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Multiresolution quantum field theory in infinite-momentum frame

Altaisky, M.V.
Space Research Institute RAS, Profsoyuznaya 84/32, Moscow, 117997, Russia
e-mail: altaisky@rssi.ru
Kaputkina, N.E.
National University of Science and Technology ‘MISIS’, Leninsky av. 4, Moscow, 119049, Russia
e-mail: kaputkina.ne@misis.ru
Raj, R.
Mahatma Gandhi University, Priyadarsini Hills, Kottayam, Kerala, 686560, India
e-mail: robuka97@gmail.com

We analyze the construction of path integral and causality issues in quantum field theory models
written in light-front coordinates (x+, x−, x⊥) and regularized by means of wavelet transform. In
contrast to standard instant-form approach, where the Hamiltonian evolution in x+-time is used to
build the Feynman integration, we consider x+- and x−-translations on equal footing, and speculate
on appropriate Poisson brackets (commutation relations, respectively), symmetric with respect to
x+ and x− coordinates. The causality in our model is governed not only by x+ and x− ordering, but
first of all by wavelet scale of appropriate operators.

References

[1] M.V. Altaisky, N. E. Kaputkina, R. Raj, Multiresolution quantum field theory in light-front co-
ordinates, Int. J. Theor. Phys, 61, 46 (2022).

[2] M.V. Altaisky, N. E. Kaputkina, On the wavelet decomposition in light cone variables, Russ.
Physics. J., 55(10), 1177–1182 (2013).

High-frequency diffraction by an elongated 3-axis ellipsoid

I.V. Andronov
University of St. Petersburg, Russia
e-mail: ivandronov@gmail.com

The problem of high-frequency acoustic wave diffraction by an elongated 3-axis ellipsoid with the
semi-axes ax < ay < az is considered. It is well known that the problem of diffraction by a 3-axis
ellipsoid allows variables separation in ellipsoidal coordinates. However, the expression for the field is
complicated and is not suitable at high frequencies. It contains solutions of the wave Lame equation
belonging to the class of equations with 5 singular points.

We assume that the ellipsoid is so much elongated that the quantity

χ =
k(a2

y − a2
x)

az

remains bounded while kaz → +∞. Here ax, ay and az are the semiaxes of the ellipsoid and
ax < ay < az. Under this assumption and considering the incident plane wave propagating along
Oz axis we apply the parabolic equation method, which enables the leading order approximation for
the field in a boundary layer near the surface to be expressed in the form of the integral containing
solutions of confluent Heun equation.

This allows the field on the hard surface and the velocities on the soft surface to be computed.
The effects of high-frequency diffraction are to be discussed.



10 DAYS on DIFFRACTION 2022

Asymptotic solutions of Helmholtz equation in a strip with localized
right-hand side for two-layer medium and application to acoustics

Anikin, A.Yu., Klevin, A.I.
Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences, Pr. Vernadskogo,
101-1, Moscow, Russia
e-mail: anikin83@inbox.ru, klyovin@mail.ru

Consider a domain Ω = {(z, x) : z ∈ (z−, z+), x ∈ R2} ⊂ R3. Let ρ−(x), ρ+(x), and D(x)
be C∞(R2) functions such that ρ±(x) > 0 and z− < D(x) < z+ for all x. Assume that k(x, z) is
piece-wise smooth in z, namely, k(x, z) = k−(x) > 0 for z ∈ [z−, D(x)), and k(x, z) = k+(x) > 0 for
z ∈ (D(x), z+], where k± ∈ C∞(R2). Finally, let F (x) and G(z) be smooth functions that decay suffi-
ciently fast at infinity. Consider a problem in Ω for Helmholtz equation with localized right-hand side

h2∆xu+ uzz + k2(x, z)u = F
(x− x0

h

)
G
(z − z0

h

)

(where h� 1 is a small parameter) with boundary conditions as follows:

u
∣∣
z=z−

= u
∣∣
z=z+

= 0, u
∣∣
z=D(x)−0

= u
∣∣
z=D(x)+0

, ρ−(x)
∂u

∂z

∣∣∣
z=D(x)−0

= ρ+(x)
∂u

∂z

∣∣∣
z=D(x)−0

. (1)

This problem is related to a well known problem in acoustics, namely, the sound field generated
by a point source (see e.g. [1,2,3] and references there). Here z ∈ [D(x), z+] is a layer of water,
and z = D(x) is the bottom. Our model is different in that we have an elastic foundation of finite
width, while usually it is taken infinite with conditions as z → −∞. Also, considering localized
functions in the right hand side (as opposed to Dirac’s delta in case of a point source) seems to be
both appropriate from the physical point of view and allowing to avoid mathematical difficulties.

The use of adiabatic separation of variables enables us to get rid of z-variable, and reduces the
problem to an h-pseudo-differential equation with localized right-hand side, which allows to make
use of technique developed in [4].

The work is supported by the Russian Science Foundation (project № 21-11-00341).
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Semiclassical approximation for bound states in graphene
in magnetic field with small trigonal warping correction

Anikin, A.Yu., Rykhlov, V.V.
Institute for Problems in Mechanics of the Russian Academy of Sciences, Moscow
e-mail: anikin83@inbox.ru, vladderq@yandex.ru

The paper deals with constructive semiclassical approximation of eigenfunctions of the 2-D differ-
ential operator describing graphene with trigonal warping effect in a constant magnetic field (small
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perturbation of the Dirac operator, see [1]):

L̂TWψ = Eψ, L̂TW = LTW (
1

p̂,
2
x),

LTW (p, x) =

(
U(x) +M(x) p1 − ip2

p1 + ip2 U(x)−M(x)

)
+ µ

(
0 (p1 + ip2)2

(p1 − ip2)2 0

)
,

(1)

where p1 = p1 + Bx2

2
, p2 = p2 − Bx1

2
, p̂j = −ih∂/∂xj, µ = γh, and h is a small parameter. This

statement of the problem corresponds to the further physical parameters:

E0 = 6tµ, l =
~vF
E0h

, B =
E0B

evF l
,

where E0 is typical energy, l is typical length scale, B is the value of magnetic flux density, ~ is the
Planck constant, vF = 0.97 · 106 m/s is Fermi velocity in graphene, and

M(x) = m(x)/E0, U(x) = u(x)/E0,

where m(x) is mass of impurities and u(x) is the electric field potential.
Using standard semiclassical methods, we reduce the problem to a pencil of magnetic Schrödinger

operators with a correction term. We assume u(x) to be radially symmetric and m(x) radially
symmetric or small (m(x) =

√
hm̃(x)), thus the system defined by the principal symbol turns out

to be integrable, but the correction term destroys the integrability. Fixing an invariant torus with
Diophantine frequencies for the system and solving the transport equation on this torus, we obtain
a series of asymptotic eigenfunctions that are in one-to-one correspondence with tori that satisfy the
quantization rule and lie in O(h)-neighborhood of the Diophantine torus. Constructive semiclassical
approximation of the asymptotic eigenfunctions is based on the global representation of the Maslov
canonical operator via Airy function and its derivative (see [2]). We present some numerical examples
in Wolfram Mathematica that show the efficiency of our formulas.

This work was supported by the Russian Science Foundation under grant № 21-11-00341.
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Stochastic moment equations for ocean waves:
Landau damping & rogue waves

Athanassoulis, A.G.
University of Dundee, Dundee DD1 4HN
e-mail: aathanassoulis@dundee.ac.uk

Ocean waves are often studied through envelope equations, such as the Zakharov equation, or the
nonlinear Schrödinger equation (NLS). These envelope equations can be considered with stochastic
initial data, and lead to closed second order moment equations using a gaussian closure. A distinct
advantage of these schemes is that they can incorporate real metocean data, which are overwhelmingly
second moment data (power spectra) [1]. In this context, the stability of measured sea states can be
quantified. When a sea state is found to be unstable, it supports the generation of localized events
with particular intrinsic scalings.

In this talk, I will briefly recall the derivation of the Alber equation [2] from the NLS using a
complex Isserlis theorem as a gaussian moment closure. Moreover, using the argument principle,
the constructive resolution of the Alber stability condition (which in itself is a system of two non-
linear equations in three unknowns) will be outlined [3]. This allows for a determination whether
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a homogeneous sea state is stable or unstable, and even then “how stable” or “how unstable” it is.
This determination is supported by Monte Carlo simulations, with large extreme events strongly
correlated with less stable power spectra [4]. Building on this analysis, a rigorous Landau damping
estimate is derived for the stable power spectra [3], while an intrinsic scaling of localised extreme
events (i.e. rogue waves) is produced for unstable power spectra.

Finally, it will be demonstrated how this analysis can be extended for the first time to the
broadband Crawford–Saffman–Yuen equation (CSY), a stochastic moment closure scheme for the
Zakharov equation [5].
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Space-time ray method and quasi-photons for whispering gallery waves

Babich, V.M., Babich, M.V.
PDMI, SPb, Russia
e-mail: mbabich@pdmi.ras.ru, misha.babich@gmail.com

Space-time ray method (STRM) in the whispering gallery case is constructed. The complex
version of the STRM-expansion describing quasiphotons is also considered.
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Transformation of angular momentum of light
in a system of anisotropic optical fibers

Barshak, E.V., Lapin, B.P., Vikulin, D.V., Alexeyev, C.N., Yavorsky, M.A.
V. I. Vernadsky Crimean Federal University, Pr. Vernadsky 4, Simferopol, Russia, 295007
e-mail: lena.barshak@gmail.com

The use of optical fibers and current related studies open the tremendous benefits and potential
of fiber optics mostly in infocommunication [1–3]. Optical fibers can be considered as a promising
medium for data transmission and encoding when OAM (orbital angular momentum) — beams [3]
are associated as information carriers, which provides significant advantages in the growth of capacity
and data protection.

In order to find the possibilities of the controlling of light beam parameters, transmitting of
information encoded in states of photons, quantum computing based on classical fields, various
types of optical fibers were investigated [4–6]. In particular, it was shown [5–7] that single twisted
anisotropic and multihelical fiber, and also these fibers connected to the system can be used to control
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parameters of vortex and vector light beams and in addition to constructing fundamental logic gates
for OAM-beams.

In continuation of this trend of work, we study the transformation of a paraxial light beam passing
through the system of twisted anisotropic and multihelical optical fiber which are in certain resonance
regimes. We obtain that incoming circular polarized mode is transformed to the hybrid HE or EH
mode in twisted anisotropic fiber. At that, the polarization state of the input field defines the type of
output one. Further, passing through the multihelical fiber in the system the hybrid mode transforms
to the linearly polarized optical vortex which polarization and topological charge are determined by
the parity and type of hybrid mode, respectively. We demonstrate the transformation of the angular
momentum of the field in the system. To propose a numerical example we have found the parameters
of optical fibers in such a system.

The research was financially supported by the Russian Science Foundation (project № 20-12-
00291) and Russian Ministry of Education and Science, Megagrant (project № 075-15-2019-1934).
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Electrodynamic characteristics of a multigap loop antenna
with phased excitation in a magnetoplasma
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In recent years there has been a great deal of interest in the excitation and propagation of
twisted electromagnetic waves in a magnetoplasma. Such waves have a helical phase front which
is described by the relation ωt − mφ − hz = const, where φ and z are the azimuthal and axial
cylindrical coordinates, respectively, t is the time, ω is the angular frequency, m is the azimuthal
index (m = 0,±1, . . .), and h is the axial wave number. This interest is primarily related to the
fact that twisted waves carry orbital angular momentum, which may be used for some promising
applications [1]. As is known, phased arrays can be employed for launching twisted waves to a
magnetoplasma [1]. Another way for doing this is to excite an appropriately phased current in a
single antenna with several feeding gaps.

