h1)hs| F
Ll (mie iy = sup r EEE) gy qup EATUIZVE iy e O
(EBLER) = T halle 0 ho0 1|5 llha | 5 2(BF)

The higher derivatives D™ f of f : E — F and classes C™(U; F) of m times

continuously differentiable mappings are defined inductively using Definition 1.1.

Definition 1.4. A mapping f : E D U — F has an m-th derivative at a € U if
feCm™ YU, F), where a € U' C U, and the mapping D™V f : U — L,,_1(E; F)
is differentiable at a. Note that
(D™ f)(a) == (DD™ 'f)(a) € L(E;Lp-1(E;F)) = L,(E;F).
We say that f € C™(U; F) if the mapping D™ f : U — L,,(E; F) is continuous.
Let us now give more comments on this definition:

e A crucial property of higher order derivatives is that they are symmetric
multi-linear mappings: (at least) if f € C™(U; F), then

(D™ f)(a) € L™ (E; F)
={L € Lyn(E;F): L(hy,...,hm) = L(ho1), - - ho(m)) YO € S}
This is not fully straightforward; the proof is given in Theorem 2.3 below.
o If L € L3™(E;F), then
L(hy,he) = i(L(hl + ho,hy + he) — L(hy — ha, hy — h2)).

In other words, a symmetric bi-linear mapping L can be reconstructed from
its values L(h,h) on the diagonal; sometimes, one calls such restrictions
E > hw— L(h,h) € F quadratic mappings. The same holds true for higher
orders: if L € L™ (E; F), then

1 m m
L(hl, N hm) = W Zglzi17_“75m:il E1 ... EmL( ijlfjhj, ey Z]:lg.]h])
(For the proof, expand the right-hand side by multi-linearity and note that
only the terms L(hy(1),. .-, hg(m)) survive under the summation over ¢;.)
Example. Let £ := L(E) and € DU := {A € L(E) : 3A™! € L(E)} be the open
set of invertible operators. Consider the mapping Inv : i/ — £, A+ A~!. For each
A € U we have a ‘geometric series’ expansion (see part I)
Inv(A+H)=A—-A""HA  + A" HA ' HA™ — ., (1.1)
which converges for ||[H|| < [|[A7!|| 7. In this example,
(DInv)(A) : H— —A"'HA™,
(D*Tnv)(A) : (Hy, Hy) — ATV HI AT VHy A7V 4 ATV H ATV H AT
and (1.1) is the Taylor expansion of the mapping Inv at A as we will discuss below.
Let us now discuss a several straightforward properties of the operation of taking
the derivative of a mapping F' : E — F.
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e Linearity: D(af + Bg) = aDf + 8Dg, where o, 3 € R and f,g: U — F.

e Chain rule: D(go f)(a) = (Dg)(f(a)) o Df(a), where the sign o in the
right-hand side means the composition of linear operators. Indeed, exactly
as in the one-real-variable setup, we see that

9(f(@)) = g(f(a) + [(Df)(a)](z—a) + o||lz—al]))
= g9(f(a)) + [(Dg)(f ()] ((Df)(@)(z—a) + o([z—al])) + o([[ f(z) - f(a)])
=9(f(a)) + (Dg)(f(a))(Df)(a)(x—a) + o[z —al]),

where we use the boundedness of the linear operator (Dg)(f(a)) (and that
of (Df)(a)) to control the error terms via ||z — al|.

o If L € L(FY,...,Fn; F)isabounded multi-linear mapping, f; : E D U — F}
are differentiable at a € U, and F = L(f1,..., fm), then f: U — F is also
differentiable at a and

[Df(@))h =3 L(fi(@), -, fi-1(a), (Df)(@hs f11(a), s fn(@)).

Again, the proof simply repeats the computation of the derivative of a
product of two real-valued functions: one expands the expression

fla+h) = L(fi(a) + [Dfi(a)lh+ o([[B]),- .., fm(a) + [D fm(a)]h + o(||h]]))

by multi-linearity of L and collect all the linear (in k) terms, all the others
lead to o(||h||), h — 0, errors since L is bounded.

Example: Let 5: E DU — R and f: E CU — F. Then,

D(Bf)(a) = Dp(a) ® f(a) + B(a)Df(a),

where we use the notation (¢/ ® f)h := €/(h) - f for ¢ € E' and f € F.
In other words, the first term acts on vectors h € F' as follows: we should
first apply the functional Df(a) € L(E;R) = E’ to h and then multiply
the (scalar) result by the vector f(a) € F.

We conclude this lecture by introducing the notion of partial derivatives. Assume
that £ = E; x ... E,,; an instructive particular case is £; = ... = E,, = R. Given
a point £ D U > a, denote

Uaj = {J}j S Ej : (al,...,aj,l,wj,aj+1,...,am) S U},

this set can be also identified with the set of all points & € U whose all but the j-th
coordinates coincide with those of a. Let

faj :Uaj 4)F7 faj(zj) = f(a17"'aaj—17xj7aj+1a'"aam)a
be the restriction of f onto this set.

Definition 1.5. One says that a mapping f : E = Fy X ... Ep DU — F admits
partial derivatives at a point a € U if each of the mappings f% : U% — F is
differentiable at a;. A general notation is as follows:

(Do, f)(@) = (Df%)(a;) € L(Ej;F)
but one also often writes Of /Ox; instead of Dy, f, especially if E; = R.
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Trivially, if f is differentiable at @ € U C E (in the sense of Definition 1.1),
then all partial derivatives exist and (D, f)(a)h = (Df)(a)(0,...,0,h,0,...,0).
However, the converse is not true as can be seen from the following example (where
E, = E; = F =R): the partial derivatives 0f/0x1 and Jf/0x5 of a function
f(0,0) :=0,

- T1T2
f(xth) E l’% +LL’%7
exist at all points, including 1 = zo = 0 (since f(z1,0) = f(0,22) = 0 for all
x1, T2 € R) but the function is not even continuous at (0, 0).

Détour. Though this goes far beyond the scope of this class, it is worth mentioning
that the discussion of partial derivatives changes drastically if we consider differen-
tiable (= holomorphic = analytic) functions of several complex variables. In this
case, the existence (in an open neighborhood of a) of partial derivatives 0/0z; for all
j=1,...,m implies the continuity of f and the existence of the ‘full’ derivative D f
near a. This statement is known under the name Hartog’s theorem and provides
another illustration of the fact that the differentiability with respect to a complex
variable (i.e., the existence of a local expansion f(z) = f(a)+ f'(a)(z—a)+o(]z—al)
as z — a) is a drastically more rigid assumption than the real-differentiability; see
the course Analyse Compleze in the spring term.

November 25, 2020

1.1. ‘Technical lemmas’. Let us now briefly discuss standard ‘technical’ facts
on differentiable mappings between Banach spaces, which typically can be easily
reduced to similar statements for functions of one real variable. The first lemma is
almost trivial and serves as an illustration of how such a reduction works.

Lemma 1.6. Let [a,b] be a straight segment in U C E. If f € CY(U; F), then

F0) = f(a) = [ [, (Df)(a+t(b—a))dt](b— a), (1.2)

where the integral of a continuous mapping t — (Df)(a + t(b—a)) € L(E; F) is
understood in the Riemann sense.

Proof. If we set g(t) := f(a+t(b—a)), then f'(¢t) = [(Df)(a+t(b—a))](b—a) by
the chain rule. Now we can

e either say that the standard proof for functions of one real variable works
in the same way for all target Banach spaces F;

e or to use another reduction to a one-dimensional situation — now for the
target space F' — based upon the Hahn—-Banach theorem: for each bounded
linear functionals A € F’, the function ¢ — Ag(t) is a real-valued continu-
ously differentiable function on [0, 1] and hence Ag(1)—Ag(0) = fol Ag'(t)dt.
This implies that

1
A(f(6) = fa)) = A[ [, (Df)(a+t(b—a))dt](b— a).

Since this holds for all A € F', we conclude that (1.2) also holds: indeed,

if Af =0 for all A€ F’, then f = 0 due to Hahn—Banach. O
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It is trivial that a linear combination of finitely many C'! mappings is again a
C! mapping. The following technical statement extends this property to integrals
with respect to a (real) parameter.

Lemma 1.7. Let U C E be an open set, [19,71] CR and f : U X [19, 1] = F be
such that f(-,7) € CY(U; F) for all T € [19,71] and, moreover, D, f is continuous
as a function of both x € E and T € [19,71], i-e., Dy f € C(U X [19, 11]; L(E; F)).
Then, the function

F(z):= [T f(z,7)dt
is continuously differentiable on U and, for all x € U,
[DF|(z) = f:gl D, f(x,7)dr,
where both integrals are understood in the Riemann sense.
Proof. For shortness, denote p(z,7) := D, f(x,7) and ®(x) := f;l o(x, 7)dr. Let

us first check that @ is continuous on U. Given e > 0 and a € U, for each 7 € [19, 71]
there exists 0(7,¢) > 0 such that

llo(x, ") — p(a, 7)|| < e provided that |7/ — 7| + ||z — a|| < d(7,¢)
and hence
lo(z, 7)) — wla, 7)|| < 2¢ provided that |7/ — 7| + ||z — a|| < §(7, ).
By compactness, we can find a finite sub-cover of the segment [7y, 71] by intervals
(t—16(r,e),7+30(7,)) and denote by Jy = Jo() the minimum of the correspond-
ing (finitely many) values (7,¢). Then,
lo(z,7) — ¢(a,T)|| < 2¢ for all T € [y, 1] provided that ||z — a|| < 3d0(e)
and hence
|®(z) — ®(a)|| < 2¢- |71 — 7o provided that ||z — al| < £80(e).

Let us now simplify the consideration and, given a € U, replace f(z,7) by the

function
g(z,7) = f(z,7) = fla,7) = p(a,7)(x — a).

Note that D,g(a,7) = Dyf(a,7) — ¢(a,7) = 0 and our goal is to prove that
DG(a) = 0, where G(z) := f:ol g(x,7)dr. This is a variation of the compactness
argument used above to prove the continuity of ®: since D,g(a,7) = 0 (and because
of the fact that D,g(x,7) = D, f(x,7) — ¢(a,T) is a continuous function of both
arguments), for each e > 0 there exists § > 0 such that

| Dyg(z,7)|| < e for all T € [19,71] provided that ||z —al| < ¢
and hence, using Lemma 1.6 applied to a function f(-,7) and b = z,
llg(z, 7)|| < ellx — al for all 7 € [r9, 7] provided that ||z — a|| < 6.

Integrating this in 7, we get the estimate |G(2)| < e|m — 70| - ||z — a]| for all x such
that ||z — a]| < 6 = 0(g). This means that ||G(x)| = o(||z — a]|) as x — a. O

In the proof given above we relied upon Lemma 1.6 when saying that a uniform
estimate on the derivative of a mapping implies the natural uniform estimate on
the increments of this mapping. Similarly to the one-real-variable context, for such
a claim there is no need to assume that f is continuously differentiable:
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Lemma 1.8. Let [a,b] be a straight segment in U C E and a mapping f : U — F
be differentiable at all points on [a,b]. Then,

1F() = f(a)llr < supsepap IDf(@)lleezr) - 1Ib = all &

Proof. As in Lemma 1.6, the claim can be easily reduced to the one-real-variable
context by considering a functional A € F” and a function g(t) := Af(a+t(b—a)),
g :[0,1] = R. Since ¢'(t) = A(Df)(a + t(b—a))(b— a), we have

IA(f(b) = fa))]] < sup [A(DS)(@)(b = a)|| < [|A[l- sup [[Df()] - [|b— all

z€[a,b]
Due to Hahn-Banach, one can choose a functional A € F’ so that ||A| = 1 and
JA(f () — f(a)|l = || f(b) — f(a)|, which implies the desired claim. O

Remark. Let us also briefly recall/discuss the proof of the one-real-variable result:
e Given a function g : [0,1] — R, the most standard way to estimate the
increment g(1) — g(0) by supycp1)lg'(t)] is to find an extremum of the
function g(t) —t(g(1) — g(0)) (which has the same values ¢g(0) at both ¢t =0
and ¢ = 1) and to say that ¢'(t) = g(1) — g(0) at this extremal point.
This proof does not directly apply to the multi-dimensional setup: even for
smooth curves g : [0, 1] — R? there is no guarantee that there exists ¢ € [0, 1]
such that ¢'(t) = g(1) — ¢(0): e.g., consider g(t) := cos(2xt, sin 27t).
e However, there is another standard one-dimensional proof which can be
directly generalized to the setup of Lemma 1.8 in order to avoid using the
axiom of choice: denote M := sup,¢(, ;) [|Df(z)| and consider the set

{zelad]:[[f(z) - fla)ll < (M+e)-|z—al}.
For each ¢ > 0 this set is simultaneously closed (trivially by continuity)
and open (if z € [a, b] belongs to this set, then a certain open neighborhood
of z does since ||f(2") — f(z)|| < [[Df (@) - [l — =[| + of|]+" — z[])), thus
lf(b) — f(a)|| < (M +¢)||b — al| for all € > 0 and we can send £ — 0.

The last ’technical’ lemma concerns limits of differentiable functions.

Lemma 1.9. Let f,, : E D U — F be everywhere differentiable in U. Assume that
fn = f (pointwise) and Df, =: o, = @ uniformly on U. Then, f is everywhere
differentiable in U and Df = ¢. Moreover, if f € CY(U; F), then f € CY(U; F).