In this work, we discuss the electrodynamic characteristics of a multigap loop antenna immersed
in a homogeneous cold magnetoplasma such as exists in the Earth’s ionosphere. The antenna has the
form of a perfectly conducting, infinitesimally thin, narrow strip coiled into a ring with its axis parallel
to an external static magnetic field B0, which is aligned with the z direction. The azimuthal current
with the surface density I(φ, z) is excited in the strip conductor of the antenna by an external electric
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field, which is produced in the feeding gaps of the strip by the voltages Vk = |Vk| exp(iψk), where
|Vk| and ψk are the magnitude and phase of the voltage supplied across the kth gap, respectively.
To determine the unknown antenna current, we expand its surface density into a Fourier series over
the azimuthal coordinate and formulate the integral equations for the expansion coefficients Im(z) of
such a series. To this end, we derive a representation of the antenna-excited field using the approach
of [2] and then satisfy the boundary conditions for the tangential components of the total electric field
on the surface of the perfectly conducting strip. Upon finding the solutions of the integral equations
for the quantities Im(z) by the method described in [3], we calculate the current distribution and
the total radiated power of the antenna. It turns out that this power is reduced to the sum of the
partial powers Pm. Each quantity Pm describes the power going to twisted waves with the azimuthal
index m and is determined by the mth azimuthal harmonic Im(z) of the surface current density.
We demonstrate that by choosing the quantities |Vk| and ψk, it is possible to maximize the partial
power with the desired azimuthal index m. Thus, the antenna considered is shown to be capable of
selectively exciting twisted electromagnetic waves in a magnetoplasma.

Acknowledgments. This work was supported by the Russian Science Foundation (project № 20-12-
00114). Development of some numerical codes used for calculations was supported by the Ministry
of Science and Higher Education of the Russian Federation (project № 0729-2020-0040).
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Recent results on the two-dimensional Electric Impedance Tomography

Belishev, M.I., Korikov, D.V.
St. Petersburg Department of Steklov Mathematical Institute, St. Petersburg, Russia
e-mail: belishev@pdmi.ras.ru, thecakeisalie@list.ru

Suppose that M is a Riemann surface with boundary ∂M and Λ is its DN-map. The Electric
Impedance Tomography problem is to determine M from Λ. An algebraic version of the BC-method
is in the use.

In the talk, we provide the following results:
1. For nonorientable M , we construct from Λ the conformal copy of M by the use of the algebra

of holomorphic functions on the orientable double cover of M [1, 2].
2. Suppose that M has internal holes with grounded or isolated boundaries. We construct the

conformal copy of M by the use of the algebra of holomorphic functions on the double cover of M
obtained by the gluing two copies of M along the boundaries of internal holes [3].

3. We provide necessary and sufficient conditions for an operator Λ acting on the closed curve Γ
to be a DN-map of some Riemann surface with the boundary Γ [4].

4. Suppose that M and M ′ are two surfaces with common boundary and homeomorphic to each
other. We show that, if their DN-maps Λ and Λ′ are close, then M and M ′ are close in the relevant
sense [5].

Support by RFBR grant № 20-01-00627-a is acknowledged.
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Artificial damping for hyperbolized nonlinear Schroedinger type
equation. The case of unbounded operator

Ya.L. Bogomolov, A.D. Yunakovsky
Institute of Applied Physics, Russian Academy of Sciences, Nizhny Novgorod, Russia
e-mail: bogomol@appl.sci-nnov.ru, yun@appl.sci-nnov.ru

A lot of problems in physics is governed by a nonlinear Schrödinger type equation with an un-
bounded operator, the continuous spectrum of which covers the entire real axes. This fact leads to
serious computational problems. To avoid these difficulties, a hyperbolization procedure is suggested.
Adding of the second derivative of an unknown function in time with a special small parameters leads
to a bounded operator. This procedure permits us to obtain explicitly the Green function for the
linear part of the operator considered. As a result one can use a split-step procedure, where exact
solutions both for a linear part and a nonlinear one exist. Another advantage is the essentially
increased time step.

In addition to such a hyperbolization procedure, an artificial damping makes it possible to bring
a numerical solution into proximity with the principal part of the solution.

Application of spline collocation iteration method for solving direct and
inverse scattering problems

I.V. Boikov1, V.A. Roudnev2, A.I. Boikova1

1Penza State University, Krasnaya 40, 440000, Penza
2Saint-Petersburg State University, Universitetskaya nab. 7/9, 199034, Saint-Petersburg
e-mail: boikov@pnzgu.ru, v.rudnev@spbu.ru, allaboikova@mail.ru

Direct scattering problems. It is known [1] that various scattering problems are modeling by
the Helmholtz equations, which solutions are ill-posed problems. We propose a spline collocation
iteration method to solve the Dirichlet and Neumann interior and exterior problems for the Helmholtz
equation in a domain with a piecewise smooth boundary.

We apply the method by solving the Dirichlet problem for the Helmholtz equation

1

4π

∫

∂D

eik|x−y|

|x− y|ϕ(y)ds(y) = f(x), x ∈ ∂D, (1)

where D is a closed bounded domain.
An approximate solution of (1) is sought as ϕn(y) =

n∑
k=0

αkψk(y), where ψk(y) are basic functions

defined on ∂Dn. The coefficients αk are determined from the system of equations

n∑

j=0

αj
1

4π

∫

∂Dn

eik|xl−y|

|xl − y|
ψ(y)ds(y) = f(xl), l = 0, 1, . . . , n. (2)

Here ∂Dn be a surface obtained by triangulation ∂D, xl, l = 0, 1, . . . , n are the collocation points.
Replace integrals in the left-hand side of eq. (2) with a quadrature formula. According to the

continuous operator method [2], we associate the following system of differential equations with the



16 DAYS on DIFFRACTION 2022

equation (2)

dαl(t)

dt
= (βl)

(
n∑

j=0

αj(t)
1

4π

∫

∂Dn

eik|xl−y|

|xl − y|
ψj(y)dy − f(xl)

)
, l = 0, 1, . . . , n, (3)

where βl = ±1, l = 0, 1, . . . , n. The signs are chosen so that the logarithmic norm of the right -hand
side of (3) is negative. The system of equations (3) can be solved by any numerical method.

Inverse scattering problems. Consider the Helmholtz equation ∆u + k2u = 0, in a domain D.
Here k = ‖k‖ > 0 is the wave number corresponding to the wave vector k. Let the values of u(x) and
∂u/∂ν are known on the boundary ∂D, where ν is the unit outward normal vector. Let at some point
x∗ ∈ D the solution u(x) of the Helmholtz equation is known under known boundary conditions. To
find the wave number k, we use a continuous method for solving nonlinear operator equations

dk(t)

dt
= β

(
1

4π

∫

∂D

[
u(y)

∂

∂ν(y)

eik(t)|x∗−y|

|x∗ − y| −
∂u

∂ν
(y)

eik(t)|x∗−y|

|x∗ − y|

]
ds(y) + u(x∗)

)
,

where β = ±1 and is chosen so that the logarithmic norm of the Jacobian of the right side of the
previous equation was negative.
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Approximation of point interactions by geometric perturbations
in two-dimensional domains

Borisov, D.I.
Institute of Mathematics, Ufa Federal Research Center, RAS, 450008, Russia, Ufa, Chernyshevsky
str. 112,
e-mail: borisovdi@yandex.ru

We present a new type of approximation of a second-order elliptic operator in a planar domain
with a point interaction. It is of a geometric nature, the approximating family consists of operators
with the same symbol and regular coefficients on the domain with a small hole. At the boundary of
it, Robin condition is imposed with the coefficient which depends on the linear size of a hole. We
show that as the hole shrinks to a point and the parameter in the boundary condition is scaled in
a suitable way, nonlinear and singular, the indicated family converges in the norm-resolvent sense
to the operator with the point interaction. This resolvent convergence is established with respect to
several operator norms and order-sharp estimates of the convergence rates are provided.

This is a joint work with Pavel Exner.

Boundary optimal control of radiative-conductive heat transfer
with reflection and refraction effects

Chebotarev, A.Yu.1,2, Kovtanyuk, A.E.1,3, Park, N.M.1
1Far Eastern Center for Research and Education in Mathematics FEFU, Vladivostok, Russia,
2Institute for Applied Mathematics FEB RAS, Vladivostok, Russia
3Klinikum rechts der Isar, Technische Universität München, München, Germany
e-mail: chebotarev.ayu@dvfu.ru

The following steady-state normalized diffusion model (see [1]) describing radiative, conductive,
and convective heat transfer in a bounded domain G ⊂ R3 is under consideration:

−a∆θ + v · ∇θ + bκa(|θ|θ3 − ϕ) = 0, −α∆ϕ+ κa(ϕ− |θ|θ3) = 0, (1)
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Here, θ is the normalized temperature, ϕ the normalized radiation intensity averaged over all direc-
tions, and v a given velocity field. The parameters a, b, κa, and α describe radiation and thermal
properties of the medium.

Assume that the domain G is divided by two subdomains G1 and G2 with different refractive
indices n1 and n2, respectively. Moreover, G1 is the external subdomain such that ∂G ⊂ ∂G1 and
∂G2 ⊂ ∂G1. Let ϕ = ϕi, n = ni, and α = αi if x ∈ Gi, i = 1, 2. The equations (1) are supplied by
the following conditions at the boundary Γ := ∂G and at the interface ∂G2 :

a∂nθ + γ(θ − u) = 0, α∂nϕ+ β(ϕ− u4) = 0, x ∈ Γ, (2)
n2

1α1∂nϕ1(x) = n2
2α2∂nϕ2(x), h(ϕ2(x)− ϕ1(x)) = α1∂nϕ1(x), x ∈ ∂G2. (3)

Here, the symbol ∂n denotes the derivative at the boundary of subdomain G1 in the outward normal
direction n and the parameter h depends on refractive indices of subdomains G1 and G2 (see [1]).

Non-negative function u is considered as a control determined by following form:

u =
m∑

j=1

cjfj, u1 ≤ u ≤ u2. (4)

Here, u1, u2, fj are given bounded non-negative functions defined on the boundary Γ.
The problem of optimal control consists in the determination of the functions u, θ, ϕ that satisfy

the conditions (1)–(4) and minimize the objective functional J for a given function θd:

J(θ, ϕ) :=

∫

G

(θ − θd)2dx→ inf . (5)

This work is supported by the Russian Foundation of Basic Research (project № 20-01-00113 (a)).
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Solution of the problem on the reciprocal lattice nodes of the Ewald circle
of reflection without and with the account of the amplitude form-factor

of a scattering lattice
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str. 4, Moscow, 119334, Russia
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The problem of the surface acoustic Rayleigh wave [1] scattering on isotropic solid surface rough-
ness, having the form of a rectangle band, and containing the periodic lattice of discontinuities, is
considered in the frame of a conception of the Ewald circle of reflection [2] for the short-wavelength
Laue–Bragg–Wulff limit, when the wavelength is more less than the size of the lattice unit cell. The
problem of an arbitrary number, defined beforehand, of the resonances of scattering, i.e. reciprocal
lattice nodes, for any angles of scattering, defined beforehand, lying on the Ewald circle of reflection,
that is presented in the acoustic Lauegram [3] of a rough solid surface, is first solved both with and
without the influence of the amplitude form-factor of a lattice on the Rayleigh wave scattering from
the first principles of the dynamical theory of elasticity [1] in the present work. The conception of
the Ewald sphere of reflection was not considering and solving this problem earlier since the first
works on the Roentgen X-rays scattering in crystals [3]. The analytical formulas for the radius of the
Ewald circle of reflection in dependence on the arbitrary numbers, defined beforehand, of resonances,
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lying on this circle, and on their arbitrary angles of scattering, defined beforehand, are obtained. It
is obtained, that increasing of the number of resonances, lying on the Ewald circle of reflection for
any arbitrary angles of scattering, is necessarily accompanied by the increasing of the Ewald circle
of reflection radius, i.e. of the Rayleigh wave frequency at fixed sizes of a discontinuities lattice.
The structure of acoustic Lauegram of the Rayleigh wave scattering as a whole, but not only the
resonances of scattering, is investigated from the point of view of the Ewald circle of reflection con-
ception. It is obtained first, that amplitude form-factor of a discontinuities lattice, i.e. dependence
of the roughness left and right amplitude difference in a point of discontinuities on a number of this
discontinuity in a lattice, strongly influences the structure of the acoustic Lauegram. It is obtained
first that arbitrary number of the Rayleigh wave scattering resonances for any arbitrary angles of
scattering can be placed on the Ewald circle of reflection without variation of its radius, i.e. of the
Rayleigh wave frequency, using the appropriate amplitude form-factor of a discontinuities lattice of
a solid roughness. The results of scattering for the different limits in the wavelength as compared to
the width of a rough band are obtained. Control of the scattering, i.e. its amplification or suppres-
sion, through the conception of the Ewald circle of reflection use is possible. The obtained results
can be used in the experimental and theoretical investigations of the wave scattering phenomena, in
particular the X-Rays scattering, and for the spectrum of scattering construction [4, 5].
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An estimate of the BMO-norm of a divergence-free vector field
in terms of the associated paracommutator

M.N. Demchenko
St. Petersburg Department of V.A. Steklov Institute of Mathematics of the Russian Academy of
Sciences, Fontanka 27, Saint-Petersburg
e-mail: demchenko@pdmi.ras.ru

Let T be a singular integral operator of convolution type that acts as a bounded operator in
L2(Rd). Under certain additional assumptions on T , its commutator

Ab = [b, T ] (1)

with a pointwise multiplier b is also bounded in L2(Rd), provided that b ∈ BMO(Rd) (the fact is
evident for b ∈ L∞(Rd)), and the following estimate holds true

‖Ab‖L2→L2 ≤ Cd,T‖b‖BMO. (2)

This well-known fact from harmonic analysis was generalized to a certain class of paradifferential
operators Ab (paracommutators), which depend on the coefficient b in a more general way than it is
prescribed by (1). In particular, this applies to the operator of the form

Abf = P (b ∧ Pf) (3)

acting on vector fields f ∈ L2(R3;C3). Here b is a vector field in R3, ∧ is the vector product in
C3, and P is the orthogonal projection on the space of vector fields in L2(R3;C3) that coincide with
gradients of scalar functions.
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The present talk concerns the converse of estimate (2) in the case when Ab is given by (3). Namely,
our goal is the following inequality

‖b‖BMO ≤ C‖Ab‖L2→L2 . (4)

Such estimates are known in the case when a linear mapping b 7→ Ab, which associates a paracom-
mutator Ab to a coefficient b, satisfies a certain nondegeneracy condition. However, the mapping (3)
is degenerate in the following sense. It can be shown that if b is a gradient of a scalar function, then
Ab = 0. We establish estimate (4) under the condition div b = 0. The latter essentially means that b
is orthogonal to gradients of scalar functions.

The research was supported by the RFBR grant № 20-01-00627-a.
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Solutions of a small amplitude of a nonlinear system of shallow water equations in a one- or
two-dimensional domain are considered. The amplitude is characterized by a small parameter. It
is assumed that the function defining the depth of the basin is smooth, and its gradient does not
vanish on the set of its zeros (i.e., on the coastline of the basin in the absence of waves). A solution
of a system is a triple (region, free surface elevation, velocity) that smoothly depends on the small
parameter and is such that the sum of the free surface elevation and depth is positive inside the
domain and zero on its boundary, and the functions themselves that specify the free surface elevation
and velocity are smooth in this region and satisfy the nonlinear system of shallow water equations
everywhere in the region. The asymptotic solution is defined in a similar way, only the system of
equations must be satisfied up to some degree of a small parameter. We prove that under the above
assumptions on the depth function, the nonlinear system of shallow water equations with small initial
data has an asymptotic solution up to an arbitrarily high power of the small parameter, and this
asymptotic solution is asymptotically unique. The proof is constructive (and leads to simple explicit
formulas for the leading term of the expansion). To construct asymptotic solutions of the Cauchy
problem with small smooth initial data for a nonlinear system of shallow water equations, a change
of variables (of the type of a simplified Carrier–Greenspan transformation) is used, which depends
on the unknown solution itself and transforms the domain in which the latter is defined into an
unperturbed domain independent of the solution, and then the resulting nonlinear system is solved
by methods of regular perturbation theory. As the zero approximation, a linear hyperbolic system
arises with degeneracy at the boundary of the domain. The proof of the existence and uniqueness
of a smooth solution of the Cauchy problem with smooth initial data and right-hand sides for a
linearized system is based on lifting it to a closed three-dimensional manifold (where the spatial part
of the operator of the lifted system turns out to be hypoelliptic).

The work was supported by the Russian Science Foundation under grant № 21-71-30011.
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Approximation of radially symmetric Gaussian beams
by Bessel and Airy functions
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We consider three-dimensional radially symmetric Gaussian beams in a 3-D situation. They are
localized in the vicinity of one of the axes and are asymptotic solutions of the Helmholtz equation
(or in the paraxial approximation of the Schrodinger equation). The simplest Gaussian beam on the
plane of the normal of this axis is described by a Gaussian exponent, beams of a more complex type
(“excited states”) are determined by the product of the Gaussian exponent and some polynomials
of degree m. We show that such “excited” bundles already at not large m are very well uniformly
approximated by a pair of special functions which are the Bessel and Airy functions of complex
arguments.

The work was supported by the Russian Science Foundation (project № 21-11-00341).

Asymptotics of multiple orthogonal Hermite polynomials Hn1,n2
(z,α)

determined by a third-order differential equation
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We consider multiple orthogonal Hermite polynomials Hn1,n2(z, α) with two indices. These poly-
nomials can be defined as solutions of the third-order differential equation [1]

d3H

dz3
− 4z

d2H

dz2
+
(
4z2 − 4α2 + 2(n1 + n2 − 1)

)dH
dz
− 4(z(n1 + n2)− α(n1 − n2))H = 0. (1)

We discuss an approach to constructing the asymptotics of polynomials at large indices based on the
semiclassical approximation, which gives global asymptotics via Airy functions.

The feature of the problem is that the symbol of the corresponding operator is complex-valued.
This symbol is associated with the curve defined by a polynomial of the third degree. One can separate
the real root of this polynomial and split it into linear and quadratic parts, what allows us to split
the original equation into two. Using operational methods ([2]) we can obtain the principal symbols
and subsymbols of the corresponding operators. The symbol which corresponds to the quadratic
part of the characteristic polynomial is also complex-valued, but we can get rid of the complexity
and reduce the equation to the Schrödinger equation with a real potential. The asymptotics of the
solution of this equation can be represented in the form of the Airy function Ai and its derivative.

The research was supported by RSF (project № 21-11-00341).
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Spontaneous symmetry breaking in waveguide
with periodic complex potential
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Active waveguides with periodically modulated refractive index, also referred as “distributed feed-
back” lasers (or “DFB” lasers) are of great scientific interest over the past few decades [1]. The index
modulation induces rescattering of counterpropagating waves on index lattice and provides optical
feedback for the laser. In such systems the working mode can be represented as two resonantly
coupled counter propagating waves. At the end of the Brillouin zone, the group velocity becomes
equal to zero and thus this mode has the lowest radiative losses. This facilitate the selection of the
modes and helps to achieve single-mode generation regime. The same effect can be achieved by gain
grating [2]. The combined refractive index and gain gratings are also was studied [3], but nonlinear
effects have not been taken into account yet.

In the present work we consider the bifurcations of the stationary states forming in the system
of nonlinear active waveguide with periodically changed refractive index and periodically modulated
effective gain. The focus point of the study is the spontaneous symmetry breaking bifurcation and
the formation of the hybrid stationary states with dominating direction of the energy flow.
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Fig. 1: a) Schematic view of a waveguide with periodical index and gain gratings. b) Bifur-
cation diagram for spatially uniform states. Upper panel shows dependence of the full field
intensity of states on gainW = |Ub|2 + |Ud|2 = |U+|2 + |U−|2; dashed lines indicate dynamically
unstable states. Lower panels demonstrate intensities of counter-propagating waves; by solid
and dash-dotted different branches from corresponding upper panel are shown.

The dynamics of the system schematically shown in Fig. 1(a) is described by two counter-
propagating waves approach and can be expressed mathematically by following system of equations:

(∂t ± ∂x)U± = (iα− γ)(|U±|2 + 2|U∓|2)U± + (iσ + Γ)U∓ + PU±, (1)

where U+ and U− are the slow varying complex amplitudes of the two counter-propagating waves, γ
is the nonlinear losses, α = ±1 is the Kerr-nonlinearity coefficient, σ is the coupling coefficient of the
counter-propagating waves caused by index grating, Γ is the gain coupling caused by gain grating
and P is gain in the system. It is worth noting here, that σ can be complex σ = |σ|eiθ, where θ is
phase difference between the gratings defined as θ = κ∆x, κ is the lattice constant and ∆x is the
shift of the real part of the periodic potential in respect to imaginary one.

In Fig. 1(b) the bifurcation diagram of stationary states is shown. The system under consideration
provides three types of homogeneous stationary states: antisymmetric (U+ = −U−), symmetric
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(U+ = U−), and hybrid (U+ 6= U−) state which appears as a result of spontaneous symmetry
breaking.

The study is funded by RPMA grant of School of Physics and Technology of ITMO University.
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Simulation of wave processes in bone phantoms
for osteoporosis diagnostics
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Osteoporosis is a progressive systemic skeletal disease associated with a reduction of bone mass
and deterioration of bone microarchitectonics, which leads to a decrease in bone quality and an
increase in fracture risk. The disease proceeds with few symptoms and is often detected only after a
bone fracture. In recent decades, Quantitative Ultrasound (QUS) has become a widespread method
for examining human bones to assess their current state and detect developing osteoporosis [1, 2].
Cortical bones are suitable waveguides for ultrasonic guided wave (GW) propagation. The advantage
GWs is that they are sensitive to both the mechanical and geometrical properties of the cortical bone.
However, understanding the generation and propagation of ultrasonic guided waves in cortical bone
structures remains challenging. This requires mathematical and computer models that adequately
simulate the wave generation and propagation in the bone structures.

The analytically based computer models [3], previously developed for the ultrasonic inspection
of composite materials, have been adapted and applied to the simulation of guided wave excitation
and propagation in multilayered phantoms mimicking waveguide properties of tubular bones. The
models are based on the explicit GW representation through the inverse Fourier transform path
integrals of the waveguide’s Green matrix, and the GW extraction using the residue technique. The
developed computer model is validated against the finite element simulation (Comsol Multiphysics
5.6). To identify signs predicting osteoporosis, transient GW signals, time-frequency wavelet images,
and amplitude-frequency characteristics are analyzed and discussed.