Proof. The proof mimics the one-real-variable case. Given a € U and € > 0, we
can find N = N(e) such that |Df, — ¢|| < e and hence ||Df, — Dfn| < 2¢ for all
n > N = N(g), uniformly in U. Applying Lemma 1.8 in a vicinity of a, we see that
[(fn(z) = fn(2)) = (fula) = fn(a))] < 2¢-lz—al.
Since the function fy is differentiable at a, we know that
Ifn(2) = fn(a) = Dfn(a)(z —a)|| < e-[lo—al if [z—al <6=0(,N).
Finally, ||[Dfn(a) — ¢(a)|] < € provided that N(e) is chosen large enough. All
together, we have
[fn(z) = fn(a) —pla)(z — a)|| < deflz —a| if [l —al <d(,N(€))
for all n > N(e) and hence the same for the limit f of functions f,. This means

that f is differentiable at a and D f(a) = ¢(a). If, in addition, f,, € CY(U; F), then
Df = ¢ € C(U; F) as the uniform limit of continuous mappings ¢,, € C(U; F). O
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2. THE SYMMETRY OF PARTIAL DERIVATIVES AND THE TAYLOR FORMULA

Let us now come back to the setup when £ = F; x ... E,,. As discussed in the
previous lecture, the existence of all partial derivatives D, f : U — L(E;; F) is
not enough even to guarantee the continuity of a mapping f : E D U — F, letting
alone the differentiability. However, if we require that all these partial derivatives
are continuous, the situation becomes much nicer.

Theorem 2.1. Let a € U and all the partial derivatives Do, f, j =1,...,m, of a
mapping f : U — F exist in an open neighborhood of the point a and are continuous
at this point. Then, the mapping [ is differentiable at a and

[Df(a)lh =370 [Dy; f(a)lhy, where b= (hi,....hy) € E=Ey X ... x Ep,.
In particular, if Dy, f € C(U; L(Ej; F)) for all j=1,...,m, then f € C'(U; F).
Proof. This is a simple corollary of Lemma 1.8. Let

g(x) = f(2) = 32741 [Da, f(a) (x5 — aj).

Note that D,,g =0 for all j = 1,...,m and that we aim to prove that Dg = 0. For
x close enough to a, denote a sequence of points ) € U, j =0, ...,m, as follows:

2 = (T1s ey @ g1y e ey O )
note that (®) = ¢ and ") = 2. Applying Lemma 1.8 on each of the segments
(20D, 20)] C U we see that
lg(x?) — g(@¥=D)|| < suppuu-v 40 1 De,gll - lj — ajl -
Since Dy, g is continuous at the point a and (D, g)(a) = 0, for each ¢ there exists
0 > 0 such that all |[D,,g[| < e provided that ||z —al = 3771, [lz; — a4 < 9.
Therefore,
lg(z) = g(a) < X7 lg(@) = g(z=D)]| < me - [l — all
provided that ||z — a|| < 0 = d(¢g), i.e., g(x) = g(a) + o(||x — al|) as z — a. O
The next important fact (which is also a corollary of Lemma 1.8) to discuss is

the symmetry of partial derivatives under the assumption of their continuity. It is
convenient to start the consideration with a particular case E = R2.

Proposition 2.2. Let (0,0) € U C R? and f € C(U; F). Assume that the partial
derivative of the function Of /Ox1 with respect to xo exists in an open neighborhood
of the point (0,0) and is continuous at this point. Then, the partial derivative of
the function Of /0xq with respect to x1 at the point (0,0) also exists and

9 0f o 0 0f
81’1 6$2 ’ 8I2 (9561
Proof. Note that we can assume that 0/0z2(9f/021)(0,0) = 0 without loss of
generality: indeed, replacing f(z1,x2) by f(x1,22) — 0/0x2(0f/0x1)(0,0) - z122
neither change the differentiability assumptions nor the claim to be proved.
For (z1,x2) close enough to (0,0), let
g(@1,@2) :=f(21,22) — f(21,0);
h(zlazQ) —g(l'l,J?Q) g(o ‘r2)
( 1,1’2) .f( ) f(0,1'2)+f(070)7

5--(0,0).
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note that the latter expression is symmetric in x1, z2 and that we aim to prove that

i (0F/022)(@1,0) = @F/922)(0,0) _ ) hevwe) @ o

z1—0 1 z1—=0z2—0  T1T9

On the other hand, it directly follows from Lemma 1.8 that

[h(z1,22)|| < SupPy, (0,00 1(09/021) (t1, 22)|| - |21
and
[(0g/0z1)(t1, z2)|| = [[(Of /01)(t1, 2) — (Of /Oz1)(t1,0) ||
< SUDy,(0,0,) 10/022(0f [0x1) (t1, t2) || - |22].

As the latter second partial derivative is assumed to be continuous at the point
(0,0) and vanishes at this point, the proof is in fact complete: for each € > 0 one
can find § > 0 such that

|0/022(0f/Ox1)(t1,t2)|| < e and hence ||h(z1,x2)|| < e - |x1]|2s].

A

for all (¢1,t2) € [0,21] X [0, 23], provided that |z1| + |z2| < 6 = d(¢). In particular,
this uniform bound implies that |lim,, o h(x1,22)/z2| < € |z1] if |x1] < d(e).
Thus, the limit as 1 — 0 in (2.1) exists and equals to 0. O

We will start the next lecture by discussing why Proposition 2.2 implies that the
m-th derivative of a mapping f € C™(FE; F) is a symmetric multi-linear mapping,.

November 30, 2020

In the previous lecture we proved Proposition 2.2, which says — under a certain
continuity assumption — that the second partial derivatives of a function f : R2 — F
are symmetric with respect to the order of the derivations. The next theorem is a
straightforward corollary of this proposition.

Theorem 2.3. Let E, F be Banach spaces and f € C™(U; F) be a m times con-
tinuously differentiable function defined on an open set U C E. Then, its m-th
derivative is a symmetric multi-linear mapping: D™ f € C(U; LI™(E; F)).
Proof. Let a € U and hq,...,h,, € E. Consider a function g : R™ DV — F
defined by

g(tl, e ,tm) = f(a + tlhl + ...+ tmhm)7
where V := {(t1,...,tm) ER™:a+t1h1 + ...+ tmhy € UL Tt is easy to see (e.g.,
by induction in m) that
o 99
oty Ot
As we assume the continuity of (D" f)(a) in a, Proposition 2.2 yields that the

right-hand side is symmetric with respect to the order of derivations. Therefore,
the multi-linear mapping [(D™ f)(a)](h1, ..., hy) is symmetric in Ay, ..., Ay, O

[D™f(a+tih1 + ...+ tmhm)](h1, ... hy) = (t1, .- tm)-

Before going further to the Taylor formula, let us discuss two more exercises on
how usual formulas for second derivatives read in the multi-dimensional situation.
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(1) What happens with the standard formula (f1 f2)” = fi' fo + 2f1 f5 + f1.fY?

Let L € L(F1,F5;F) and f12: E D U — Fy 2 be twice differentiable
mappings. Recall that, if f = L(f1, f2), then

[(Df)(a)lh = L((Df1)(a)h, f2(a)) + L(f1(a), (Df2)(a)h).

Differentiating this one more time in the direction k, we get

[(Df)(@)](k,h) = L((D*f1)(a)(k, h), fa(a)) + L((Df1)(a)h, (D f2)(a)k)
+ L((Df)(a)k, (Df2)(a)h) + L(f1(a), (D*f2)(a) (K, h)).

(2) What happens with the standard formula (gof)” = (g"of)-(f")2+(g’ o f)-f"?
Recall that
[D(ge f)a)lh = [Dg(f(a)l(Df)(a)h.

Differentiating this once more in the direction k, we get

[D*(go f)(@)(k,h) = [D*g(f(a)](Df)(a)k, (Df)(a)h)
+ (Dg)(f(a)) [(D*f)(a)](k, h).
Let us now discuss the Taylor formula for mappings between Banach spaces.

Theorem 2.4 (Taylor’s formula). Let f € C™ Y(U;F) and, moreover, there
exists the m-th derivative (D™ f)(a) of f at a point a € U. Then,

m

F@) =Y S0 @] —a) +ofllz —a™) a5z a.
k=0 "

Moreover, if f € C™(U;F) and D™ f exists at all points of the segment |a, z],
then the remainder is bounded by m SUPy oo (D™ O -l — al| ™.

Proof. Denote g(z) = f(z) — >ty 5l(D¥f)(a)](z — a). It is easy to see that
(D*g)(a) = 0 for all k = 0,...,m. Indeed, if L € Ly(FE;F) is a multi-linear
mapping and £(z) := L(z —a) = L(z —a,...,x — a), then
o (D*¢)(a) =0if s < k since at least one of x — a survive in D*¢;
o [(D*f)(x)]h = k!L(h) if s = k for all z, the factor k! appears since each
time — when differentiating — we should replace x — a by h and there are k!
ways to obtain all arguments h from all arguments z — a.
o (D*¢)(z) =0 for all z if s > k.
We need to prove that ||g(z)|| = o(||x — a||™). This can be easily done by induction:
(D™g)(a) = 0 means that ||[(D™ tg)(x)| = o(||x — a||) as & — a; then it follows
from Lemma 1.8 and (D™ 1g)(a) = 0 that ||[(D™ 2g)(z)|| = o(||z — al|?) etc.
The quantitative control of the remainder term through sup, ¢, 4 |l (D™ L) ()l
can be obtained in the same way (i.e., by inductively applying Lemma 1.8). [

Let us now discuss how the Taylor formula reads in terms of the partial deriva-
tives when F = R". It is easy to see by induction that

" B of
(933]'1 o 8.73jk

(DX £)(@))(hY,..., h®)) = (a) - b B

Jiy--odk=1
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If A = ... = h(®) = h, then we can use the symmetry of partial derivatives and
collect similar terms. Let s = (s1,...,5,) € N” be a mutli-index, where s; denotes
the number of instances of 9/0x; in the k-th partial derivative of f. In particular,

[s|:=s1+...+s, = k.
Then, [(D*f)(a)](h) = [(D*f)(a)](h,...,h) contains

ko k! B k [k
sl T oslis,! $1 82 ... Sp - S

oFf
oxs

terms .
(a)-h* = L(a)-hil...h#.

Ozt ... 0z

To summarize,

kY O°f .
e pwin = > (5) T
x
seN”: |s|=k
and the Taylor formula can be rewritten as
1ollf . m
i@ = Y S5 @ @ (e —al™) as za,

sEN”: |s|<m

where we use the same notation (x — a)® := (x1 —a1)®* - ... (z, — a,)® as above.

Let us now briefly discuss a traditional terminology used in finite-dimensional
situations.

o Let E =R" and F = R. Then, the vector Vf := (0f/0x1 ... 0f/0xy) is
called the gradient of f. In what follows we view R™ as the space of column
vectors so that the real number [(Df)(a)](h) = (Vf)(a) - h can be simply
viewed as a product of a 1 X n and n x 1 matrices; in other words, we view
the (row) vector V f(a) as an element of the dual space. However, in many

situations it is convenient to use the self-duality of R™ and to define the
gradient as a column vector too so that [(Df)(a)](h) = ((Vf)(a),h).

e Let F = F =R". The Jacobian (determinant) of f : R™ D U — R" is
0fp]"
Oz,

deca(f). ) = | ;
p,q=1
the n xn matrix J(f) of partial derivatives (which is nothing but the matrix
representation of (Df)(a) € L(R™)) is called a Jacobian matriz.
o Let E=R" and F = R. The Hessian (matriz) of f :R™" DU — R is
o?f 1"
(/) = [8%8%}
The symmetric(!) matrix H(f) represents the second derivative of f as
follows: [(D?f)(a)](k,h) =k -H(f)(a) - h.
Finally, let us formulate the usual criterion for extremal points of a mapping
f:EDU— RatapointaeU.

Proposition 2.5. Let f € CY(U;R) and there exists (D*f)(a) € L™ (E;R).
Then,

p,q=1
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o if a is an extremal point of f, then (Df)(a) =0 and (D?f)(a) > 0 (mini-
mum) or (D?f)(a) < 0 (mazimum), in the sense of quadratic forms (i.e.,
[(D2f)(a)](h) > 0 for all h € E at a minimum and similarly for mazima);

o wice versa, if (Df)(a) =0 and [(D?f)(a)](h) > c- ||h||* for all h € E and

some ¢ > 0, then a is a local minimum of f; and similarly for mazima.

Proof. This is a trivial corollary of the Taylor formula with m = 2. O

We conclude this lecture by a few simple remarks on this standard ‘second de-
rivative’ criterion of extremal points.

e The sufficient condition [(D?f)(a)](h) > c||h||*> actually makes sense only
when we work in Hilbert spaces or, more precisely, with norms that are
equivalent to Hilbert ones: since we also have [(D?f)(a)](h) < C|/h||?, the
quadratic form [(D?f)(a)](h) can be used to introduce the scalar product
structure, which gives rise to a norm ([(D?f)(a)](h))/? < ||A]|.

e In the one-dimensional situation, the roots of the derivative f'(a) = 0 are
typically extrema of f, unless the second derivative at a degenerates. This
is not the case in the multi-dimensional situation: if (Df)(a) = 0 and the
second derivative (D?f)(a) is non-degenerate, it is typically neither positive
nor negative definite. (Indeed, the Hessian matrix (Hf)(a) typically has
eigenvalues of both signs.) Such points a are called saddle points of f.

e A possible way to check whether a nxn matrix (Hf)(a) is strictly(!) positive
definite is to consider its minors det[az’/azpamq]’;,q:l for k=1,...,n. The
Sylvester criterion says that the quadratic form (Hf)(a) is strictly positive
definite if and only if all these n determinants are positive.