The research is supported by the President of the Russian Federation Scholarship for young
scientists and PhD students (project № CΠ-971.2022.4).
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Layered spheroidal scatterers are encountered in a number of applications. The light scattering
problem for such particles can be solved by different numerical methods in a range of parameter
values. The exact solution to the problem found in [1] in the case of the confocal boundaries of the
layers has a much wider applicability range and needs less computational efforts.

So far, a more general case of spheroids with the non-confocal layer boundaries has been rigorously
considered in two works [2, 3]. Han, et al. [2] applied the separation of variables method and the
relations between the spheroidal and spherical vector functions given in [4]. These authors obtained
the solution in the form of the scattered field expansions in terms of the spherical functions. In
contrast, Farafonov [3] used the T-matric method and the original relations between the spheroidal
and spherical scalar functions later published in [5]. So, he tried to derive the solution in the
spheroidal system related to the particle surface. However, he presented only a smaller part of the
problem solution and could not provide any numerical results.

In this paper we construct the complete solution to the light scattering problem for core-mantle
spheroids with non-confocal layer boundaries by applying the approach of [3]. So, we extend the
solution for confocal layer spheroids by including the transitions from the spheroidal system related
with one layer boundary to the system related with another layer boundary. Our numerical calcula-
tions have demonstrated that such extension does not affect the convergence speed and appliacability
range, i.e. both are similar to those in the case of confocal spheroids. The analytics and calcula-
tions say that the problem solution with the spherical basis is applicable just in a narrow region of
parameter space, and we discuss why the derived solution is found to avoid this limitation.
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Topological features of polarized optical radiation can be described by a set of three types
of isolated or non-isolated singular points: V-points where radiation intensity vanishes, C-points
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with circular polarization, and L-points with linear polarizations, with corresponding topological
indices [1]. Here we present the analysis of localized vectorial structures (solitons) in semiconductor
wide-aperture lasers with saturable absorption. We use the mean field approximation with averaging
of the field envelopes in the longitudinal direction and the “spin-flip” model [2] with inclusion of
additional terms describing the angular selectivity of radiation losses. Our results include a number
of new types of stable topological vectorial laser solitons and domains of their stability in the space
of the scheme parameters.

The research is supported by grant № 18-12-00075 of the Russian Science Foundation.
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On the spectrum of a quasiperiodic non-self-adjoint operator
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We study the simplest non-trivial (non-self-adjoint) one-dimensional quasiperiodic difference
operator. We use the monodromization method, a renormalization approach suggested by Bus-
laev and Fedotov when trying to extend the Bloch–Floquet theory to difference equations on the real
axis with periodic coefficients. We show that there are hidden asymptotic parameters that allow an
effective analysis. We describe the geometry of the spectrum of the operator, compute the Lyapunov
exponent on the spectrum, and describe the conditions under which either the spectrum is purely
continuous or a point spectrum appears additionally.

Based on a joint work with D. I. Borisov (Ufa, Russia).
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In this presentation an exact transparent boundary condition (TBC) for the two-dimensional
Helmholtz equation is derived. Its general properties as well as the transition to a Baskakov–Popov
type TBC [1] for the 2D parabolic equation are discussed. An unconditionally stable finite-difference
implementation of the obtained boundary condition in the framework of Cauchy evolutionary problem
for the 2D Helmholtz equation is then considered and a fully discrete analog of the continuous TBC
is derived. A number of numerical experiments are carried out, which illustrate how the proposed
TBC can be used in practice for the modeling wave propagation in the free space as well as in the
inhomogeneous media.
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The influence of porosity and fluid saturation of soils on guided waves
and the soils parameter estimation by ultrasound methods
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A deep understanding of soil processes and sub-surface water flow dynamics is need for agriculture
and forestry, flood prediction and natural resources conservation, as well as studies on fundamental
stability of buildings and other structures, etc [1]. Investigation and estimation of the water satu-
ration, as a consequence soil porosity and soil hydraulic parameters, are important for forecasting
and improving of yields. The goals of this investigation is to develop a methodology of soil mois-
ture level, porosity and other effective parameters including hydraulic parameters of the poroelastic
fluid-saturated medium estimations based on the measurements of guided waves excited by dynamic
surface loads.

At this stage the investigations are only theoretical. For the theoretical study of elastic wave
propagation in fluid-saturated media with pores the Biot–Frenkel equations generalizing the Lame
equations of the classical linear theory of elasticity to the case of two-phase media are applied. The
elements structure-phenomenological approach that uncovered the ration between effective Biot’s
parameters of poroelastic medium and microstructure contents of soils are presented and discussed.
The time-harmonic and transient solutions are obtained in terms of Fourier transforms of Green’s
matrix and external load, exciting the wave-field [2]. The influence of the porosity and fluid saturation
on the phase velocities of surface waves is discussed in details. The solution of inverse problem for
the effective parameters of poroelastic medium based on the minimisation of the discrepancy between
the experimental measured and simulated phase velocities is discussed too.

The authors are grateful to the support of the Russian Science Foundation and the Kuban Science
Foundation (project № 22-21-20053).
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Local recovery of a piecewise constant anisotropic conductivity in EIT
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We study the local recovery of an unknown piecewise constant anisotropic conductivity in EIT
(electric impedance tomography) on certain bounded Lipschitz domains Ω in R2 with corners. The
measurement is conducted on a connected open subset of the boundary ∂Ω of Ω containing corners
and is given as a localized Neumann-to-Dirichlet map. The above unknown conductivity is defined
via a decomposition of Ω into polygonal cells. Specifically, we consider a parallelogram-based de-
composition and a trapezoid-based decomposition. We assume that the decomposition is known,
but the conductivity on each cell is unknown. We prove the local recovery near a known piecewise
constant anisotropic conductivity γ0. We do so by proving the injectivity of the Fréchet derivative
F ′(γ0) of the forward map F , say, at γ0. The proof presented, here, involves defining different classes
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of decompositions for γ0 and a perturbation or contrast H in a proper way so that we can find
in the interior of a cell for γ0 exposed single or double corners of a cell of suppH for the former
decomposition and latter decomposition, respectively. Then, by adapting the usual proof near such
corners, we establish the mentioned injectivity.

This is a joint work with Maarten de Hoop (Rice University), Ching-Lung Lin (National Cheng-
Kung University), Gen Nakamura (Hokkaido University), Manmohan Vashith (Indian Institute of
Technology).
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Asymptotics of reflected and transmitted elastic waves in an anisotropic
two-layer half-space with a surface source
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The need to analyze reflected and transmitted elastic waves in compound solids arises in various
applications such as geophysics or ultrasonic non-destructive testing (NDT). Although the laws of
incident wave reflection and refraction at the interface are well known, the quantitative evaluation of
their amplitude-frequency characteristics, taking into account the wave source, remains a challenging
problem. The total wavefield can be calculated using a mesh-based numerical solution of the corre-
sponding boundary value problem, for example, by the finite element method (FEM). However, the
FEM is usually too computationally expensive for wave simulation, and the total frequency-domain
solution cannot directly provide the required (e.g., reflected) waves. Explicit integral representation
via Green’s matrix of the structure considered provides a quantitative solution, the same as FEM
simulation. Moreover, the asymptotics of those path integrals yields closed physically obvious rep-
resentations for the source-generated waves of various types. In particular, the asymptotics of body
waves generated in an isotropic layered half-space by a surface source and transmitted through the
interface into the lower half-space is derived as the contribution of stationary point of the oscillating
exponents in the integrand [1].

In the present work, these results are extended to the case of anisotropic elastic media. Specif-
ically, we focus on the application to the ultrasonic NDT inspection of metal alloys with cubic
anisotropy [2]. The influence of the mutual crystallographic orientation in a compound sample on
the wave trajectories, reflection and transmission coefficients, and the manifestation of reflected wave
spots on the daylight surface is of prime concern. The asymptotics is derived from the path integrals
obtained using the algorithm of Green’s matrix numerical calculation for arbitrarily anisotropic mul-
tilayered half-spaces [3]. To do this, the parts corresponding to the reflected and transmitted bulk
waves are preliminarily selected in the algorithm. Unlike the isotropic case, there are no explicit
phase functions here, which also complicates the application of the stationary phase method, in par-
ticular, the search for stationary points. The asymptotics obtained are verified against FEM results.
Numerical examples illustrating the computer implementation of this approach are presented and
discussed.
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In recent years, a novel class of composites, the so-called phononic crystals and acoustic meta-
materials (AMMs), providing several unusual properties has been receiving special attention in the
scientific community. Various AMMs with extraordinary properties have been proposed and devel-
oped for the applications in ultrasonics, acoustoelectronics, hydroacoustics, architectural acoustics,
sound absorption and others, where AMMs are used to manipulate elastic wave propagation. Lay-
ered AMMs with planar cavities or strip-like cracks are considered in this study. Mathematical and
computer models for dynamic behaviour simulation of the AMM structures based on the boundary
integral equation method and the spectral element method are developed. The results of numer-
ical analysis are presented in this study. The structures under consideration are composites con-
taining elongated interfaces between two materials with different physical and chemical properties.
Therefore, manufacturing of such AMMs, where perfect or at least good adhesive contact between
the components keeping the planar cavities open at the same time, is discussed and examples are
demonstrated.
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Laminates are now widely employed in various areas since they can improve the reliability and
durability of elastic structures due to high fatigue resistance or reduction in weight. Ultrasonic
guided waves have been widely applied for the non-destructive evaluation and structural health
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monitoring (SHM) of the composites because of their considerable sensitivity to possible defects such
as cracks, pitting corrosion, voids, etc. The numerical methods presented in this work are developed
and applied for dynamic behaviour simulation of a multi-layered elastic waveguide with an impact-
induced damages in the form of array of bridged cracks, where piezoelectric actuator and sensor
are mounted on the surface. The main advantage of the proposed hybrid approach is its efficiency
and accuracy for the elastic wave propagation simulation and the determination of the spectral
properties of the considered problems including the computation of the eigenfrequencies/eigenmodes
and dispersion relations, for unbounded/bounded multi-layered composites with the inhomogeneities
such as damages, cracks, electrodes, etc.

The research is supported by the Russian Foundation for Basic Research (project № 21-51-53014)
and the National Natural Science Foundation of China (projects № 11872220, 12111530006).
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Diffraction on non-plane gratings irradiated by non-planar waves

Goray, L.I.
Alferov University, Khlopin str. 8/3, let. ‘A’, St. Petersburg, 194021, Russian Federation
e-mail: lig@pcgrate.com, ligoray@hotmail.com

The modified boundary integral equation method (MIM) is considered a rigorous theoretical
application for the diffraction of cylindrical waves by arbitrary profiled plane gratings, as well as
for the diffraction of plane/non-planar waves by concave/convex gratings. This study investigates
two-dimensional (2D) diffraction problems of the filiform source electromagnetic field scattered by a
plane lamellar grating and of plane waves scattered by a similar cylindrical-shaped grating. Unlike
the problem of plane wave diffraction by a plane grating, the field of a localised source does not satisfy
the quasi-periodicity requirement. Fourier transform is used to reduce the solution of the problem
of localised source diffraction by the grating in the whole region to the solution of the problem of
diffraction inside one Floquet channel. By considering the periodicity of the geometry structure, the
problem of Floquet terms for the image can be formulated so that it enables the application of the
MIM developed for plane wave diffraction problems.

Accounting of the local structure of an incident field enables both the prediction of the correspond-
ing efficiencies and the specification of the bounds within which the approximation of the incident
field with plane waves is correct. For 2D diffraction problems of the high-conductive plane grating
irradiated by cylindrical waves and the cylindrical high-conductive grating irradiated by plane waves,
decompositions in sets of plane waves/sections are investigated [1]. The application of such decompo-
sition, including the dependence on the number of plane waves/sections and radii of the grating and
wave front shape, was demonstrated for lamellar, sinusoidal and saw-tooth grating examples in the
0-th and −1-st orders as well as in the transverse electric and transverse magnetic polarisations. The
primary effects of plane wave/section partitions of non-planar wave fronts and curved grating shapes
on the exact solutions for 2D and three-dimensional (conical) diffraction problems are discussed.
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Simple neural networks and Bayesian methods for diffractions grating
efficiency optimization

Goray, L.I., Dashkov, A.S.
Alferov University, Khlopin str. 8/3, let. ‘A’, St. Petersburg, 194021, Russian Federation
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A new optimization technique for diffraction grating engineering is proposed. The suggested tech-
nique utilizes simple architectures of neural networks (NN) for obtaining parameters of diffractions
grating with improved diffraction efficiency. The NN approach is applied to improve the efficiency
of diffraction gratings with the oblique-incident (off-plane) radiation scattering from one-periodical
gratings (2D structures). The arbitrary conductivity and various functions of the border profile are
considered. The efficiency for the given parameters of the grating is obtained through a numerical
solution of the Helmholtz equation using the boundary integral equation method ([1], Ch. 12).

Several numerical experiments were performed to investigate the capabilities of the applied
method. The objects of study mainly were diffraction grating for the extreme ultraviolet and soft-
x-ray wavelength ranges. The optimization experiments were performed for both online (online
computation and training of NN) and offline (training on precomputed efficiency values with inter-
polated values) regimes. Efficiency optimization results and time consumption are compared to the
Bayesian-based optimization algorithm introduced earlier [2]. Though, obtained results showed that
the Bayesian approach provided faster convergence to the global extremum, the NN method allowed
shrinking the search area approximately two times faster and it is also scalable and more convenient
for tasks with a large number of parameters (for tasks with more than three parameters).
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Calculation of the field of the high intensive focused ultrasound beam
using the modular nonlinearity model
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One of the important problems of nonlinear acoustics is the calculation of the field of high intensive
focused beams in the focal region. For this problem, it is not possible to find an exact analytical
solution and one has to resort to approximate or numerical calculations. Numerical calculations make
it possible to calculate the field amplitude for specific values and parameters of the radiating system.
However, in this case, it is necessary to enumerate a large array of realizations to solve the problem
of optimizing the field at the focus and obtain the maximum amplitude. A wide class of approximate
methods that make it possible to obtain analytical solutions for high-intensity acoustic fields is
associated with the approximation of nonlinear geometric acoustics and ray methods. However,
these approaches do not allow one to correctly describe the field in the focal region. Asymptotic
methods suitable for describing the field at the focus are mainly developed for linear problems and
require further development for application in the nonlinear case. One of the possible ways to obtain
analytical and qualitative dependences for the field in the focal region of a high intensive focused beam
is associated with the use of the modular nonlinearity model. The idea is that the term containing
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the classical quadratic nonlinearity is replaced by the term containing the modular type nonlinearity.
In this case, the qualitative behavior of the nonlinear term is generally preserved. Two significant
differences can be identified. First, in a quadratic-nonlinear medium, a discontinuity in the profile is
formed smoothly and at some distance from the emitter. In a medium with modular nonlinearity, a
discontinuity forms immediately. Secondly, at small amplitudes in a quadratically nonlinear medium,
there is a smooth transition to a linear regime, which is absent in a medium with modular nonlinearity.
Both of these differences are not very significant when calculating the field at the focus of a high
intensive beam, since the main interest is the structure of the field near the beam axis with a large
amplitude. In this case, at the initial stage of beam propagation, approximate solutions of equations
with quadratic nonlinearity are suitable, which are then used as boundary conditions for solving model
equations with modular nonlinearity. The paper proposes model equations with modular nonlinearity
suitable for describing the field in the focal region of a high intensive focused beam. It is shown that
the temporal profile of the wave is distorted asymmetrically due to diffraction distortions. The
peak negative pressure decreases, and the range of negative pressures itself increases. Peak positive
pressure, on the contrary, increases, and the interval decreases. According to the model of modular
nonlinearity, the wave propagates at different speeds in the intervals of positive and negative polarity.
This leads to the formation of areas of ambiguity, in which a discontinuity is drawn according to the
rule of equal areas. As a result, a discontinuous profile is formed. The combined effect of diffraction
and nonlinear distortions leads to the formation of short pulses of positive polarity with a large
amplitude and rather long intervals with a flat negative polarity profile without strongly pronounced
peaks of negative polarity. The dynamics of the profile distortion is described by exact analytical
expressions, which allow one to proceed to the solution of the problem of optimizing the radiating
system in order to obtain the maximum amplitude at the focus.

This work was supported by Russian Foundation For Basic Research (project № 20-02-00493).

On hyperbolicity of close to piecewise constant linear cocycles
over irrational rotations
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We study cocycles generated by a skew-product map

FA : (x, v) 7→ (σω(x), A(x)v), (x, v) ∈ T1 × R2, (1)

over irrational rotation σω(x) = x+ ω mod 1, ω ∈ R \Q. The transformation A : T1 → SL(2,R) is
supposed to have a special representation

A(x) = R(ϕ(x)) · Z(λ(x)), R(ϕ) =

(
cosϕ sinϕ
− sinϕ cosϕ

)
, Z(λ) =

(
λ 0
0 λ−1

)
.

where λ(x) = λ0 � 1 is constant and function ϕ : T1 → T1 is of the form

ϕ(x;L1, L2, r1, r2, ε, t) =
π

2
+ ε−1r1xχ[0,εr−1

1 L1) + L1χ[εr−1
1 L1,t+εr

−1
2 L1)

+ ε−1r2(x− t)χ[t+εr−1
2 L1,t+εr

−1
2 L2) + L2χ[t+εr−1

2 L2,1+εr−1
1 L2) + ε−1r1(x− 1)χ[1+εr−1

1 L2,1),

where χB is the characteristic function of a set B and Lk, rk, k = 1, 2, t, ε are real parameters such
that

L1 · L2 < 0, r1 · r2 < 0, r1 · L1 > 0, t ∈ [0, 1), 0 < ε� 1.

Thus, ϕ is a continuous function, which is close to a piecewise constant function.
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Such cocycles appear in many problems of mathematical physics, e.g., in the theory of almost
periodic operators, Hamiltonian systems, diffraction theory.

Using the critical set method ([1, 2]), we obtain conditions on the rotation number ω and param-
eter t, which guarantee the uniform (resp., non-uniform) hyperbolicity of the cocycle. An application
to the Schrödinger cocycle is discussed.
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Modeling of electrodynamic and thermodynamic processes
by means of a micropolar continuum
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We develop a linear theory of the Cosserat continuum of a special type. This continuum possesses
only rotational degrees of freedom. The constitutive equation for the moment stress tensor is the
same as for the elastic continuum. The main feature of our model is that the differential equation
relating the angular strain tensor to the angular velocity vector contains a source term [1]. Thanks to
a special choice of the constitutive equation for the source term, we obtain a model of continuum that
has some properties of a viscoelastic continuum. Considering such a continuum, we associate the
main variables characterizing its stress–strain state with quantities characterizing electrodynamic
and thermodynamic processes. We identify parameters of our model by comparing the obtained
equations with Maxwell’s equations and the hyperbolic heat conduction equation. As a result, we
arrive at a generalization of Maxwell’s equations for conductors. These equations can be reduced to
the three-dimensional telegrapher’s equation for the electric field vector. This telegrapher’s equations
account for not only the skin effect described in many literature sources on electrodynamics, but also
the so-called static skin effect observed in a number of experiments [2, 3]. In addition, the proposed
model describes the conversion of electrical energy into thermal energy due to Joule heat and allows
us to obtain the entropy balance equation. In contrast to classical electrodynamics, which contains
two mutually orthogonal vectors: the electric field vector and the magnetic induction vector, the
proposed theory contains three mutually orthogonal vectors: the electric field vector, the magnetic
induction vector and the temperature gradient. It agrees with experimental facts discovered by
Ettingshausen and Nernst (the Ettingshausen effect and the Nernst–Ettingshausen effect).
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Resonance scattering of an extraordinary wave by a smoothed-walled
duct with decreased density in a magnetoplasma
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Much previous work on the interaction of electromagnetic waves with density irregularities in
a magnetoplasma applies to magnetic-field-aligned plasma channels, commonly known as density
ducts [1]. In particular, scattering of the electromagnetic radiation by such plasma structures has
attracted considerable interest [2–4]. The resonance scattering of an extraordinary wave by a cylin-
drical sharp-walled duct with decreased plasma density has recently been studied in [4]. In the
present work, it is our purpose to analyze the features of scattering of an extraordinary plane wave
by a smooth-walled duct with decreased density in the case where such a wave is incident normally on
the duct from the surrounding magnetoplasma. The emphasis is placed on the behavior of scattering
and absorption characteristics of the duct at the resonant frequencies of such a plasma structure,
which correspond to its plasmon resonances of the surface and volume types [4].

It is found that at the frequencies of the surface plasmon resonances, the maxima of both the
field amplitude coefficients and the scattering cross section per unit length of the duct fairly rapidly
decrease with smoothing the duct wall. Such behavior is accompanied by a simultaneous increase
in the absorption cross section per duct unit length in the frequency interval in which the upper
hybrid resonance condition is fulfilled inside the nonuniform wall of the duct. As for the volume
plasmon resonances, which are known to exist in the presence of a sharp-walled duct with decreased
plasma density [4], they continue to be observed for a smooth-walled duct as well. It turns out
that smoothing of the duct wall merely leads to an increase in the frequencies of such resonances
and to certain changes in the heights of peaks of the scattering and absorption cross sections at
the corresponding frequencies. Analytical and numerical results will be reported for the scattering
and absorption characteristics of decreased-density ducts in the upper hybrid frequency range of a
magnetoplasma as functions of the density nonuniformity in the duct wall. The results obtained can
be helpful in understanding the basic properties of resonance scattering of electromagnetic waves
from field-aligned density irregularities in the ionospheric and laboratory plasmas.

Acknowledgments. This work was supported by the Russian Science Foundation (project № 20-12-
00114). Development of some numerical codes used for calculations was supported by the Ministry
of Science and Higher Education of the Russian Federation (project № 0729-2020-0040).
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Perturbation of the simple dissipative wave
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We consider the equation, which determines the dynamics of the domain bounds in a weak
ferromagnet [1]

∂2φ

∂t2
− c2∂

2φ

∂x2
+ Ω2 sinφ cosφ+ ω2 sinφ+ α

∂φ

∂t
= 0. (1)

The simple (traveling) wave solutions φ = Φ0(κx− ν t), κ, ν = const are determined by the ordinary
differential equation

[
ν2 − c2κ2

]d2Φ

ds2
+ Ω2 sinφ cos Φ + ω2 sin Φ− α ν dΦ

ds
= 0. (2)

The simple wave under boundary condition

Φ(s)→ 0 as s→ −∞, Φ(s)→ π as s→ +∞. (3)

corresponds to the domain bound. Such solution Φ0(κx−ν t) exists, if the coefficients of the equation
are constant.

We study the equation with slow varying coefficients c2,Ω2, ω2, α, which depend on the slow time
τ = εt, [2]. Here 0 < ε � 1 is a small parameter. For the problem (1), (3) with the initial dates,
which correspond to unperturbed simple wave, we construct an asymptotic solution

φ(x, t; ε) = Φ(s; ξ, τ)[1 +O(ε)], as ε→ 0, for t ∈ [0,O(ε−1)].