December 02, 2020

3. INVERSE AND IMPLICIT FUNCTION THEOREMS

Today we discuss two important ‘technical’ statements on smooth functions,
which can be loosely formulated as follows:

e a local inverse f~! to a smooth mapping f exists and is smooth provided
that the derivative of f is non-degenerate (‘inverse function theorem’);

e the zero set {(z,y) : f(z,y) = 0} of a smooth mapping f can be locally
viewed as a graph {(z,g(z))} of a smooth mapping g provided that the
partial derivative D, f is non-degenerate (‘implicit function theorem’).

Theorem 3.1. Let f € C™(U; F), m > 1, anda € U. Assume that the linear oper-
ator (Df)(a) € L(E; F) has a bounded inverse [(Df)(a)]~t € L(F; E). Then, there
exists an open neighborhood a € V- C U such that f is a homeomorphism of V' onto
an open set W C F and, moreover, a C™-diffeomorphism (i.e., f~* € C™(W; E)).
In particular, f=1 is differentiable in W and (Df~1)(f(z)) = [(Df)(z)]"!, z € V.

Let us mention from the very beginning that — without loss of generality — one
can assume that F' = F and [(Df)(a)] = Idg if we consider the composition
(DA)@)] o f E—E
instead of the mapping f : E — F itself; note that the boundedness of opera-

tors (Df)(a) and [(Df)(a)]~! essentially says that E and F are isomorphic: more
precisely, E and F' are isomorphic up to a change of the norms by equivalent ones.
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Proposition 3.2. Let g : E C V — E be a q-Lipschitz mapping, where q < 1.
Then, the mapping f : © — x + g(x) is a homeomorphism between V' and an open
set f(V) C E. Moreover, the inverse mapping f~* is (1—q)~1-Lipschitz.

Proof. 1t directly follows from the g-Lipschitzness of the mapping g that
If(@) = f@) = A —-q)lla" -z, za" €V

Thus f is a bi-Lipschitz bijection of V and f(V'), so essentially we only need to
prove that f(V') is an open set in E. This follows from the fixed point theorem for
g-Lipschitz mappings, as follows.

Let b = f(a) € f(V) and 7 > 0 be such that B(a,7) C V. We aim to prove
that B(b, (1 — q)r) C f(V). To this end, given a point y € B(b, (1 — ¢)r), consider
a mapping x — y — g(x). This mapping (a) is ¢-Lipschitz (since so is g) and (b)
maps the closed ball B(a,r) into itself: if |2 — a|| < r, then

[(y—g(x) —al < |ly=>0|+lg(x)+ (a—0)
= lly=bll+llg(x) —gla)]| < (1—=q)r +qllz—al < r

Since B(a,r) is a complete metric space, there exists a point € B(a,r) such that
z=y—g(z), e, y= f(z). Thus, B(f(a),(1—qr)) C f(B(a,1)). O

Proof of Theorem 3.1. As discussed above, for simplicity let us assume (without
loss of generality) that = F and (Df)(a) = Idg. Let p = p;/2 > 0 be such that

V = Vijs = Bla,pij2) C {w € U |(Df)(e) — 1d]| < 1},

If we denote g(z) := f(x) — z, then the mapping g is i-Lipschitz in V due to
Lemma 1.8. Therefore, it follows from Proposition 3.2 that W := f(V') is an open
set in E and that f:V — W is a homeomorphism.

Let us now prove that the inverse mapping f~! : W — V is differentiable at
the point b := f(a) and that (Df~1)(b) = Id. To this end, define open balls
Ve = B(a, p:) similarly to V; o and let W, := f(Vz). Then, for all y € W, we have

I~ ) —a) = (=) = llg(f~ () — (S @)
< e lf 7 -1 < -7 ly - oll,

where we consecutively used the Lipshitzness of ¢ and the Lipshitzness of f~!.
Thus,

') =a+ -0 +o(ly—bl) as y —b,
., (DF)(b) = 1d = [(Df) (@),

We can apply the same argument for all points 2 € V; /5 since (D f)(x) is invert-
ible for all & € V5. Therefore, the derivative (Df~')(y) = [(Df)(z)]~!, where
y = f(x), is defined pointwise in W = W, 5 and it only remains to prove that this
derivative depends on y continuously. Note that

Df ' = woDfof ™, WS v e R ™ L(FE),

is a composition of continuous mappings, i.e., Df~t € C(W; L(F; E)).

Finally, for f € C™(U; F) with m > 2 one can use an inductive argument: if we
already know that f=t € C™~1(W; E), then the explicit formula for Df~! implies
that Df~! is m — 1 times continuously differentiable, i.e., f~1 € C™(W; E). a
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Theorem 3.3. Let (xo,y0) € U C E X F and f € C™(U; F), where m > 1.
Assume that f(zo,y0) = 0 and that the linear operator (Dy f)(xo,yo) is invertible
in L(F). Then, there exist open neighborhoods xo € V C E and yo € W C F and
a C™-smooth function g :V — W such that V. x W C U and

flz,y) =0 & y=g(zx) for (z,y) eV x W.
Proof. Let
Y(z,y) = (z, f(x,y)), ¢:ExF>U—=EXF,
and note that

[(DY)(0, Y0)](has hry) = (har, [(Da f) (20, y0)lha + [(Dy f) (0, y0)lhy)

is an invertible operator in L(E x F): its inverse can be explicitly written as

(kas ky) = (ko [(Dyf)(zo,90)] ™ (ky — [(Daf)(wo, y0) ko))

Therefore, we can apply Theorem 3.1 to the mapping 1 and find a neighborhood
U="VyxW 3> (z9,y0) such that ¥ is a C™-diffeomorphism of U onto an open
set Y(U) C E x F. By definition, for (x,y) € Vi x W, the equation f(z,y) =0 is
equivalent to ¥ (z,y) = (z,0). Now let

V = {zeVy:(z,0) eyp(U)}
(V >z is an open set in E since ¢(U) is open in E x F') and
g(x) :== (rp oy H(x,0) for z€V.

The proof is complete (the C™-smoothness of g follows from that of 1)~ 1). O

4. (COMPACT) SMOOTH MANIFOLDS

We conclude this lecture by briefly discussing a notion of a compact smooth
manifold (embedded) in R and will continue next time by discussing its link with
an ‘abstract’ definition of compact smooth manifolds that was mentioned in the
first part of the course.

Definition 4.1. A compact set M™ C RN (where N > n) is called a C*-smooth
manifold of dimension n if

(1) for each point a € M™ there exists an open neighborhood a € U C RY and
a smooth mapping f € C*(U;RN=") such that rank(Df)(a) = N —n and
M"NU={ze€U: f(z)=0}.
or, equivalently,
(2) for each point a € M™ there exist a subset J = {j1,...,jn} C[1,N] CN of
coordinates, an open neighborhood a € U =V x W C R’ x RIENINT and o
smooth mapping g € C*(V: W) such that M"NU = {(z5,9(xs)),r; € V}.

The equivalence (1)< (2) is a corollary of the implicit function theorem:
e ‘(1)=(2): since rank(Df)(a) = N —n, we can find a (N —n) x (N —n)
minor in the matrix (D f)(a) that admits a bounded inverse and denote by
J the set of remaining coordinates;

e ‘(2)=(1)": one can simply take f(z) := zp1 N} — 9(71).

We will continue discussing smooth manifolds in the next lecture.
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We concluded the last lecture by discussing two equivalent descriptions of (com-
pact) smooth n-dimensional manifold embedded into R™ (the word ‘smooth’ — here
and below — means either C* or C>): M = M™ is a compact subset of R" such
that for each point a € M the following holds

(1) there exists an open neighborhood a € U, C RY and a smooth function
fa : Uy — RN~ such that rank(Df,)(a) = N —n and

MNU,={z€U,: fo(x) =0}

(in other words, M NU is — locally — the zero set of a smooth function f,);

(2) there exists J C [1, N], #J = n, an open neighborhood a € U, = V, xW, C
RY x RENINT and a smooth function 9o : Vo — W, such that

MnU, ={(xs,9.(x7)); zj €V}

(i.e., M is — locally — a graph of a smooth function R/ — RILVINT),

The equivalence (1)< (2) easily follows from the implicit function theorem.

Recall also that in the first part of the course we also briefly discussed an ‘ab-
stract’ definition of smooth n-dimensional topological manifolds, which does not
require considering an ambient space R :

(0) M = M™ is called a (compact) smooth topological manifold of dimension n
if M is a compact Hausdorff topological space and there exists a (finite, by
compactness) open covering M = J ¢ 4 Ua such that

e cach U, C M is homeomoprhic (by a mapping ¢, : Uy — B"™) to the
unit open ball B™ C R™ and
e all compositions gz o ¢! are (C* or C*°) smooth on their natural
domains of definition ¢, (U, NUg) C B™.
Recall that U, are called charts and the collection (Uy)aeca — an atlas.

Also, note that one can speak about smooth (up to C*) functions between
topological manifolds:

e for s <k, a mapping f: M DU — M’ is called C*-smooth if all the
compositions ¢/ 0 fop ! are C*-smooth on their domains of definition
(where ¢/, denote the chart mappings on the manifold M’).

Clearly, this definition does not depend on the choice of a chart of M at
a point a € U neither on the chart of M’ at f(a) as we require that all
compositions ¢g o o, ! and go’ﬁ, o ga’;,l are C*-smooth and k > s.

It is easy to see that smooth manifolds embedded into RY can be viewed as a
particular case of the definition (0) of smooth topological manifolds:
e Indeed, in (2) one can choose V, € R/ to be an open ball and define
wq : Uy N M — V, to be the projection onto the coordinates R7. This is a
homeomorphism of since ;! = (id, g4 ).
e The compositions ¢y o ¢, ! are smooth on their domains of definitions is a
triviality since ¢y is a projection of g, on a (different) subset of coordinates.
In particular, one can speak about smooth functions defined on smooth manifolds

embedded into RY. It is also not hard (though less trivial) to prove that (0)=(2)
in the following sense:
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Proposition 4.2. Let M = M"™ be a compact C*- or C*>-smooth n-dimensional
topological manifold. Then there exists N > n (a priori, depending on M) and a
compact smooth manifold My C RN embedded into RN such that M is homeomor-
phic and, moreover, C*- or C®-, respectively, diffeomorphic to My .

The latter means that both the mapping M — My and its inverse My — M
are (C*- or C™-, respectively) smooth as mappings between topological manifolds;
recall that (2) can be viewed as a particular case of (0).

Proof. For a point a € M, let ¢, : M O U, — B™ be a homeomorphism such
that ¢, (a) = 0. (To find ¢,, consider a chart (U, ) on M such that a € U, an
open ball B"(p(a),r) C B™ = B™(0,1) and denote ¢,(-) := p~ ! (¢(-) — ¢(a));
U, := ¢, (B™"(p(a),r))). By compactness, one can find a finite subcover of M by
open sets ¢, 1(B(0, 2)) let aq,...,a,;, be the corresponding points in M. We now
construct the mapping

D = (D) g1, m : M™ — ROFD™

)

as follows':
P (2) == (([larll) - Pay (@) ; O([[0a, (z)])) € R"
+3[0,

where we declare @y (x) := 0 for ¢ U,, and 7,0 € C§°(R ]) are such that
e n(t) =1if t < 1; nis strictly decreasing on [3;3]; n(t) = 0if t > 3;
e O(t)y=11ift < 1; 0 is strictly decreasing on [f; %] 0(t)=0ift > %.
Let us first check that <I> is a bijection from M onto ®(M). Denote V, := ¢ 1 (B(0, 3)),

recall that the open sets Vi, k=1,...,m, cover M.
o Ifz,y € Vi, then @ (z) = P (y) implies z = y since the first (n-dimensional)
component of & equals ¢,, on Vj.
e If x € V but y € Vi, then the second component of ®(x) is strictly greater
than 6(3) whilst the first component of ®(y) is smaller or equal than 6(3).
For simplicity (and without loss of generality) assume that £ = 1 and note that

d(Vy) = d(M)N{y e ROTI™ > 0(1)}
= d(M)Nn{y c R(vtDm . y%—|—...—|—y,2l < %, Ynt1 > 9(%)}

and, moreover, on the set ®(V}) all the remaining coordinates are smooth functions
of ¢g, (), k =2,...,m, and hence smooth functions of ¢4, () = (y1,...,yn) since
all the compositions ¢,, ¢, ! are smooth (and y,41 = 0(||¢a, (x)]]) is also a smooth
function of ¥ + ...+ 42 = ||¢a, (z)||* on ®(V1)).

Thus, there exists a smooth function g : B(0, %) — R+Dm=n gych that

®(V1) = ¢(M)N [B(O7 %) X ((9(%)’_‘_00) « R(nJrl)(m—l))]
= {1, Yns 915 Un))s (W1,---,yn) € B(0,3) ).

In particular, ®(M) is a smooth (and compact as a continuous image of a compact
topological space M) manifold embedded into RN,

The fact that smooth manifolds M and ®(M) are diffeomorphic is a triviality
since (y1,...,Yn) = @a, () on Vi, thus there is nothing to prove if we consider the
chart (V1,¢(a1)) on M and the corresponding chart (®(V1); 7gn) on ®(M). O

1Cornpared to the mess which appeared during the lecture with the bijection property, let
us simply keep the information about all ||¢q, ()| as additional coordinates and embed the
topological manifold M into R(**TD™ instead of R™™.
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We start by a general remark on the definitions of a (compact) smooth manifold.
In the last lecture we discussed the equivalence of the three viewpoints:

(0) ‘abstract’ definition (charts ¢, : M D U — R™ in a topological space M);
(1) M C RY is (locally) the zero set of a smooth function f : RN — RN—";
(2) M C R¥ is locally the graph of a smooth function g : R — RN =",
The viewpoint (2) is probably the most intuitive one but it is worth noting that
(0)—(2) are not equivalent in the other contexts due to the additional ‘rigidity’
present in other classes of functions (by which one can replace R-smooth ones) and
that (2) is actually the least appropriate for such generalizations. E.g., one uses
(0) with f being a polynomial mapping in order to define algebraic manifolds
(and, further, algebraic varieties);
(1) to define C-manifolds (aka Riemann surfaces if n = 1).
In both cases, one cannot reformulate the definition via (2): in the former case the
(local) solution of polynomial equations is not polynomial; in the latter there is no
way to embed an abstract C-manifold into C (as in Proposition 4.2) because of
the rigidity of complex-differentiable (=holomorphic=analytic) mappings.