The leading order term depends on the fast variable s = ε−1S(ξ, τ) and on the slow variables
ξ = ε x, τ = ε t. The function Φ(s; ξ, τ) is a solution of the equations (2), (3) under κ = Sξ, ν = Sτ .
The phase function S(ξ, τ) is formed by two solutions of Hamilton–Jacobi equations

(
(S±τ )2 − c2(S±ξ )2

)
λ2
± ∓ αS±τ λ± − δ± = 0, δ± = ±ω2 − Ω2. (4)

Here the constants λ± > 0 are taken from the unperturbed solution in asymptotics at infinity

Φ0(s) = exp(λ±s)[c± +O
(

exp(λ±s)
)
], s→ ±∞, c± = const 6= 0.
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Functional model of C∗-algebra associated with a metric graph
in the case of simple models

Kaplun, A.V.
St. Petersburg Department of Steklov Mathematical Institute of the Russian Academy of Sciences,
Fontanka 27, St. Petersburg, Russia
e-mail: alex.v.kaplun@gmail.com, kaplunav@pdmi.ras.ru

The eikonal algebra E(Ω) is a C*-algebra associated with the metric graph Ω. This algebra was
introduced in [1] and later studied in [2–4]. This paper is part of the application of an algebraic
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version of the Boundary Control method to metric graphs in order to solve the inverse problem in
such a case.

Eikonals (ET
γ ) are bounded self-adjoint operators determined by a dynamical system which de-

scribes the propagation of waves from the boundary into the graph with finite velocity. It has been
shown that for arbitrary graph E(Ω) has a structure in the following form:

E ∼=
L⊕

l=1

Ċ
(
[0, εl];Mκl

)
. (1)

The structure of spectrum Ê(Ω) of the algebra E(Ω) (the set of classes of irreducible representations)
defines a functional model for E(Ω) through a relation:

E(Ω) 3 ET
γ → ETγ : ETγ (π) := π(ETγ ), π ∈ π̂ ∈ Ê(Ω). (2)

This relation is used to introduce coordinates on the spectrum. They connect the structure of the
spectrum to the geometry of the graph. The relation between these two objects is studied for different
examples of graphs of simple structure (star, cycle, nonplanar graph).
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New integral representations of the Maslov canonical operator
with complex phases
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The canonical Maslov operator with complex phases (the complex germ theory, see e.g. [1]) allows
us to construct asymptotic solutions of a wide class of linear partial differential and pseudodiffer-
ential equations with a small parameter in the form of oscillating functions localized in the vicinity
of surfaces of various dimensions (for example, asymptotics in the form of Gaussian wave packets
or Gaussian wave beams). The main geometric object in such problems is a vector bundle over the
isotropic manifold in the phase space and with planes in the complexified phase space (a complex
germ) as fibers. Asymptotics are represented in an effective complex WKB form in the neighbor-
hood of (regular) points that is diffeomorphically projectable from the isotropic manifold into the
configuration space, and in the form of oscillating integrals with a complex phase function in the
neighborhood of singular points. Similar to those recently proposed in [2] for the real canonical
operator new representations of the canonical operator with complex phases are constructed. New
representations allow us to avoid the transition to not very effective in practical applications the
momentum-position coordinate system, which is usually necessary to do when using the canonical
operator in the standard form. The applied result is to obtain simpler expressions for practical cal-
culations. In some cases an effective representation of asymptotic solutions in the form of special
functions is possible.

Funding: The reported study was funded by RFBR, project number 20-31-90111.
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On stability of determination of Riemann surface from its DN-map
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Suppose that M is a Riemann surface with boundary ∂M , Λ is its DN-map, and E : M → Cn is
a holomorphic immersion. Let M ′ be a surface diffeomorphic to M and ∂M = ∂M ′. We provide a
canonical way to extend E to E ′ : M ′ → Cn and show that the closeness of Λ′ to Λ (in the relevant
norm) implies the closeness of E ′(M ′) to E(M) by the Hausdorff distance in Cn.

Support by RFBR grant № 20-01-00627-a is acknowledged.

Cerebral oxygen transport model with unknown surface sources
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A two-compartment (blood and tissue) model of oxygen transport is considered. It is assumed
that the both compartments occupy the same spatial region Ω ⊂ R3 and have different volume
fractions for the blood and tissue compartments, σ and 1−σ, respectively. Following [1], the oxygen
transport can be described by the following coupled equations:

−α∆ϕ+ v · ∇ϕ = G, −β∆θ = −κG− µ, x ∈ Ω. (1)

Here, ϕ and θ are the blood and tissue oxygen concentrations, respectively; µ describes the tissue
oxygen consumption; G = c(θ−ψ) is the intensity of oxygen exchange between the blood and tissue
fractions, where ψ is the plasma oxygen concentration; κ = σ(1 − σ)−1, where σ is the volumetric
fraction of vessels; v is a prescribed continuous velocity field in the entire domain G; α and β are
diffusivity parameters of the corresponding phases. There are nonlinear monotonic dependencies of
the tissue oxygen metabolic rate µ on the tissue oxygen concentration θ and of the plasma oxygen
concentration ψ on the blood oxygen concentration ϕ.

Equations (1) are supplemented by the following boundary conditions imposed on Γ = ∂Ω :

α∂nϕ+ γ(ϕ− ϕb)|Γ = 0, β∂nθ + δ(θ − ψb)|Γ = 0. (2)

Here, ∂n denotes the outward normal derivative at points of the domain boundary. Nonnegative
functions ϕb, ψb, γ, and δ are given.

Suppose that there are a finite number of disjoint subdomains Ωj ⊂ Ω, j = 1, ...,m, which are
some neighborhoods of the ends of arterioles and venules. The effect of the arterioles and venules on
oxygen concentrations can be described by surface functions defined at the boundaries of subdomains
Γj = ∂Ωj, j = 1, ...,m:

α
[
∂nϕ

]
= qj, x ∈ Γj, j = 1, ...,m. (3)

Here, [ ∂nϕ ] denotes the jump of the normal derivative of ϕ and parameters qj are constants.
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Let q = (q1, ..., qm) be unknown. Nevertheless, an additional information with respect to the
average blood oxygen concentration at the boundaries of subdomains Ωj, j = 1, ...,m, can be obtained
by measurements: ∫

Γj

ϕdΓ = rj, j = 1, ...,m. (4)

As a result, we come to the following inverse problem.
Inverse Problem. Find a state y = (ϕ, θ) and vector q = (q1, ..., qm) satisfying (1)–(3) such

that the overdetermination conditions (4) take place.
The unique solvability of the inverse problem is proven, an algorithm to find solutions is con-

structed and implemented. The results of numerical experiments are discussed.
This work is supported by the Russian Foundation of Basic Research (project № 20-01-00113(a))

and by the Klaus Tschira Foundation.
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M-functions and metric graphs: hierarchy and inverse problems
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Schrödinger operators on metric graphs, also known as quantum graphs, are determined by the
underlying metric graph, the electric and magnetic potentials and the vertex conditions. If the
underlying graph is a tree, then the M-function associated with the degree one vertices determines
the operator under certain mild assumptions on the vertex conditions. This talk is devoted to the
inverse problem for graphs with cycles.

To this end we shall analyse the hierarchy of M-functions appeared when graphs are glued together
as well as the dependence of M-functions on the magnetic fluxes through the cycles. Two approaches
leading to unique solution of the inverse problem will be presented:

• dismantling graphs : the original graph has sufficiently many contact points that dismantles it into
a set of trees;

• Magnetic Boundary Control : dependence of the spectral data on the magnetic fluxes through the
cycles is used to dissolve vertices and thus reconstruct so-called infiltration domains.

Optimal solution of the inverse problem is obtained by combining these two methods.

Sloshing in a vertical-walled cylinder in the presence of a porous layer

Nikolay Kuznetsov, Oleg Motygin
Laboratory for Mathematical Modelling of Wave Phenomena, Institute for Problems in Mechanical
Engineering, Russian Academy of Sciences, V.O., Bol’shoy pr. 61, 199178 St. Petersburg, Russian
Federation
e-mail: nikolay.g.kuznetsov@gmail.com, o.v.motygin@gmail.com

Sloshing in an open vertical-walled cylinder of constant depth and arbitrary cross-section is con-
sidered. An inviscid, incompressible, heavy fluid with a free surface occupies the cylinder above a
bottom-adjacent porous layer of constant thickness. The model under consideration developed in [1]
is based on the nonlinear drag in a porous medium linearized via the Lorentz principle of virtual
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work. The problem describing free oscillations of the fluid involves two velocity potentials; they
satisfy a pair of interface conditions, whereas the Steklov condition containing a spectral parameter
is imposed on free surface.

Our approach is similar to that applied in [2], where sloshing in a fluid, consisting of two layers,
whose densities are different, was investigated. By separation of variables two sequences (they express
eigenvalues and eigensolutions) are obtained. Their elements involve the eigenvalues of the Neumann
Laplacian in the two-dimensional domain— the container’s horizontal cross-section.

The dependence of eigenvalues on the problem’s parameters (namely, porosity, the linear friction
factor and the inertial term) is analysed. Also, the obtained eigenvalues are compared with those
that describe sloshing in the same container without the porous material. In particular, these results
demonstrate that there is a significant distinction between the properties of the spectrum obtained
here and studied in [2], despite the obvious similarity of these two problems.

The question of maximizing the time-damping of the free oscillations is studied; it can be achieved
by choosing physical parameters of the porous layer. Expressions for angular frequencies ωn, cor-
responding to the eigenvalues are obtained. In order to ensure rapid decay in time of the nth
eigenmode, the expression for the optimal value of the linear friction factor is found; it guarantees
that the maximum of Imωn is attained.

Inverse sloshing problem is formulated; it consists in finding the characteristics of the porous
layer and its thickness from the eigenvalues measured by observations of the free surface. It is
demonstrated that for determining two characteristics of the porous layer, one has to measure the
lowest sloshing eigenfrequency. Knowledge of two lowest eigenfrequencies allows us to find the depth
of the interface as well.
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Analytical finding of eigenfrequencies of an elastic rod
with impedance attachment ends

Valeriy D. Lukyanov
Joint-stock company “Avangard”, Kondrat’evsky, 72, St. Petersburg 195271, Russian Federation
e-mail: lukyanovvd@rambler.ru
Lyudmila V. Nosova, Larisa N. Timofeeva
Mozhaisky Military Space Academy, Zhdanovskaya, 13, St. Petersburg 197198, Russian Federation
e-mail: lvn1201@gmail.com, tln142@mail.ru

Reference problems with different boundary conditions for longitudinal oscillations of an elastic
homogeneous rod are solved. The eigenfrequencies of the considered mechanical systems are found
from the solutions of the Sturm–Liouville problems with the third kind boundary conditions as roots
of the transcendental equations. The homogeneous boundary conditions contain parameters whose
values are calculated through the parameters of the mechanical system. The number of problem
parameters determines the parameterization of the Sturm–Liouville problem. We obtained approx-
imate analytical dependences of the eigenfrequencies on the problem parameter for the considered
one-parameter problems. We proposed the method of sequentially using the obtained solutions of one-
parametric problems for the solution of multiparametric Sturm–Liouville problems. One-parameter
problems can be considered as reference ones in this approach. Eigenfrequencies for the case of the
two-parameter Sturm–Liouville problem are found by the proposed method as an example.
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Schrödinger operator in a half-plane with singular δ-potential having
the support on two half-lines: spectrum and eigenfunctions

Mikhail A. Lyalinov
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Svetlana S. Polyanskaya
North-West Institute of Management (NWIM RANEPA), Sredny Ave. 57/43, V.O., Saint-Petersburg,
199178, Russia

A Schrödinger operator in a half-plane with the Neumann boundary condition is considered. The
singular potential of the operator is the Dirac δ-function having its support on two half-lines with
the same origin located on the boundary of the half-plane. In the first part of this work we study
negative eigenvalues and eigenfunctions of the corresponding self-adjoint operator. We propose an
integral representation of the Kontorovich–Lebedev type for the solutions and reduce the problem of
description of the spectrum and of the eigenfunctions to a system of functional-difference equations
with a characteristic (spectral) parameter. The system is then studied by means of reduction to
an integral equation with a selfadjoint integral operator that is interpreted as a perturbation of
the so-called Mehler integral operator. We then consider sufficient conditions of existence of the
discrete component in the spectrum of the latter perturbation. The corresponding results are applied
to description of the eigenfunctions of the Schrödinger operator in hand represented by the the
Kontorovich–Lebedev integrals.