4.1. Tangent space and tangent bundle of a smooth manifold. Let M™ be
a smooth R-manifold and first assume that we view it in the sense of (1) or (2) (i.e.,
as a smooth manifold ‘embedded into RY; we emphasize this viewpoint by using
the notation My = MY instead of M = M™). In this case we can speak about a
tangent space to MYy, at a point a € My, by defining

TuMy = Ker[(Df)(a)] = {(v,[(Dg)(a,)lv), v € RS,
where the first definition relies upon (1) and the second upon (2); in this approach
T, M% is understood as an n-dimensional subspace of RY.

It is easy to see that T, M depends on My only and not on the choice of f or
the set of coordinates J C [1, N], #J = n (clearly, the choice of J (locally) defines
g uniquely). Indeed, for all pairs f and g one has f(z;,g(z;)) = 0 and hence the
chain rule gives

[(Df)(@)](v: [(Dg)(as)lv) =0 for all v € R,

i.e., Ker[(Df)(a)] D {(v,[(Dg)(as)]v), v € R'}. However, the non-degeneracy con-
dition rank[(Df)(a)] = N — n can be written as dim Ker[(Df)(a)] = n. Therefore,
these two spaces are equal since dim{(v, [(Dg)(as)v), v € R’} = dimR’ = n too.

Let us now give the definition of the tangent space T, M for smooth topological
manifolds, using the preceding discussion as the motivation.

e Let M = M™ be a smooth topological manifold of dimension n and let
a € M. Consider the set ', of all smooth curves v : [-1,1] — M such that
~v(0) = a and introduce the equivalence relation

v~ if (9a07)'(0) = (¢a 071)'(0)
in a certain (and then in all, by the chain rule) chart U, > a.
Definition 4.3. The tangent space T, M at a € M is the set of equivalence classes

T'w/ ~ equipped with the vector and topological structures of R™ by [v] <> (¢q07)'(0).
(These structures do not depend on the choice of the chart v, due to the chain rule.)
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Assume now that f: M™ D> U — M{" is a C'-mapping between smooth mani-
folds (in general, of different dimensions n # nj). The simplest way to define the
derivative of f at a point a € U is to consider a local chart (Uy,,¢,) of M at a, a
local chart (V4,1) of My at b:= f(a) and to think about the mapping

Ppofo %;1 ¢ R D o (Uy) = (V) CR™
and about its derivative at the point v, (a).
e However, one can do better and define (D f)(a) in a chart-invariant way as
a linear operator
(Df)(a) s T,M — Tf(a)Ml, Teov— foye Ff(a)- (41)
Indeed, the mapping v — f o~ can be re-written in local charts as

a0y = (nofops)o(pacn) = yofoy
and hence the derivative D(1p, o f o ;1) (¢(a)) : R® — R™ can be written as the
linear operator

(0a 07)'(0) = [D(¥y 0 f 095" )(2(a))(¢a © ) (0) = (vn 0 f 07)'(0),
which also proves that (4.1) is correctly defined as a linear mapping acting from
.M =T,/ ~ to T,M; =T}/ ~ (and not only as a mapping from I, to I'}).

Remark 4.1. Let us emphasize that the tangent spaces T, M and Ty, M; depend
on the point a. This does not allow one to define higher derivatives of smooth
mappings f : M — M in a chart-invariant way: replacing f by 1, o f o o, we
identify all tangent spaces T, M, x € U,, with each other (and similarly for tangent
spaces T, M1, y € V;) and this identification is chart-dependent. This discussion
naturally leads to the course ‘Géométrie Différentielle’ so we stop it here.

Instead of identifying the tangent spaces T, M, a € M, with each other, one can
view the disjoint union of them as a smooth manifold of the twice larger dimension.

Definition 4.4. Let M be a C*-smooth topological manifold of dimension n. The
tangent bundle TM of M is a C*~-smooth topological manifold of dimension 2n
defined as follows:
o as a set, TM :=|],cp, TuM = {(a,v) : a€ M, v e T,M};
o each chart (Uy; o) of M defines a chart (Uy; ®o) of TM, where
U, = Uana T, M and the mapping ®,, : U, — B™ x R™ is defined as

Do ¢ (4, [7a]) = (ala), (0o ©7)(0)), Ya €T
(and the topology in TM is induced by the mappings D, ).

It is easy to see that thus defined TM is a Hausdorff topological space (though
never compact — because of the second ‘vector’ component — even if M was compact)
and that the charts ®, are C*~!-compatible:

Pgo® " (w,v) = ((ps o9 )(@),[D(psows’)(@)(v)).

Remark 4.2. Tt directly follows from the definition that each C*-smooth mapping
f:M"D>U — M givesrise to a C*¥~!-smooth mapping Df : TM" > TU — TM"
defined as (D f)(a,v) := (f(a),[(Df)(a)](v)). However, let us emphasize once again
that the tangent bundles TM™ and TM7"* are smooth manifolds of dimensions 2n
and 2n4, respectively, thus the ‘second derivative’ DD f : TTM™ D> TTU — TT M
is a much more complicated object than D2f for f : R® D> U — R™!; cf. Remark 4.1
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Quasi-détour. We conclude this section by sketching a proof of (a weak form of)
the Whitney embedding theorem that says that one can always replace an unknown
(depending on the manifold under consideration) dimension N in Proposition 4.2
by N = 2n + 1. (In fact, one can always take N = 2n and actually this can be
further slightly improved — using very deep techniques — unless n is a power of 2 in
which case the projective space M™ = RP™ cannot be embedded into R2"~1.)

Theorem 4.5. Let M = M™ be a compact C*-smooth topological manifold of di-
mension n with k > 2. Then, there exists a smooth topological manifold Ms, 1 em-
bedded into R?" 1 such that M is homeomorphic and Ck—diﬁeomorphic to Mop41.

Sketch of the proof. We already know from Proposition 4.2 that it is enough to con-
sider smooth manifolds embedded into a certain space RY (where N > n depends
on a manifold). Thus, it remains to explain how one can decrease this dimension to
2n + 1. (Decreasing it to 2n is less trivial, letting alone the further improvements.)
The key idea of the proof can be formulated as follows:
o If My, C RY is a smooth manifold of dimension n embedded into RY with
N > 2n + 2, then there exists a direction h € SN~1 c RY such that
the orthogonal projection 7,1 : RY — RM~! along the direction h is a
diffeomorphism of My C RN and M%_, =m0 (M) C RN ~1
Given a direction h € SV~ (i.e., h € RY such that ||| = 1), let us discuss what
can go wrong when we replace My by its orthogonal projection 7,1+ M. The first
(less conceptual) problem is that a pair of distinct points x,y € My can have the
same projections, which means that
th=H(z,y) = ﬁ (z,9) € (MyxMy) = (MyxMy)~{(z,2) : € My).
To rule out this scenario, note that (My x My)" is a smooth (non-compact) man-
ifold of dimension 2n and that H is a C! (even C* with k > 2) function on this
manifold. Then a simple lemma shows that the Hausdorff dimension of the image
of H cannot be greater than 2n. Provided that 2n < N — 1, this means that there
remains plenty of directions h € SN~! such that the projection along h leads to
a bijective correspondence of My and My_; := w1 (My). Since My is compact,
the continuous bijection 7,1 : My — Mpy_1 is (automatically) a homeomorphism.
A more conceptual obstacle is that, even if My and My_; are homeomorphic
as subsets of RN and RY !, respectively, the projection Mx_; is not necessary a
smooth manifold embedded in RVN=1 if h € T, My C RY for a certain a € My.
Exercise: Prove that if h € T, M then there exists an open neighborhood of the
point mpia € U C RN-1 guch that My_1 NU is the graph of a smooth function
and the projection w1 : My — My_1 is a local C*-diffeomorphism near a.
It remains to find h € SV-1 UaeMN T, My C RN. To this end, assume that
My is locally the graph of a smooth function V, 3 z; +— g(x;) € RILNINT . Then,

U, ev., Twsg@mMny = {(v,[(Dg)(zs)]v) : 25 € Vo, vERI} C RN

is a C''-smooth (actually, C*~!-smooth, this is where we use the fact that & > 2 and
not just k > 1) image of a 2n-dimensional open set V,, x R/ and thus its Hausdorff
dimension does not exceed 2n. Taking a union over (finitely many) charts we see
that it remains plenty of directions i which can be used to pass from My to My_;.

Note that the second part of the proof works for all N > 2n+1. Thus, to improve
R27*1 to R2™ one needs to remove possible ‘non-local’ intersections in Ma,,. O
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5. ORDINARY DIFFERENTIAL EQUATIONS: BASICS

Let E be a Banach space (later on, we will concentrate on the case E = RN ),

O C R x E be an open set, and f : O — E be a continuous function?. Given a

point (¢, o) € O, consider the Cauchy problem
u'(t) = f(t,u(t), wulty) = mo. (5.1)
A particular case when f does not depend on the time variable t and O =R x U,

where U is an open set in E, is called autonomous differential equations/systems.
In this case, the mapping f: F D U — E is called a vector-field on U.

Definition 5.1. A functionu € C*(I; E) is called a local solution of (5.1) if I 3 to
is an open interval (or an open ray or R), u(I) C O and (5.1) holds for allt € I.
It is worth emphasizing that
e we do not specify in advance the interval I on which u is defined.
Also, note that
e higher-order differential equations u(®) (t) = f(t,u(t),...,u* =D (t)) can be
re-written as U’(t) = F(t,U(t)), where U(t) := (u(t),...,u*="1(t)) € EF

and F(t,vo,...,05—1) := (v1,02,...,0—1, f(t, V0, ..., Vp—1));
e the setup is invariant under the time-reversal: if f_(t,2) = —f(2to — ¢, x),
then u_(t) := u(2ty — t) is a local solution of a similar Cauchy problem

with f replaced by f_ and vice versa.

Lemma 5.2. A function u is a local solution of the Cauchy problem (5.1) if and
only if u € C°(I; E), u(I) C O and the following integral equation is fulfilled:

u(t) = xo + t f(s,u(s))ds foralltel. (5.2)
to

In particular, if (5.2) holds, then uw € CY(I; E).
Proof. This is a direct corollary of the fundamental theorem of calculus. (Il

Remark 5.1. One can also consider differential equations on smooth manifolds. In
this case, f should be thought of as a function f : Rx M > O — TM (or as
f: M DU — TM for autonomous equations) such that f(¢t,z) € T, M and the
equation (5.1) should be, as usual, understood via local charts ¢, of M as

(a0 ) (t) = (pa 07 “D)(0), where [y“O] = f(t,u(t))
is an equivalence class of smooth curves 4(*(*) : (=1,1) — M passing through the
point u(t) = v(*®)(0). Clearly, this differential equation is chart-independent: as
usual, if one replaces a local chart ¢, by another one g, this simply results in
applying the invertible linear operator D (g o v 1)(pa(u(t))) to both sides.

There are several basic questions on the Cauchy problem (5.1):

2Tt is worth noting that a continuous function is always locally bounded: for each (to,zo) € O
there exist small enough 7, p > 0 such that sup, .\cB 1y, ) xB(xo.p) | f(t,2)|| < +oo. However, if
E is infinite-dimensional, then f can be unbounded on larger sets B(tg, T) x B(zo, R) C O as the
closed unit ball in F is not compact.
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(1) Local existence: under which conditions on f can one guarantee that a
local solution exists? We do not discuss this in detail, still let us mention
the following results:

e Peano’s theorem for E = RN. For finite-dimensional spaces E,
the continuity assumption f € C(O;E) is already sufficient for the
existence of local solutions.

e However, this is not true for infinite-dimensional Banach spaces E: it
can® happen that no local solution of (5.1) exists. The reason is that all
the proof of the classical Peano theorem relies on a certain compactness
argument, which fails in infinite-dimensional spaces unless additional
assumptions on f are imposed (e.g., Peano theorem holds provided
that f is a compact mapping, i.e., that it sends closed balls in O into
pre-compact subsets of E); see a détour after Theorem 5.3.

(2) Local uniqueness: under which assumptions on f can one guarantee that
a solution of the Cauchy problem (5.1) is locally unique? (More precisely,
the local uniqueness means that if u; o are two solutions of (5.1) defined on
intervals I 2, respectively, then there exists an open interval tg € I C I1 N1
such that u(t) = ua(t) for all ¢t € I).

A classical theorem (which is usually attributed to Picard (and Lindel6f)
in the English-German-Polish-Russian tradition, and to Cauchy and Lips-
chitz in the French one) is that the local Lipschitness of f in x:

1£(t.z) = f(ty)]| < Crp - llw —yl| forall t € B(to,7), 2,y € B(zo,p) (5.3)

(together with the continuity of f) is sufficient for both the local existence
and uniqueness; see Theorem 5.3 below.

(3) Maximal solutions, more precisely their behavior near the endpoints of
the maximal existence interval. To give a definition, assume that the local
uniqueness property holds at all points of O. Then, it is easy to see that

e if u; 5 are two local solutions of the same Cauchy problem (5.1), then
u1(t) = ug(t) for all t € Iy N Iy (and not only for t € I C I; N I5).
[ Proof. the set {t € [1NI5 : ui(t) = uz(t)} is obviously closed in I3 N1y
but is also open as we can apply the local uniqueness property for the
Cauchy problem with the initial data (¢, ), x := u1(t) = ua(t).]
This observation (provided that the local uniqueness holds everywhere in O)
allows one to define

e the mazimal existence interval Iyax = Imax(to,Zo) of a local solution
of (5.1) simply as the union of all intervals Iz on which all possible
local solutions ug of (5.1) are defined;

e and the mazimal solution Umax € C'(Imax; E) of (5.1) by setting
uct) = ug(t) for t € Ig; recall that all these local solutions agree
with each other provided we have the local uniqueness property.

If © = I x U and especially for autonomous equations (in which case
O =R x U), it is natural to ask what can prevent a maximal solution to
be defined on the whole I; e.g., how u(t) behaves if t — sup Ijyax < sup .

3The first example of such a differential equation was given in 1949 by Jean Dieudonné in his
short note Deux exemples singuliers d’equations différetielles (available online).
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Before discussing general theorems, it is instructive to consider the following toy
example: an autonomous differential equation in the one-dimensional space £ = R

u = |ul®, (5.4)

where o # 0 is a fixed parameter. Note that u(t) = 0 is always a solution of this
equation provided that a > 0.

(a) Let a = 1. Then the solutions of (5.4) are Ce! and —Ce™t, where C > 0
(the sign appears due to the absolute value in the right-hand side of (5.4)).
This is the best possible situation: we have the local existence and unique-
ness at all points, and I,.x = R for all solutions.

(b) Let @ > 1. Then the non-zero solution of (5.4) read as
u(t) = |(a — 1)(T — )7 _sign(T —t), where T = T(to,z0) € R.

In this case we still have the local existence and uniqueness at all points
but Iax = (—00,T) for solutions started at z¢g > 0 and Iyax = (T, +00)
for those with x¢ < 0.

(c) Let 0 < @ < 1. Similarly to the previous case, local solutions of (5.4) with
xp # 0 are

u(t) = |(1 — a)(t = T)|V/O=) sign(t — T), where T =T(to,z0) € R.

However, now there is no local uniqueness property if xo = 0. In this case
each local solution can be extended to a solution defined on I = R but we
prefer not to speak about .« as this extension is not unique®.

Remark 5.2. Note that the right-hand side f(z) = |z|® of (5.4) is not Lipschitz at
the point xy = 0 but is still a-Holder, where o can be arbitrary close to 1. This
example illustrates the fact that the Lipschitzness of f (in the space variable x) is
really crucial for the local uniqueness.

(d) Finally, let @ < 0, in this case the right-hand side f : U — R of (5.4) is
defined only on U = R, UR_, the solutions are as in (¢) and Inax = (T, +00)
or Imax = (—00,T) depending on the sign of xg. This situation is very
similar to (b) except that instead of the ‘blow-up’ u(t) — foo ast — T we
now have u(t) > 0¢ U ast — T.

We now move back to a general setup. Assume that (tp,zo) € O and that f is
continuous (and hence locally bounded) and locally Lipschitz in  near the point
(to, o), namely that for certain 7, p > 0 such that B(to, ) x B(xo,p) C O we have

lf(t,x)| < M-, for all (t,z) € B(to,T) x B(wo, p);
| ft,z) = f(t,y)|| < Crpllz — vyl for all t € B(to,7) and z,y € B(xo, p).

Theorem 5.3 (Picard(—Lindel6f)/Cauchy—Lipschitz). Under the above as-
sumptions, there exists ¢ = e(t,p, M; ,,Cr,) > 0 such that the Cauchy prob-
lem (5.1) has(!) a unique(!) solution on an interval I = I.(ty) := (to — &,t0 + €).

4Even without the local uniqueness one can define mazimal solutions umax of (5.1) by requiring
that there is no other solution u of (5.1) defined on a strictly larger interval I D Iypax such that
u(t) = umax(t) for all t € Imax. However, if a local solution can be extended to a maximal one in
a non-unique way, then the corresponding intervals Imax can depend on the choice of umax-
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1

Proof. Assume that ¢ < 7 is chosen so that € - M, , < %p and € - C;, < 3, and

consider a (non-linear) mapping
t
A:C(I;B(zo,1p)) 2urr Aue C(LE), (Au)(t) :=x0+ [ [f(s,u(s))ds.
to

Note that A maps C(I; B(zo, 5p)) into itself since
[(Auw)()|| < [t —to| M., < ip foralltel

Moreover, A is a %—Lipsehitz contraction since

[(Au)(t) = (Av)(@)]| < (£ =to) - t 1 (t,u(s)) = f(# v(s))lldt

< |t —to|Crp - sup, 7 lu(s) —v(s)|| < Fllu— vl for all t € 1.

Therefore, the fixed point principle applies and there exists a unique function
uy € C(I; B(zo, 3p)) such that Aug = ug, which is nothing but the integral re-
formulation (5.2) of the Cauchy problem (5.1).

Concerning the uniqueness, the fixed point argument given above, a priori, does
not forbid the existence of another solution with [|u(t)|| > 4 p for a certain ¢ € I.(to).
However, it implies the local uniqueness: for each such a solution there exists an
interval I 3 t such that u(t) = ug(t) for all ¢ € I (since [u(t) —zo|| < p for ¢ close
enough to tp). Then, the uniqueness of the solution on the whole interval I, (o)
follows by the same argument as in the discussion of maximal solutions: the set
{t € I.(to) : u(t) = up(t)} is both closed an open. O

Détour®. If the Lipschitness assumption on f is dropped, then one can still use
the same idea in order to prove the existence of a local solution of the Cauchy
problem (5.1) relying upon another fixed point theorem, e.g., upon

Schauder’s fixed point theorem. If B C E is a convex closed subset of a Banach
space and A : B — B is a continuous mappingiuch that A(B) is pre-compact in E,
then A has a fized point, i.e., there exists u € B such that A(u) = u.

Note that the Schauder fixed point theorem, in particular, generalizes the Brouwer
fixed point theorem in which B = B™ C R" is a closed finite-dimensional ball and
thus no additional compactness assumption is required.

To apply this theorem to the existence of solutions of the Cauchy problem (5.1)
with continuous f acting in a finite-dimensional space (this is the classical Peano
theorem mentioned at the beginning of this section), one should prove that the
image of the mapping A is compact in the space C(I; B(zo, %p)) This is a more-
or-less straightforward corollary of the Arzeld-Ascoli theorem since the functions
Auw are actually, by the definition of A, uniformly Lipschitz in the time variable ¢.

However, in infinite-dimensional Banach spaces E such a proof (and the lo-
cal existence of solutions of the Cauchy problem (5.1) itself) fails. The reason
is that, though the functions Aw are still uniformly Lipschitz, the set of values
{(Au)(t)|u € C(I;B(zo,3p))} at a fixed point ¢ # to is not necessarily compact
in E (in the finite-dimensional setup, this is a triviality since these values are uni-
formly bounded). Therefore, the Arzeld—Ascoli theorem cannot be applied without
additional assumptions on f besides its continuity.

5This was only very briefly mentioned during the lecture. Note that this type of ideas is
extremely important when proving the existence of solutions of équations auz dérivées partielles.
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6. GLOBAL SOLUTIONS AND GRONWALL’S LEMMA

We now move to the discussion of the behavior of maximal solutions near the
end-points of their maximal existence intervals. For simplicity, let O = I x U,
where U C FE is an open set and I C R is an open interval (recall that we have,
trivially, I = R for autonomous equations as f does not depend on t). In this case,
a maximal solution u € C1(Ijyax; U) of the differential equation u/(t) = f(t,u(t)) is
called global if I = 1.

Proposition 6.1. Let f : I x U — E be continuous and locally Lipschitz in x.
Assume that u is a mazximal solution and Tyax := sup Inmax < supI. Then, for each
compact K C U there exists T < Tmax such that u(t) € K for allt > Ty. In other
words, a mazximal solution with Tiax < sup I has to leave all compact subsets of U
as t — Tmax- (By time-reversal, the same holds if Tun := inf Iyax > inf 1.)

Proof. On the contrary, assume that there exists a sequence of times ¢,, T Tihax such
that x, := u(t,) € K. Using the compactness of K and taking a subsequence, we
can assume that z, — z, € K C U as n — oo. The function f is continuous and
locally Lipschitz in « in a vicinity of the point (Tiax, z«) € I x U. It follows from
Theorem 5.3 that there exists 7, p,e > 0 such that the Cauchy problem (5.1) admits
a local solution for each initial data (t,,2,) € B(Tmax, %7’) X B(2, %p) and that this
solution exists for at least time € > 0 which does not depend on (¢,,, ;). This leads
to a contradiction provided that n is chosen large enough so that Ty, —t, <e. O

Let us now assume that U = E. If F is finite-dimensional and Ty < sup [,
then the fact that a maximal solution u exists from all compacts K C E simply
means that ||u(t)|| — oo as t = Tmax. However, if E is infinite-dimensional, then
the behavior can be more complicated unless we impose more assumptions on f.
In particular, it can® happen that ||u(¢)| remains bounded as ¢ — Tinax. Loosely
speaking, this is related to the fact that the continuity and local Lipschitzness (in z)
of the function f does not imply that this function is uniformly Lipschitz (or even
bounded) on bounded closed subsets of I C E, which are not compact anymore.

The following theorem gives a simple sufficient condition under which all solu-
tions of (5.1) are global. Actually, the idea of its proof and ‘technical’ Lemma 6.3
are more important than the result itself.

Theorem 6.2. Let f : I x E — E be a globally Lipschitz function, i.e. assume
that || f(t,z)— f(t,y)|| < Cllz—yl|| for allt € I and all x,y € E. Then, all mazimal
solutions of the differential equation u'(t) = f(t,u(t)) are global.

Trivially, one can generalize this result to the case when the Lipschitz con-
stant C' = C(t) depends on t in, e.g., a continuous way so that max, 5 C(t) < 400
for all closed segments J C I. Indeed, in this case Theorem 6.2 implies that
Imax O J for all closed segments J and hence I = I.

The proof of Theorem 6.2 is based upon Lemma 6.3, known as Gronwall’s lemma.
Before giving, a (stronger) ’integral’ version that we use below, let us first formulate
its (weaker) ‘differential’ variant.

6E.g., see the note Deuzx exemples singuliers d’equations différetielles, Jean Dieudonné (1949).
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e Let a function w € C1([0,T]) and constants a > 0 and b € R be such that
the differential inequality w'(s) < aw(s) + b holds for all s € [0,T]. Then,
w(t) < wp(¢) for all ¢ € [0,T], where

wolt) = et (u(0) + ) - &
solves the equation w{(s) = awp(s) + b with the initial data wy(0) = w(0).
By integrating the assumption w’(s) < aw(s) + b we see that

w(t) < w(0)+ /Ot(aw(s)—i— b)ds for all ¢ € [0,T]. (6.1)

It turns out that this (weaker) inequality is sufficient for the same conclusion.

Lemma 6.3 (Gronwall). Let a >0, b € R, and w € C([0,T];R) be such that the
inequality (6.1) holds on [0,T]. Then, w(t)+ 2 < e (w(0)+ L) for all t € [0, 7).

Proof. For t € [0,T], denote

o(t) = e . (w(()) + 2 + /()t(aw(3)+b)ds>.

It is easy to see that the condition (6.1) can be written as

e (t) = —a- <w(0) + 2 + /Ot(aw(s)+b)ds> + (aw(t) + b)
= o () =u0) - [ (@uis+0)is) <0

Therefore, we have

w(t) + g
as claimed. [l
Proof of Theorem 6.2. Let u € C(Imax; ) be the maximal solution of the Cauchy

problem (5.1) with the initial data u(tg) = x¢. Assume, by contradiction, that
Tinax := sup Imax < sup I and denote (see also Remark 6.1 below)

w(t) = ||u(t) — zg|| for t € [to, Tmax)-
Due to the global Lipschitzness of the function f we have
@I = IfEuE) < &) = fFE o)l + 1 20)l

C - Jult) — ol + [ f(t, z0) |l
Cw(t)+ M, where M := MAX4 e[t Thnan] IIf(t, z0)ll,

ININ TN

note that M < +oo due to the continuity of f since the second argument of f (¢, z¢)
does not change. It is not hard to deduce from this inequality that

w(t) —w(ty) < /tt(Cw(s) + M)ds for all ¢ € [to, Tiax)- (6.2)

Loosely speaking, this corresponds to saying that w'(¢) < ||u/(¢)||; however a tech-
nical problem is that the function w(t) is not necessarily differentiable. To be on a
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safe side, one can do the following: for each partition tg = s < s1 < ... <sy =t
of the segment [tg,t] note that

w(sk1) —wlsk) = [lu(sesr) = zoll — [ulsk) — zoll

”u(sk-i-l) - U’(Sk)” MaXse[sy,spr1] ||u’(s)|| . (Sk-l-l - Sk)

maXSE[Skysk+1](Ow(S)+M) : (Sk-i-l - Sk)7

IN

<
<

where we use the ‘bounded increments’ Lemma 1.8 in the second line. Therefore,

w(t) —w(ty) < Ypg MaXe[sy oppr)(Cw(8)+M) - (spr1 — s1)

and refining the partition s one gets the Riemann integral in the right-hand side.
Gronwall’s lemma applied to the inequality (6.2) gives the estimate

w(t) < (M/C)- (9071 —1) for all t € [to, Tmax)-

In particular, the norm |lu(t)|| remains bounded as ¢ — Tiax. This already con-
cludes the proof in the finite-dimensional case E = RN as in this case we should
have ||u(t)|| = o0 as t = Tiax < Sup Imax due to Proposition 6.1.