Contrary to the first part (spectrum and eigenfunctions) based on the Kontorovich–Lebedev
integrals, the second part (asymptotics) of the work deals with an alternative Sommerfeld-type
representaion for the eigenfunctions and with the description of their asymptotics at large distances.

On transformation operators and Riesz basis property
of root vectors system for n× n Dirac type operators

Malamud, M.M., Lunyov, A.A.
Peoples Friendship University of Russia (RUDN University), 6 Miklukho-Maklaya St., Moscow,
117198, Russian Federation
e-mail: malamud3m@gmail.com, a.a.lunyov@gmail.com

In this talk we investigate spectral properties of selfadjoint and non-selfadjoint boundary value
problems (BVP) for the following first order system of ordinary differential equations (ODE)

Ly = −iB(x)−1
(
y′ +Q(x)y

)
= λy, B(x) = B(x)∗, y = col(y1, . . . , yn), x ∈ [0, `],

on a finite interval [0, `]. Here Q ∈ L1([0, `];Cn×n) is a potential matrix and B ∈ L∞([0, `];Rn×n)
is an invertible self-adjoint diagonal “weight” matrix. If n = 2m and B(x) = diag(−Im, Im) this
equation is equivalent to Dirac equation of order n.

Our first main result is the existence of triangular transformation operators for such equation
under certain separation conditions on the entries of B(x). The case of constant B(x) = B is
investigated in [1]. Here we discuss applications of this result to the spectral properties of BVP
associated with the above equation subject to general BC U(y) = Cy(0)+Dy(`) = 0, rank(CD) = n.

As a first application of this result, we show that the deviation of the characteristic determinants
∆(λ)−∆0(λ) of perturbed and unperturbed (with Q = 0) BVPs is a Fourier transform of a certain
summable function explicitly expressed via kernels of the transformation operators. In turn, this
representation leads to the asymptotic formula λm = λ0

m + o(1) as m → ∞, for the eigenvalues
{λm}m∈Z and {λ0

m}m∈Z of perturbed and unperturbed (Q = 0) regular BVPs, respectively. In the
case of n = 2 and constant matrix B(x) = B both results are obtained in [2].
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Further, we prove that the system of root vectors of the above BVP constitutes a Riesz basis in
a certain weighted L2-space, provided that the boundary conditions are strictly regular. Along the
way, we also establish completeness, uniform minimality and asymptotic behavior of root vectors.
The case of constant matrix B(x) = B was investigated in [2, 3].

The main results are applied to establish asymptotic behavior of eigenvalues and eigenvectors, and
the Riesz basis property for the dynamic generator of spatially non-homogenous damped Timoshenko
beam model. We also found a new case when eigenvalues have an explicit asymptotic, which to the
best of our knowledge is new even in the case of constant parameters of the model.

The talk is based on authors’ results published in preprint [4].

References

[1] M.M. Malamud, Questions of uniqueness in inverse problems for systems of differential equations
on a finite interval, Trans. Moscow Math. Soc. 60, 173–224 (1999).

[2] A.A. Lunyov, M.M. Malamud, On the Riesz basis property of root vectors system for 2×2 Dirac
type operators, Journal of Mathematical Analysis and Applications, 441, 57–103 (2016).

[3] A.A. Lunyov, M.M. Malamud, On completeness and Riesz basis property of root subspaces of
boundary value problems for first order systems, Journal of Spectral Theory, 5(1), 17–70 (2015).

[4] A.A. Lunyov, M.M. Malamud, On transformation operators and Riesz basis property of root
vectors system for n × n Dirac type operators. Application to the Timoshenko beam model,
arXiv : 2112.07248 (2021).

Diabolical points and Rayleigh-wave propagation

Peter G. Malischewsky
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It is well-known that in quantum mechanics many dynamical processes are described by (avoided)
level crossings. In accordance with Keck et al. [1], they typically appear in the form of a matrix Hamil-
tonian, where the matrix elements depend on parameters. These avoided level crossings occur when
a single parameter is varied. However true crossings require the variation of more parameters, two in
the case of 2× 2 matrices, which constitutes the celebrated “diabolical crossing” of the energy levels.
Eigenvalue problems with “peculiar properties” were studied in a famous paper by von Neumann and
Wigner [2]. In physics, the double cone, also called “diabolo”, can be traced back to the work of
Hamilton [3] who expounded on an interesting physical effect associated with coincident eigenvalues
referred to as conical refraction. In modern times, Berry and Wilkinson [4], among others, refer to
the double-cone as diabolo and the degeneracies themselves as diabolical points.

Fig. 1: 3D-picture of the function C = C(F, ν) for LFB: fundamental mode (blue, right) and
higher mode (red, green, left)
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A necessary condition for the occurrence of a diabolical point is the degeneration of eigenvalues
in that point. It is demonstrated for the first time that such diabolical points may occur at Rayleigh
waves propagating in an elastic homogeneous stratum with stress-free surface and fixed bottom (LFB
= Layer with Fixed Bottom). Kausel et al. [5] show that this special waveguide LFB has infinitely
many degenerated eigenvalues (double roots) for certain rational Poisson ratios such as ν = 1/99,
1/10, 1/4, 13/45, 3/10 . . . These ratios are out of the interval 0 < ν < 1/3 and follow from special
formulas. No double roots exist in the stratum if Poisson’s ratio is either an irrational number, or is
a rational number that does not follow from the formulas mentioned above. If ν has not the exact
value from this list, the phenomenon of avoided crossing occurs which is also called repulsion. A
subset of these special Poisson ratios was found in the dissertation of Tran Thanh Tuan [6] in another
way. Kausel et al. [5] posit the strong conjecture, that a non-symmetric layered half-space will never
exhibit double roots anywhere. In Fig. 1, the dimensionless phase velocity C of the fundamental and
first higher mode of Rayleigh waves in LFB is given in dependence on the dimensionless frequency
F and Poisson’s ratio ν (the necessary 2 parameters!). The formation of the double-cone with the
diabolical point is clearly seen for ν = 0.25. These facts are important for the interpretation of
dispersion curves of surface waves in seismology and Lamb waves in non-destructive testing.
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Computational techniques for time-fractional modelling
of thermal wave propagation in ferroelectrics
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In recent decades, ferroelectrics have become promising materials for numerous engineering ap-
plications due to a wide range of significant properties. The constitutive pyroelectric effect in ferro-
electrics gives rise to the application of these materials for creating thermal sensors to detect infra-red
and microwave radiations. The pyroelectricity is due to changes in internal polarization under tem-
perature exposure. The key characteristic of pyroeffect in ferroelectrics is presented by pyroelectric
current, which can be registered as a response to the influence of a heat flux modulated by pulses at
a defined frequency.

Ferroelectrics possess self-similar domain structures and exhibit time memory effects during po-
larization switching. In order to perform modelling of heat conduction in materials characterized by
time-memory effect and complex structure, the mathematical apparatus of fractional calculus can
be used. Therefore, the current study is devoted to the development of computational techniques
for time-fractional modelling of thermal processes induced by modulated heat fluxes in ferroelectrics.
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Here we propose a time-fractional diffusion-wave model as a generalization of the classical heat con-
ductivity model to describe space-time temperature distribution in typical ferroelectrics. We derive
computational algorithms with a focus on the application of numerical methods designed for time-
fractional partial differential equations.

The model is governed by an initial-boundary value problem for a time-fractional diffusion-wave
equation for a space-time domain:

ρc(T )
∂αT

∂tα
= t∗kT∆T, 0 < α < 2, t > t0, 0 < x < L, (1)

T |t=t0 = T0, 0 ≤ x ≤ L, (2)

kT
∂T

∂x

∣∣∣
x=0

= −Q
2

(sign (sin(ωt)) + 1) , t > t0, (3)

T |x=L = T0, t > t0, (4)

where T (x, t) is the temperature distribution in a sample in K; kT is the heat conductivity coefficient
in W/(m · K); c(T ) is the specific heat capacity in J/(kg · K); ρ is the density in kg/m3; L is the
sample thickness in m; t0 is the initial moment of time in s; t∗ is the temporal scale parameter in s;
where T0 is the ambient temperature in K; Q is the thermal surface power in W/m2; ω = 2πf is the
radial frequency of the applied field in rad/s and f is the frequency of field oscillations in Hz.

Note that the equation (1) is referred to as the sub-diffusion process if α is from the interval
(0; 1); hyperdiffusion process when 1 < α < 2, and the classical wave process if α = 2.

To solve the problem (1)–(4) numerically, an implicit computational scheme was derived using
finite-difference approximations of the time-fractional Caputo derivative. Constructed numerical
schemes were implemented in Matlab. The designed computer program was used to perform simula-
tions of the thermal wave propagation in typical ferroelectrics. This approach significantly expands
the possibilities for numerical simulations due to the variation of regimes by means of changes in the
fractal dynamical dimension α.

The study was funded by Russian Foundation for Basic Research, project № 20-31-90075.

Analog of de Branges spaces for the Schrödinger operator
in a bounded domain

Mikhaylov, A.S.1,2, Mikhaylov, V.S.1
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We introduce spaces which can be considered as a generalization of Hilbert spaces of analytic
functions associated with one-dimensional canonical systems introduced by de Branges [1]. Using the
approach from [2], we can link with the Schrödinger operator with the Neumann boundary conditions
in the bounded domain the family of Hilbert spaces parametrized by T > 0. The properties of these
spaces are related with the controllability properties (on the interval (0, T )) of a dynamical system
given by an initial-boundary value problem for the wave equation related to Schrödinger operator.
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Asymptotics of the 1D shallow water equations in the form of running
waves in a basin with variable bottom with vertical and gentle walls
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The Cauchy problem for the one-dimensional shallow water equations with variable bottom D(x)
and localized initial data is considered [1]. The domain under consideration is confined by a vertical
wall on the right, where the Neumann conditions are set, and a movable border on the left. An
asymptotics of the Carrier–Greenspan transform is used to get equations with fixed boundaries and
small nonlinear terms, which allows constructing (formal) asymptotics to the initial problem [2].
Wave profile changes and its relation to the Maslov index [3] are of interest.

The work is supported by grant RSF 21-11-00341. The authors are grateful to S.Y. Dobrokhotov,
V. E. Nazaikinsky and A. I. Shafarevich for their support and valuable discussions.
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Classical unique continuation property for multi-term time-fractional
evolution equations
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In this talk we consider the classical unique continuation property (UCP) of solutions in (0, T )×Ω
with a domain Ω ⊂ Rn, n ∈ N for a multi-terms time fractional evolution equation, which has been
awaited for a long time. Here the second order strongly elliptic operator for this evolution equation
can depend on time and the orders of its time-fractional derivatives are in (0, 2). We will report that
the classical UCP holds for solutions u ∈ Hα,2((0, T )) of this evolution equation, where α ∈ (0, 2) is
the largest order of time fractional derivative of the equation. The proof of this result is based on
using the usual Holmgren transformation, a Holmgren type transformation and Treve’s argument.