Even if E is infinite-dimensional, the global Lipschitzness of f implies that the
function

L&) < Cllz = u@®)] + w(t)) + M

also remains uniformly bounded in a (fixed size) vicinity of the trajectory (¢, u(t))
as t — Timax and thus we have a contradiction with Theorem 5.3: for each ¢ < T ax
the maximal solution u(t) admits a continuation on the interval I.(t) = (t—e,t+¢),
where € does not depend on t — Tipax. O

Remark 6.1. In the case E = R™ (or in a Hilbert space), there is a standard
trick to avoid the technical discussion related to a possible non-smoothness of the
function ||u(t) — xo|| and to simplify the proof. To this end, consider the function

U}(t) = ||U(t) - ‘T0||27 te [thTmax)
instead of ||u(t) — xo||. Note that this function is differentiable and that
w'(t) = 2(u'(t),u(t) —xo) < 20O - fu(t) — zoll = 2[u’ (D) - w(t).
and hence

w'(t) < 2(C||u(t) — zo| + M) - [Ju(t) — zo|| < (2C +1) - w(t) + M?

(because of the Cauchy—Schwarz inequality applied to the term 2M ||u(t) — zol)).
The rest of the proof goes as above by applying the Gronwall lemma to the last
inequality instead of (6.2).

We now come back to a general situation f : R x F D O — E. Another
useful corollary of Lemma 6.3 is the following lemma, which claims the stability of
solutions with respect to the initial data.

Lemma 6.4. Let (to, 1), (to,z2) € O and u12 : [12 — E be solutions of the
Cauchy problem (5.1) with initial data uy 2(to) = x1,2. If

1£ (s, uz(s)) = fs,u1(s))]| < Cllua(s) —ur(s)| (6.3)
for all s € I N Iy, then |Jua(t) — uy (t)|| < eCltol||zg — a1 || for allt € I N .
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Proof. Denote w(t) := |luz(t) — ui(t)]|. As in the proof of Theorem 6.2 in what
concerns technical details, we have

w(t) —w(0) < /t luj(s) — uj(s)|lds < /tC'w(s)ds for ¢ > 1.

Therefore, w(t) < e“®~*) . (0) due to the Gronwall lemma. A similar estimate
for t < to follows by the time-reversal. O

We will continue discussing differential equations on January 04, 06, 11 and 13.
Merry Christmas, Happy New Year and stay safe!

January 04, 2021

7. DEPENDENCE ON THE INITIAL DATA

From now onwards assume that

a continuous function f: R x F D O — F is bounded and

uniformly Lipschitz in « on all bounded closed sets F' C O. (7.1)

In particular, this holds” true provided that E is finite-dimensional and f is con-

tinuous and locally Lipschitz in z (i.e., under usual assumptions required for the

local existence and uniqueness of solutions). However, if F is infinite-dimensional,

then bounded closed sets are not compact and one can view (7.1) as an additional

‘regularity-type’ assumption on the right-hand side of the differential equation (5.1).
Given tg € I, let

o Inax(to, o) denote the maximal existence interval of the solution of (5.1);

o Dy = UzeE:(to,z)eO(Imax(tO’x) x {z}) CR x E;
e a mapping ¢, : Dy, — E, sometimes called the flow of the differential
equation u/(t) = f(t,u(t)), be defined as yy, (t, ) := wu, 2)(t), where u, 1)
is the solution of the Cauchy problem with the initial data w, ) (to) = z.
For shortness, we will also use the notation ¢} () := ¢, (t,z).
For autonomous differential equations u'(t) = f(u(t)) the dependence of the flow
¢, on to is marginal: ¢y, (t,z) = @'t (), where ©*(z) := p§(z) = po(s, z).
Example. Consider an autonomous equation v/(t) = (u(t))®> — 1 in E = R. Then,
o u(t) = £1 are constant solutions;
o if zyg € [-1,1], then, due to the local uniqueness, the solution cannot cross
the lines £1, thus it is global, i.e., exists for all t € R;
o if g > 1 (similarly, if zyp < —1), then the solution blows up in a finite time;
o in fact, all solutions of this equation can be written explicitly (exercise) as
u(t) = (1 + ce®) /(1 — ce??), where ¢ = (u(0) — 1)/(u(0) + 1) € RU {cc}.
This means that
xr —tanht

T-staht’ 07 R?: ztanht < 1},
1 —xtanht’ o ={(t.z) € xtanht < 1}

¢l(z) =

7Indeed7 if f is not Lipschitz in = on a compact set F' C O, then one can find two sequences

of points (¢n,xn), (tn,yn) € F such that ||f(tn,zn) — f(tn,yn)ll/llzn — yn|| = o0 as n — oo.

Passing to a subsequence we can assume that ¢, — t«, xn — =« and yn, — ys as n — oo, which

directly leads to a contradiction in both cases z« # yx« (trivially) and z+« = y« (because of the
local Lipschitzness of f in « near the point (t+,z«) € F C O).
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Proposition 7.1. Under the ‘usual’ assumptions (7.1), the following is fulfilled:
(i) the set Dy, C R x E is open and (ii) the mapping @y, is locally Lipschitz on Dy, .

Proof. (i) Let (to,x0) € O and [to,t1] C Imax(tg,xo); the case t; < to is similar.
We need to prove that [tg, 1] € Imax(to, z) for all = sufficiently close to xg.

Let uo(s) := 1, (s, o) be the solution of the Cauchy problem with uo(to) = wo.
For each t € [to, 1] there exists p(t) > 0 such that B((t,uo(t));4p(t)) C O, where
B stands for the closed ball in the Cartesian product R x E equipped with the
norm ||(s,w) — (t,u)|| := [s — t| + [[w — ul|. The trajectory {(s,uo(s))}se[to.t,] Is @
continuous image of a compact and so is compact. Hence, we can find a finite cover

{(5,u0(8)) Fsefto,ts] C Uk:1,4,,7]v B((sk,uo(sk)); p(sk)), where s € [to,t1].
Define a closed set T'C O (a ‘tube’ around the trajectory (s, uo(s))) by

T = {(s,w): s € [to, t1], ||w—uo(s)| <}, 7= ming=1, N p(Sk)-
Since |[(s,w) = (sk, uo(sx )|l < llw — u(s)[| + [(s, u(s)) — (sk, u(sk))|| we have

T C U= v Bl(sk,u0(s1)); 20(sk))-

Assume now that || — xg|] < r is such that t1 < Tmax(to,2) := sup Imax(to, ).
Since the function f is bounded and uniformly Lipschitz in x on a bigger set

F = Uk:l...,N B((sk,uo0(sk)); 4p(sk)) D U B((s,w);2r),
the solution should exit the tube T strictly before then it stops existing:
(s,u(s)) € T for a certain s € (tg, Tmax(to, T)). (7.2)

(Otherwise, there is a contradiction with the local existence: if (s,u(s)) € T, then
Imax(to,z) D [s,s + d), where § > 0 does no depend on s — Tiax(2).)

Finally, let || f(s,w2) — f(s,w1)| < C|lwa — w1]| for (s,w1), (s,w2) € T and
—C(t1—to)

(s,w)eT

|z —zo|| < e:=re
We now claim that t1 < Thax(fo, ), i.e., that the solution u(t) := ¢, (¢, x) of the
Cauchy problem with the initial data u(tg) = z exists for all s € [to,t1]. Indeed, if

inf{s € [to, Tmax(to,z)) : (7.2) holds} =: texit < t1,
then Lemma 6.4 implies that
lultexie) = wo(texic) | < €97 lu(ty) —uo(to)|| < e“"7) e =1,

which contradict to the definition of teyit. Therefore, we have t1 < texit < Tmax(fo, ).
(ii) Consider a point (t,z) € Dy, and let t < t; < sup Imax(to,x). Repeating
the arguments given above, we see that ||oy, (£,y) — @, (t, )| < €Tt |y — ||
provided that ||y — z|| < e(z); in other words the flow ¢y, is Lipschitz in « near the
point (t,z). The uniform Lipschitzness of ¢y, (¢,y) in ¢ trivially follows from the
local boundedness of f, which gives ||y, (¢, y) — ¢, (¢, y) || < M||t' —¢|| for all ¢’ close

enough to ¢ and all y such that ||y — z|| < e(x), where M denotes the maximum
of f on an appropriate closed bounded subset of O. O

Assume now that f(¢,x) is differentiable in x and, similarly to (7.1), that

both mappings f :Rx ED O — E and D, f : O — L(E) are

continuous and bounded on all bounded closed sets F' C O. (7.3)

(trivially, if E is finite-dimensional, then the continuity of f and D, f is enough).
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Theorem 7.2. Under assumption (7.3) we have ¢y, € C*(Dy,; E). The derivative
D (1y,20) () := Doy, (t, 20) € L(E) solves the linear differential equation
O'(t) = [Dafl(t, pr,(t, 20)) 0 O(t) (7.4)
with initial data ®(to) = Id (recall that 8%%0 (t,x) = f(t, 1, (t,x)) by definition).
To prove this theorem we need first to discuss basics of linear differential equa-

tions, this is done in Section 8. However, let us first make two comments:

Remark 7.1. (i) The equation (7.4) can be formally derived as follows:

0 [727] 0
5t [Dapto (H,0)] =" Dalg01,(E %0)]
= Da[f(t, ¢4, (t20))] = [DafI(t; 1, (t,20)) © Dapry (1, wo)-
(Note that, by definition, ¢4, (tg,z) =  and hence D@y, (tg, ) = Id.) Justifying

this formal computation is not straightforward. In fact, the proof of Theorem 7.2
given below goes in a different way and gives (7.4) directly.

(ii) Similarly, if the function f is n times continuously differentiable in x, then so is
the flow ¢;,. One can prove this statement by iteratively applying Theorem 7.2 to
the derivatives D¥ oy (¢, x); we will not discuss technical details in these lectures.

8. LINEAR DIFFERENTIAL EQUATIONS AND DUHAMEL’S PRINCIPLE

Let us consider a linear differential equation
u'(t) = A(t)u(t) + b(t), telCR, (8.1)

where A € C(I; L(E)) and b € C(I; E). The right-hand side is a globally Lipschitz
function of w(t). Therefore, all maximal solutions of the equation (8.1) are global
(i.e., exist on the whole interval I') due to Theorem 6.2.

Homogeneous case (b(t) = 0): resolvent. Consider the following £(F)-valued
(we now look for a function Ry, : I — L(F) instead of u : I — E) Cauchy problem

Ri (t) = A(t)Ry,(t), Ry, (to) =1d; (8.2)
note that the right-hand side is still globally Lipschitz in R and hence this Cauchy
problem has a global solution Ry, € C'(I;L(FE)). The operator-valued solution
Ry, (t) (or Rf, or R(t,ty)) of the Cauchy problem (5.1) is called the resolvent of the
homogeneous linear differential equation u'(t) = A(t)u(t). It is easy to see that

o if u/(t) = A(t)u(t), then u(t) = R(t,to)u(to) (indeed, the right-hand side
satisfies the same differential equation and has the same value at t = #);
o the identity R(ts,t1) = R(ts,t2)R(t2,t1) holds for all ¢1,t2,t3 € I (in-
deed, as operator-valued functions of ¢3 both sides solve the same equation
R'(t) = A(t)R(t) with the same initial data at ¢t = t3);
e in particular, R(s,t)R(t,s) = Id for all s,t € I.
Inhomogeneous case: Duhamel’s principle.
Proposition 8.1. Let u(t) solves the differential equation (8.1) and tg € I. Then,
u(t) = R(t,to)ulte) + [, R(t, s)b(s)ds, (8.3)
where the resolvent R(t,to) := Ry, (t) is defined by (8.2).

We will start the next lecture with a proof of Proposition 8.1 and then will derive
Theorem 7.2 from this formula.
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We begin this lecture with the proofs of Proposition 8.1 (Duhamel’s principle)
and Theorem 7.2 (differentiability of the flow ¢y, (t,2) defined by a differential
equation with a differentiable right-hand side f(¢,x)). We will continue discussing
linear differential equations after the latter proof.

Proof of Proposition 8.1 (Duhamel’s principle). Let v(t) := R(to,t)u(t) or, equiv-
alently, u(t) = R(t,to)v(¢) (this definition can be understood as follows: if we
solve the homogeneous differential equation w’(s) = A(s)w(s) with the initial data
w(t) = u(t), then w(tg) = v(t)). Then,

u'(s) = A(s)R(s, to)v(s) + R(s, to)v'(s) = A(s)u(s) + R(s, to)v"(s),

which means that v'(s) = R(to, s)b(s) and hence v(t) = v(to) + ftto R(to, s)b(s)ds.
This directly implies (8.3) since v(tg) = u(tg) and R(t,to)R(to,s) = R(t,s). O

Proof of Theorem 7.2 (differentiability of the flow 4, (t,x)). For shortness, assume
that to = 0 and let t > 0 = to (the case t < tq is similar). Denote ¢ (x) := ¢y, (t, )
and A(t) := [D f](t, ' (20))-

Let 0 < t < Tmax = SUp Imax(0, Zo), the case t < 0 is similar. It follows from
Lemma 6.4 and Proposition 7.1 that there exist €, C' > 0 such that

llo®(z) — @*(x0)|| < €“°-|jx —x0| uniformly in 2 € B(x,¢) and s € [0,1].

Note that we have (see Lemma 1.8)
(s, () = f(s,9°(x0)) = [A(s)](° (2) — ©*(20))
< SUDye(p (wo) ot (2)] I[P f1(s,9) = A(s)]] - [l@° () — #” (o) -
Moreover, it easily follows from the continuity of D, f and the compactness of the
trajectory {¢®(x),s € [0,¢]} C E that, as || — x| — 0,
SUPy e[ (z0).0 ()] D f1(s,y) — A(s)|| = 0 uniformly in s € [0, ¢t].

Denote u(s, x) := gos(:r) — ©*(xp). It follows from the preceding discussion that

W(s,x) = f(s,9°(x)) — f(s,9%(20)) = A(s)u(s, ) +b(s, )
where b(s, ) = o(||x—x¢||) uniformly in s € [0, ¢]. We now apply Duhamel’s formula
(see Proposition 8.1) and conclude that

u(t,r) = R(t,00u(0,z) + [5 R(t,s)b(s,x)ds
= [P (t9,00) D)](x — 20) + o([|[z — o)),

where R(t,s) denotes the resolvent of the linear equation ®'(¢) = A(¢t)®(¢). Note
that this equation is nothing but (7.4), which we use to define ®;, 5,)(t) := R(t,0).
The proof is complete. O

Example. Before going further, let us consider a toy example of a linear equa-
tion coming from everybody’s childhood (as at first (quadratic) approximation this
example describes the response of a swing to a periodic force sint):

u’(t) = —u(t) +esint, u(0)=u'(0)=0
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(where € € R can be thought of as a (small) parameter), which can be rewritten as

i)y _ (0 1 ui (1) 0 _ _
< ub(t) ) o < -1 0 ) ( ub(t) + esint /)’ u1(0) = u2(0) = 0.
It is easy to see that
_ 0 1 _ cos(t—s)  sin(t—s)
Rit.s) = exp [(t—s)( -1 0 )} o ( —sin(t—s) cos(t—s)
and hence the solution is given by
u(t) = sfot sin(t—s)sinsds = ie(—tcost + sint).

Note a resonance effect: the solution grows linearly in ¢ but if we replace the
external force by 1 or by sinwt with w # +1, then u(t) remains bounded for all .

Proposition 8.2. The following identity holds: det R(t,to) = exp U:; Tr(A(s))ds].

Remark 8.1. If A(s) = A does not depend on s, then R(t,tg) = exp[(t—to)A] and
the identity is trivial since det(exp M) = exp(Tr M) for all matrices M € C**"
(this is straightforward by considering the Jordan normal form of M). However,
let us emphasize that, in general,

R(t,tg) # exp [j;to A(s)ds]
since (exp[M(t)])" # M'(t) exp[M (t)].
Proof. Let R(t,to) = [r1(t),...,rn(t)], where rp : I — R™ solves the equation

u'(t) = A(t)u(t) with the initial data r(tg) = e, the k-th basis vector of R™. Since
det R(t, o) is a multi-linear function of r(t),...,r,(t), we have

(det R(t,t0))’"/ det R(t, to)

= >y det[ri(), ... rp_1(t), Ak (t), Trs1 (D), ..., 70 ()] / det R(¢, to)

= >k det (R(toi) [r1(t), s o1 (8), A i (), T (8), - -y (B)])

= Y n_,detler,...,ex_1, R(to,t)A(t)R(t, t0) ek, Eht1, - - €n)
Tr[R(to, t) A(t)R(t, to)] = Tr[R(t,t0)R(to, t)A(t)] = Tr[A(t)].

The claim is now trivial since det R(tg,to) = detId = 1. O

Tk—

Quasi-détour. Hamiltonian systems. This is an important class of autonomous
differential equations (or systems of equations in a phase space u = u(t) € E = RQ”)
which originated in the work of Hamilton (1805-1865) on the classical mechanics.
e Let u = (g,p), where ¢ = ¢q(t) € R™ is called (generalized) positions and
p =p(t) € R™ are called (generalized) momenta of a system.
e Let H : R>™*1 — R be a smooth function called Hamiltonian, in classical
mechanics H(t, q,p) = H(q, p) is the energy of a system in a state (g, p).
e A Hamiltonian system of differential equations in R?" is

a(t) = [0H/Opk](t,q(t), p(t)), (8.4)
pe(t) = —[0H/9q](t,q(t),p(t)), '
or, equivalently,
d(t) = QI HE (), Q= ( e 131) (8.5)

(recall that in these notes we view the gradient V,H as a ‘row’ vector).
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Example. Consider a function H(q,p) := > ,_, ﬁpi + Viq,...,q); the two
terms are the kinetic and the potential energy of a system. Equations (8.4) are
nothing but the Newton’s laws of motion. It is worth noting that the homogeneous
equation u”(t) = —u(t) mentioned above can be obtained in this way (with n = 1)
if we set q(t) := u(t), p(t) := v/(t) and H(q,p) := 3(p* + ¢*). (For a ‘real’ circular
pendulum, the potential is V(q) = 1 — cosq = 3¢* + O(¢*), this is why above we
said that u”(¢t) = —u(t) should be viewed as a first (quadratic) approximation.)
Simple fact. If the Hamiltonian H(t,q,p) = H(q,p) does not depend on time,
then the value H(q(t),p(t)) does not change along the trajectories: indeed,

%H(Q(t)m(t)) = VH(q(t),p(t) - Q"VH(q(t),p(t)) = 0

(recall that, from a physics perspective, H(g,p) is nothing but the energy of a
system in the state (g, p), so this fact corresponds to the conservation of energy).
A much deeper fact (which is also true for time-dependent Hamiltonians) is

Theorem 8.3 (Liouville). The flow <p§0 of a Hamiltonian system conserves the
volume in the phase space: the determinant of the Jacobian J[@f | = 1.

We cannot discuss the proof of Liouville’s theorem in these notes except in the
trivial case of quadratic Hamiltonians:

Proposition 8.4. Liouwille’s theorem holds provided that H(t,u) = (u, H(t)u),
where H ="'H € C(I,R*"*?"),

Proof. Note that we have 'V, H(t,u) = 2H (t)u, thus equation (8.5) reads as v/ (t) =
2QH (t)u(t). It remains to apply Proposition 8.2 since

Tr[QM] = Te[H(QM)] = Te[-MQ] =0 if M =M. O
Détour®. Heat equation in R™. Formally(!!), one can view the classical (inho-

mogeneous) heat equation

ou
E(t,x) = Au(t,z) +b(t,z), u(0,z)=wuo(x).

(where u : Ry x R™ — R is an unknown function) as a linear differential equation
u'(t) = Au(t) + b(t) for a function u € C*(Ry; E), e.g., with E = L?(R"). An
obvious problem of this approach is that the Laplacian u — Auwu is not a bounded
linear operator: it is not even defined on the whole space F = L*(R™). However,
this can be eventually overcome due to the following observation:
the resolvent R(t,0) = exp(tA) (defined, e.g., via the spectral the-
ory of self-adjoint operators) belongs to L(F) for ¢ > 0 and satisfies
|R(t,0)|| £z <1 (this follows from the fact that spec(—A) =R, ).
(In fact, the resolvent exp(tA) has even much nicer properties:
for each ¢ > 0 it maps L*(R") into C*°(R") N L*(R™).)
In particular, Duhamel’s principle applies to the heat equation as well as to other
equations (e.g., to the classical wave equation). This discussion naturally leads
towards basics of the course ‘Equations aux Dérivées Partielles’.

8This discussion was totally omitted during the lecture.
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9. LYAPUNOV STABILITY OF STATIONARY POINTS

Let E = R" be a finite-dimensional space and consider an autonomous differen-
tial equation (system)

u'(t) = f(u(t)), where fe CYU;E) (9.1)
is a C'-smooth vector-field on U C E. Two important? cases of such systems are

o Hamiltonian equations (see last lecture), for which f = Q'VH;

o gradient-descent equations for which f = —!VE&, where £ € C?*(U;R)

(which are often used to find a (local) minimum of a given function ¥).
Let @' (z) = @4, (to + t,x), © € U, t € Iiax(¥) := I;ax(0,2) be the flow defined
by the equation (9.1); recall that o' € CY(U;U).

e The curves (¢'())ter,,..(«) are called integral curves of the vector-field f.
Sometimes, one also calls the decomposition of U into integral curves of (9.1) the
phase plot of the equation/system. Let g € U. If f(zg) # 0, then the integral
curves passing near g are close to straight lines going in the direction f(xzo).

o If f(zo) =0, then ¢'(zo) = zo and =z is called a stationary point of f.
Further, a stationary point zq is called

e stable if for each C' > 0 there exist € = £(C) > 0 such that Tiax(z) = +00

and ||t (z) — 20| < C for all x € B(zg,e) C U and t > 0;

e asymptotically stable if one also has ¢?(z) — zg ast — +oo for all z € B(x, &)

provided that €y > 0 is small enough;

e cxponentially stable if, in addition to the above, there exist o, C' > 0 such

that ||p!(x) — zg|| < Ce™||x — x]| for all z € B(xg,e0) and t > 0.
Near a stationary point xg the equation (9.1) can be written as

4 (u(t) — wo) = A(u(t) — zo) + o(||lu(t) — xo||), where A := [Df](zo) € R"*".

One can consider a linear approxzimation v'(t) = Av(t) of this equation. Clearly,
if A has zero eigenvalues, then the behaviour of trajectories near the corresponding
eigenspace cannot be modeled by this linear approximation so we assume that
Ar # 0. To develop an intuition, let us consider small-dimensional examples. A
general perspective, which we will not(!) justify, is the following: the trajectories
of the original equation (9.1) and those of its linearization v'(t) = Awv(t) near x
have ‘the same structure’ provided that Im A\ #£ 0 for all k =1,...,n.

e Let n =1. If A > 0, then the solution grows as t — 4oc whilst, if A < 0,
then the solution decays exponentially fast as ¢ — 4+o00. Note that this is
exactly what happens with solutions of the equation u’(t) = (u(t))?—1 near
the stationary points u = +1: the stationary point v = +1 is unstable, the
stationary point u = —1 is exponentially stable.

9Détour (this discussion was totally omitted during the lecture). It is worth noting that, at
lest formally, the classical heat equation u; = Awu, which was already mentioned during the last
lecture, can be thought of as a gradient-descent equation with £(u) := % Jan IVu(z)||?dz. Indeed,
a formal integration by parts implies that [VE(u)]h = [(Vu(z), Vh(z))dz = — [ Au(z)h(z)dz.

In a similar manner, the classical wave equation utr = Au can be, at least formally viewed as
a Hamiltonian system with the Hamiltonian #H(u,v) := % an (IVu(@)]12 + (v(2))?)dz.

However, let us emphasize that it is not at all easy to adapt the finite-dimensional discussion
to these equations; we mention them here only in order to make links with other courses.
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e Now let n = 2. The real 2x2 matrix A has either two real eigenvalues or two
complex-conjugated ones. Assume for simplicity that A\; # As. Changing
the basis in R? appropriately, we can assume that

(a1 O _ a b
A=(G o) oa=( 80,

where \y = a+ b and A2 = a —ib in the second case. In the first case (two
real eigenvalues) we have the following situations:

o If both 0 > aj,2 = A1 2, then all solutions decay as t — +oo whilst, if
both 0 < A1 2 = a1,2, then all solutions grow as ¢ — +o00. Note that
exp(tas) = [exp(ta;)]*2/®1, so the solutions of the linearized equation
looks like power-low curves. Stationary points with such local behavior
are called stable/unstable nodes.

o If a; < 0 < a9, then the picture is different: the solution started at a
vector v(0) = *(v1(0),0) exponentially decays whist all other solution
grow as t — +o0o0. Such stationary points are called saddle points.

o The name saddle point comes from considering the gradient-descent
flow o/ (t) = —['VE](u(t)): local minima of the function £ : R? — R
give rise to stable nodes, local maxima — to unstable nodes, and the
saddle points are those points where ['VE](zp) = 0 but the Hessian
[VEVE](z0) is not sign-definite.

In the second case (two complex-conjugated eigenvalues) the solutions can
be written explicitly as

vi(t) = e(v1(0)cosbt + vo(0) sin bt),
va(t) = e (—v1(0)sinbt + v9(0) cos bt).

o The solutions of the linearized equation are logarithmic spirals, either
going towards the origin if a < 0 or diverging from it if @ > 0. Such
stationary points are called stable/unstable foci.

o If a = 0, then the trajectories of v’(t) = Av(t) are circles (or ellipses
in the original coordinate system). Such stationary points are called
centers. However, let us emphasize that this picture is not stable when
we add smaller terms to the linearization v’(t) = A(t): the trajectories
u(t) — xp can diverge from v(t) (and of the stationary point xzg) as
t — 400 due to a kind of a resonance effect mentioned during the last
lecture and produced by lower terms in the expansion of f near z.

e Clearly, when the dimension n increases, more and more different scenarios
appear depending on the properties of eigenvalues of A. However, the case
n = 2 is already instructive enough: provided that Re A, # 0 for all k,
the picture in R™ can be loosely viewed as a direct sum of two- and one-
dimensional pictures in the corresponding eigenspaces of A.

Definition 9.1. (i) A function ® : U — R is called a Lyapunov function for the
autonomous differential equation (9.1) if VO(x) - f(z) <0 for allz € U.

(i) A function H : U — R is called a first integral if VH(z) - f(z) = 0.
Lemma 9.2. A function ® : U — R is a Lyapunov function for (9.1) if and only

if %(I)(got(x)) < 0 for all trajectories. Similarly, a function H : U — R is a first
integral if H(p"(x)) remains constant along the trajectories (this is why the name).
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Proof. By the chain rule, we have £®(¢!(z)) = VO(¢'(2)) - f(p'()). O

In particular,

o for gradient-descent systems the function £ is a Lyapunov function;
o for autonomous Hamiltonian systems the Hamiltonian H is a first integral
and hence a Lyapunov function.

Proposition 9.3. If zg is a strict (i.e., [D?*®](x) > B21d, 8 > 0) local minimum
of a Lyapunov function ®, then xq is a stable stationary point.

Proof. Let ®(zo) + 38%||z — xo||* < ®(x) < ®(20) + 2B?||z — x0l|* near . Then,
B(x,e) C {x:®(zx) < ®(x0) +2B*?} C B(wo,2BB™" -¢)
if € > 0 is small enough. Since ®(p!(x)) is a non-increasing function, we have
[0 (z) —zo|| < C if ||z —20|| < € := 2B8B~1-C provided that C is small enough. [
The following theorem is a standard criterion of stability of stationary points.

Theorem 9.4. Let xg be a stationary point of the autonomous equation (9.1) and
all eigenvalues A\, k = 1,...,n, of the matriz [Df](xo) satisfy Re A\ < —a < 0.
Then, xq is a stable and, moreover, an exponentially stable stationary point.

Proof. Let A = [Df](z¢). Considering the Jordan normal form of A we can find
an invertible complez-valued matrix @ such that QAQ™' = A + E, where A =
diag{A1,...,A,} and ||E|| < fo. Indeed,

Let ®(x) == ||Q(x—x0)|* = (z — 20)'QQ(x — x¢). Then,
VO -h = "h'QQ(x — z0) + *(x — z0) ' QQR
= 2Re['(z—20)'QQA]
and hence, since QA = (A + E)Q,
Va(z) - f(z) = 2Re['(z — 20)'QQA(z — z0)] + o( & — o|*)
= 2Re['(z — 29)'Q(A + E)Q(z — z9)] + o(||z — zo]|?)

—2a |Q(z — z0)||* + 3 Q(x — wo)[| + ol — o]*)
< —a- Q@ —m)|* = —a- ®(2)

IN

provided that ||z — xo|| < g9 and g9 > 0 is chosen small enough. In particular, ®
is a Lyapunov function which has a strict minimum at x, therefore x( is a stable
stationary point. Moreover, we have £® (¢! (z)) < —a®(¢'(z)), which implies (via
Gronwall’s lemma) that ®(p!(z)) < e~ **'®(z). Since Q is an invertible matrix, we
also have C~ |z — x¢]|?> < ®(z) < CJjx — x0]|? for a certain constant C' > 0, which
means that ||’ (z) — ]| < Ce™ ||z — x|, i.e., the exponential stability. O

1OIndeed, one can handle non-trivial Jordan cells by noting that
A 1 0 0 A € 0 0
0 A 1 0 = diag{l,¢,¢2,...} 0 A €

0 0 0 A 0 0 0 A

diag{l,e~1,e72,...}.
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10. VECTOR-FIELDS AND DERIVATIONS ON SMOOTH MANIFOLDS

Let M be a C°-smooth manifold and consider the space C*°(M) of smooth
R-valued functions on M.

Definition 10.1. A linear mapping D : C*°(M) — C*°(M) is called a derivation if
it satisfies the Leibnitz rule: for all f,g € C*°(M) we have D(fg) = fD(g9)+gD(f).

It is easy to see that this definition automatically implies that

e D vanishes on constant functions: D(1) = 0 since D(1-1) = 2D(1);

e Disa local operation: if f(b) = 0forallb € U, D M, then [Df](a) =0 (and
hence, by linearity, if f1(b) = f2(b) for all b € Uy, then [Df1](a) = [Df2](a)).
Indeed, if ¢ € C°°(M) is chosen so that ¢(a) = 0 and ¢|prp, = 1, then
f = ¢f and the Leibnitz rule gives [Df](a) = [D(éf)](a) = 0.

Let v: M - TM, a— v(a) € T,M, be a smooth vector-field on M. Denote by
ol = 't M — M the flow defined by the differential equation u'(t) = v(u(t)). It
is easy to see that

Dofl(a) = 74|, (10,1

defines a derivation on M. An important fact that we prove below (see Theo-
rem 10.3) is that all derivations on M can be obtained in this way, i.e.,

there exists a bijection {derivations} «— {smooth vector-fields}.
Recall that smooth manifolds are defined via homeomorphisms (called charts)
Yo : M DU, — B":=B(0,1) CR"
such that the compositions ¢g o ot are C*°-mappings between subsets of R".
e Given f € C°(M) and a chart ¢, denote f, := f o, € C®(B™;R).
This is the same function but considered in B™ C R"™ instead of U, C M.

Further, recall that the tangent space T, M is formally defined as the space of
equivalence classes of smooth curves v : (—1,1) — M passing through a. Given a
chart ¢, this space is identified with R™ by considering curves ¢, o instead of ~.
e For a smooth vector-field v on M and a chart ¢, such that a € U,, let
a vector-field v, : B" — R™ be defined as vy (z) := (pq ©)'(0), where
v € v(p;t(x)) (recall that the latter is an equivalence class of smooth
curves passing through the point v(0) = ¢ *(z) € M).
o If we replace ¢, by another chart g, then

vs((g © 05" )(x)) = [D(pg © 95 ") ()] va () (10.2)
e By definition, the differential equation u'(¢¥) = v(u(t)) on M reads as
ul,(t) = va(ua(t)) in a chart o,, where u, := uo @, '; it is easy to see

from (10.2) that local solutions of this differential equation do not depend
on the choice of a chart ¢, used to define them. In particular, we have (by
the chain rule) the following formula:

D0z (2)) = D (val@) - %(x% x B CR", (10.3)

k=1
where (vq(2))g denotes the k-th component of the vector v, (x) € R™.
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We need a simple fact, which is usually called Hadamard’s lemma:
Lemma 10.2. Let f be a (C™-)smooth function on the unit ball B™ C R™. Then,
there exists (C™~'-)smooth functions g such that f(z) = f(0) + > p_, zrgr(x).
In particular, one can take gi(z) = fol (0f /Oxy) (tx)dt.

Proof. This is nothing but the identity f(z) — f(0) = fol[(Df)(tx)](x) dt. O

Theorem 10.3. Let D be a derivation on M. Then, there exists unique smooth
vector-field on M such that D = D,,, where the derivation D, is defined by (10.1)

Proof. Let f € C*°(M) and consider a chart ¢, : M D U, — B™ C R". We can
apply Lemma 10.2 to the function f, := fop,! : B"® — R and write

fa(@) = fa(0) + gy 2rgr(z), x €B",

or, if we assume that ¢, (ag) =0,

fla) = flao) + 3 ioi(m 0 a)(a)(gr © pa)(a), a € Ua, (10.4)

where 7 : & — x is the k-th coordinate function on B™. Assume for a second
that we can view all functions in the identity (10.4) as being defined on the whole
manifold M and not only in U,. Then, the Leibnitz rule for D implies that

(Df)(a0) = >25=1[D(mk 0 pa)l(ao) - (gk © pa)(ao)-
Note that (g © ©a)(a0) = gr(0) = (0fo/0xk)(0). Therefore, if we define
va(a) = [D(mp o pa)](a), a€ U, (10.5)

then the formula (10.3) holds. Clearly, v, is smooth on U, since D maps smooth
functions to smooth functions. It remains

(i) to fix a technical issue that functions 7y o ¢, and gi o ¢, are defined only
on U, and not on the whole manifold M;

(ii) to prove that definitions (10.5) of v, and vg in two different charts ¢, and
g agree with each other in the sense of (10.3).

To fix (i), note that we can multiply functions (7 - @) and (g - o) by a smooth
function ¢ € (C*°) chosen so that ¢ = 1 near ap and ¢ = 0 outside U,, provided
that we also replace f by ¢>f. Since derivation D is a local operation (see first
comments after Definition 10.1), this multiplication does not change anything in
the computation made above.

Finally, to check (ii), note that we already know from the formula (10.3) that
(Df)(a) = 01if Df(a) = 0, ie., if 0fn/0zk(pala)) =0 for all k = 1,...,n. Let
Y1,--.,Yn be the coordinates in another chart ¢g. We need to check that

[D(rs o pp)l(a) = 35-1(9ys/0x1)(#a(a))[D(m 0 pa)l(a).
By linearity of D, this is equivalent to say that
[D(7s 005 — 351(0ys/0xk)(pala)) - (mk © ¢a))](a) = 0.
The result follows since [D(ms0p5— > r_ (0ys/0zk)(pala)) - (Tropa))|(a) =0. O



38 DMITRY CHELKAK, DMA ENS 2020

Lemma 10.4. If D, and D,, are derivations on M, then so is D, 0Dy, — Dy, 0 D,,.

Proof. We only need to check that D, o D,, — D,, o D, satisfies the Leibnitz rule: it
holds due to

(Dy 0 Dw)(fg) = Du(f - Dwg + g Du)
= [ (DyoDu)g+ (Duf) (Duwg) + (Dvg) - (Duwf)+ g (DyoDy)f
and a similar formula for (D,, o D,)(fg). O
Lemma 10.4 together with Theorem 10.3 allow to give the following definition

Definition 10.5. Let v,w be smooth vector-fields. A smooth vector-field [v,w],
called the Lie bracket of v and w is defined by the identity D, 0Dy —DyoDy = Dy ) -

(In algebra, a Lie bracket is an anti-symmetric bilinear operation satisfying the
Jacobi identity [u, [v, w]]+[v, [w, u]]+[w, [u, v]] = 0, which is starightforward if [v, w]
is defined as a commutator of two mappings defined by v and w, respectively.)

Recall that (Dy, f)(a) = lim_o +(f(¢!,(a)) — f(a)) and hence

Dipw)f(z) = lim f((es 0 03)(a) = (5 0 ¢) (@)

5,t—0 st

In other words, the Lie bracket [v,w] describes the non-commutativity of the two
flows !, and . An alternative way of writing the same formula is
2
D[U,w]f(a) - Mf(@;t ° SDQTS ° Qafu o Sﬁf)(a))h:t:o? (106)

where we replaced a by (¢,"0%?)(a) in the previous formula and changed the signs
of both s and ¢. (It is worth mentiong that no technical issues with exchanging the
limits etc arise since we work with C°°-smooth functions, so all convergences are
actually uniform and all these ratios are smooth functions themselves.)

This discussion naturally leads to the course Géométrie Différentielle and we
stop it here: recall that the subject of these notes is simply to develop a basement
(language, basic notions etc) for more advanced courses.

Quasi-détour. The last topic to briefly mention is a very particular case when the
manifold M is a matriz Lie group, i.e. a certain subgroup of R™*™ which is also a
topological manifold. We will focus on a concrete (simplest) case

M = SL,(R) = {GeR™": detG =1}
but a similar discussion applies to all such groups.

e Let us consider the tangent space TigM to M at the identity element, which
is called the Lie algebra sl,(R) corresponding to the Lie group SL,(R).
Since det(Id +tA + o(t)) = 1 + ¢ Tr A + o(¢), this tangent space admits an
explicit description:

TaM = sl,(R) = {Ae€R™™:TrA=0}.

(Indeed, note that we can view M = SL,,(R) as a smooth (n?—1)-dimensional
manifold embedded into the Euclidean space R™ . All matrices A € TiaM
should satisfy the equation Tr A = 0 and this space already has dimension
n? — 1, so there cannot be additional conditions.)
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To justify the name ‘Lie algebra’ for the vector-space s, (R), we need to introduce
a Lie bracket sl,(R) x sl,(R) — sl,(R), which can be done in a ‘brute force’ way
by declaring [A, B] := AB — BA, note that Tr(AB) = Tr(BA). However, this
construction can be understood in a much more conceptual way.

e Let A € sl,(R) = TigM. Note that the mapping

va: G = va(G):=GAeTeM

defines a smooth vector-field on M = SL, (R) (indeed, it is easy to see that
TeM = {B € R"*" : Tr(G~'B) = 0} and hence GA € TcM iff A € TiaM).

Thus, inside a huge set of all smooth vector-fields on M we now have a reasonably
small subset of vector-fields v4 associated with the elements of the tangent space
TiaM (note that the group structure of M is absolutely crucial to define v4). We
can now try to compute the Lie bracket of two such vector-fields v 4, vp and wonder
whether the result is also associated to a certain element of TiqgM or not. As the
following computation shows, the answer is affirmative. Moreover, the two Lie
brackets [va,vp] and [A, B] = AB — BA are the same.

Proposition 10.6. The set of vector-fields {va, A € sl,(R)} on SL,(R) is closed
under the operation of taking the Lie bracket and is isomorphic to the Lie alge-

bra sl,(R), i.e., [va,vB] = va,p) for all A, B € sl,(R).

Proof. Note that ¢!, (G) = Gexp(tA) since to construct the flow ¢! ~we simply
need to solve a linear differential equation U’(t) = U(t)A with constant A. There-
fore, if f is smooth function on M = SL,,(R) and G € M, then for all A, B € sl,(R)
we have (by expanding exponentials into series)

(Vo © Pun 0¥, 093, )(G) = G- exp(sA) exp(tB) exp(—sA) exp(—tB)
= G- (Id+st- (AB—BA) + O(s%t) + O(st?))
= @i (G) 4+ O(s*t) + O(st?), where C :=[A, B].

Therefore, formula (10.6) implies that (D, ,.,1f)(G) = (Do f)(G). Since this
identity holds for all functions f € C*°(M) and all G € M, we are done. O

This discussion provides a glimpse of an analysis on Lie groups: if we want to
think about higher derivatives of functions defined on, e.g., (subsets of) SL,(R),
then, instead of commuting partial derivatives 9/0x) which we used for functions
defined on R", it makes sense to consider all derivations D, ,, A € sl,(R) simultane-
ously and to benefit from the fact that the non-commutativity of these derivations
can be expressed by similar derivations. Obviously, this discussion (as well as many
much more inmportant things about Lie groups and algebras) also goes far beyond
the scope of our class.

We stop here and hope that this introduction into the general topology and basics
of the differential calculus will help you with other — more interesting — subjects.

THE END