Interaction of distant spectral perturbations
of the Neumann conditions in application to ice fishing

Nazarov, S.A.
Institute for Problems in Mechanical Engineering, RAS, Russia, 199178, St. Petersburg, V.O. Bol’shoi
pr, 61
e-mail: srgnazarov@yahoo.co.uk

One of the problem under provided asymptotic analysis is the Steklov–Neumann problem

−∆xu
ε(x) = 0, x ∈ Ω, ∂zu

ε(x) = λεuε(x), x ∈ ωε = ωε1 ∪ · · · ∪ ωεJ ,
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∂nu
ε(x) = 0, x ∈ ∂Ω \

(
Υ ∪ ωε

)
.

Here, Ω ⊂ R3 is a domain bounded by the planar surface Γ ⊂ R3
0 = {x = (y, z) ∈ R3 : z = 0} and

a smooth curved surface Σ in the lower half-space R3
− = {(y, z) : z < 0} which meet each other at a

smooth contour Υ ⊂ R3
0. Furthermore, ωεj = {y ∈ R2 : ηj = ε−1(y− yj) ∈ ωj}, ωj is a domain in the

plane and P 1 = (y1, 0), . . . , P J = (yJ , 0) are pairwise different points in Γ. Finally, ε > 0 is a small
parameter and ∂n is the outward normal derivative, ∂n = ∂z on Γ while uε is the velocity potential
and λε the spectral parameter. This problem describes water-waves in a lake covered with ice where
several small ice holes are made for winter fishing. The eigenvalue sequence of the problem

λε0 < λε1 ≤ λε2 ≤ · · · ≤ λεm ≤ · · · → +∞

starts with λε0 = 0 and other positive eigenvalues get the following asymptotic form as ε→ +0:

λεm = ε−1µm +O(1), m ∈ {1, 2, 3, . . . }.

Entries of the positive unbounded monotone sequence

0 < µ1 ≤ µ2 ≤ µ3 ≤ · · · ≤ µm ≤ · · · → +∞

are eigenvalues of the combined family (j = 1, . . . , J) of the spectral problems in the half-spaces

−∆ξjw
j(ξj) = 0, ξj ∈ R3

−,
∂wj

∂ζj
(ηj, 0) = 0, ηj ∈ R2 \ ωj,

∂wj

∂ζj
(ηj, 0) = µ

(
wj(ηj, 0)−

(
J∑

p=1

|ωp|
)−1 J∑

k=1

∫

ωk

wk(ηk, 0)dηk

)
, ηj ∈ ωj,

where ζj = ε−1z and |ωp| stands for area of ωp. The integral terms that perturb the Steklov boundary
conditions on the subdomains ω1, . . . , ωJ in the limit problem, demonstrate the interaction of the
Steklov conditions on the small sets ωε1, . . . , ωεJ in the original problem.

Similar effects of interaction of small singular spectral perturbations are found in various elasticity
problems and the bi-harmonic equation describing deflection of the Kirchhoff plate suspended by
small springs.

Some of the presented results are obtained in cooperation with Valeria Chado Piat.
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Array scattering resonance in the context of Foldy’s approximation
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This talk considers the special case of resonance in the problem of diffraction by a wedge consisting
of two semi-infinite periodic arrays of point scatterers; see [1–4]. In a recent paper [5], the solution
was obtained in terms of two coupled systems, each of which is solved using the discrete Wiener–Hopf
technique. An effective and accurate iterative numerical procedure was then developed to solve the
diffraction problem, which allows us to compute the interaction of thousands of scatterers forming
the wedge. Following a brief overview on resonance for infinite and semi-infinite arrays, the talk will
turn to resonance in the point scatterer wedge. Specifically, the aim is to understand the coupling
extent in the conditions for resonance and in the resonance waves themselves.
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Fig. 1: Diagram of the point scatterer wedge with scatterers located at Rn, the position
vector r and the incident wave ΦI.
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Reconstruction from the Fourier transform on the ball
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We give formulas for finding a compactly supported function v on Rd, d ≥ 1, from its Fourier
transform Fv given within the ball Br. For the one-dimensional case, these formulas are based on
the theory of prolate spheroidal wave functions. In multidimensions, well-known results of the Radon
transform theory reduce the problem to the one-dimensional case. We also present a numerical im-
plementation of these results. In particular, the results obtained give super-resolution reconstruction,
that is, they allow recovering details beyond the diffraction limit, that is, details of size less than
π/r, where r is the radius of the ball mentioned above.

This talk is based on the joint works with M. Isaev and G. Sabinin [1, 2].

References

[1] M. Isaev, R.G. Novikov, Reconstruction from the Fourier transform on the ball via prolate
spheroidal wave functions, arXiv : 2107.07882.

[2] M. Isaev, R.G. Novikov, G.V. Sabinin, Numerical reconstruction from the Fourier transform on
the ball using prolate spheroidal wave functions, arXiv : 2202.12098



DAYS on DIFFRACTION 2022 45

Plasmon resonances of spherical semiconductor-metal core-shell
nanostructure

Pavlichenko, I.A.
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As is known, the interaction of nanoparticles with external optical radiation can lead to the
excitation of collective electronic oscillations (plasmons) in them. The effects of a resonant increase
in the near field and in the absorption and scattering cross sections upon excitation of plasmons
underlie a large number of promising practical applications. In particular, core-shell nanostructures
allow the existence of plasmon resonances in the transparency region of biological tissues (located
in the near-IR region of the spectrum), which makes them suitable for a number of biomedical
applications (see, for example [1, 2]). In such nanostructures, the shift of the resonant peak down
in frequency (from the visible in the IR region of the spectrum), as is known, can be carried out
by placing a core made of a material with a large value of the permittivity inside a metal shell.
In this case, at the interface between the materials between the shells, a boundary transition layer
appears with an inhomogeneous distribution of the electron density [3]. The presence in this layer
of a transition through the plasma resonance region, as is known, leads to the appearance of an
additional energy loss mechanism associated with the excitation of a longitudinal (plasma) wave in
this region and its damping in regions with a low electron density. However, in fact, to date, this
loss mechanism has not been studied in relation to semiconductor-metal core-shell nanostructures,
which is the purpose of this work.

In this paper, based on the hydrodynamic approach [4], equations are formulated that determine,
in the quasi-static approximation, the field in a semiconductor core, a metal shell, and the boundary
layer between them. The field in the boundary layer was calculated both on the basis of a numerical
solution of the obtained equations and analytically in the case when the thickness of the layer is much
smaller than its radius, but significantly exceeds the characteristic scale of polarizability nonlocality
(Thomas–Fermi radius). The absorption and scattering cross sections of the core-shell nanostructure
interacting with an external field were calculated, and the frequencies of its plasmon modes and
the widths of resonance maxima determined by this loss mechanism were obtained. It is shown
that resonant absorption in the boundary layer can lead to a noticeable decrease in the quality
factor of resonances compared to the case when it is determined only by bulk dielectric losses in the
nanostructure material (when the presence of the boundary layer is not taken into account).
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Asymptotic analysis of tunneling through a potential barrier in graphene
in the presence of a magnetic field
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St. Petersburg University, 7-9 Universitetskaya Embankment, St. Petersburg, Russia, 199034
e-mail: m.perel@spbu.ru

The possibilities of controlling electron transport in graphene by using external electromagnetic
field are studied in several physical papers for model situations, where fields are constant and the
effect of magnetic field is estimated by using classical considerations, see for example, [1]. We assume
the smooth and slow dependence of the fields on one spatial coordinate x and study solutions of the
Dirac equations asymptotically in the semiclassical approximation. In the absence of magnetic field,
the problem is the problem of the reflection of electrons on a smooth electrostatic barrier, this
problem was studied asymptotically in [2, 3]. The phenomenon of the Klein tunneling was confirmed
in this case: there is no reflection for normal incidence on a potential barrier exceeding the energy
of an electron E , and the electrons completely transmit through the barrier. However, in the case of
abnormal incidence, reflection takes place, see detailed study in [2, 3].

Here we take into account the external magnetic field ~B and study its influence on the Klein
tunneling. We assume the following gauge for the vector potential ~A = (0, Ay(x), 0), Bz = A′y ≡
dAy/dx. We assume that the electrostatic potential is monotone. If the magnetic field is absent,
the single turning point κE exists, i.e., U(κE) = E , where U(x) denotes an electrostatic potential.
We show that the nonzero magnetic field yields the splitting of the turning point κE into two simple
turning points with the classically forbidden zone between them. We construct the adiabatic solutions
outside the turning points in the hole and electron regions, find the field near two turning points,
and determine the reflection and transmittance coefficients with account of their phases applying the
technique developed in [4].

The magnetic field B is assumed to satisfy the condition v−1
f |U ′(κE)| ≥ eA′y(κE), where vf is the

Fermi velocity, e is an electron charge, U ′(x) = dU(x)/dx. Let consider the wave function of electron
depending on y through the factor exp(ipyy/~), where ~ is the reduced Planck constant. We find
that the parameter governing the reflection process reads

ν = −i
(py + eAy(κE))2(v−1

f U ′(κE))2

2~
(
(v−2
f U ′(κE))2 − e2(A′y(κE))

2
)3/2

. (1)

The study was supported by the Russian Foundation for Basic Research (RFBR) under grant
№ 20-02-00490.
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The role of Airy beam parameters in optical manipulation

Petnikova, V.M., Makarov, V.A.
Lomonosov Moscow State University, Faculty of Physics, Leninskie Gory 1, Building 2, Moscow,
119991, Russia
e-mail: v.petnikova@yandex.ru, vamakarov@phys.msu.ru

The Airy beams are widely used in optical manipulation because of their diffraction-free and
self-healing propagation along a curved trajectory [1]. The scattering force and angular momentum
acting on micro- and nanoparticles depend on the orbital momentum, spin momentum and the
angular momentum density of the electromagnetic field, respectively. In optical manipulation with
counter beams the transverse components of the orbital momentum, spin momentum and the angular
momentum density are the most significant. They appear due to diffraction [2].

In this paper, the dependence of the orbital momentum, spin momentum and the angular mo-
mentum density on such parameters of the Airy beam as its polarization, initial launch angles, and
exponential truncation factor are found in the paraxial approximation.
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Excitation of whispering gallery waves in sea area with bowl-like bottom
by an external source

Petrov, P.S.1, Kazak, M.S.1, Katsnelson, B.G.2
1V. I. Il’ichev Pacific Oceanological Institute, 43 Baltiyskaya str., Vladivostok, 690041, Russia
2University of Haifa, 199 Aba Khoushy Ave., Mount Carmel, Haifa, Israel
e-mail: petrov@poi.dvo.ru, kazak.ms@poi.dvo.ru, bkatsnels@univ.haifa.ac.il

In recent paper [1] a possibility of acoustic energy localization near curvilinear isobath in a shallow
sea area with bowl-like bottom was discussed. It was shown that under certain conditions acoustic
field in the horizontal plane exhibits mode structure, and the mode functions are localized near
isobaths family. These modes are similar in their properties to whispering gallery modes formed near
the wall of a cylindrical building. This effect can be conveniently described using modal representation
of acoustic field [2] and the concept of horizontal rays associated with given vertical mode [1].

Fig. 1: Contour plot of the magnitude of acoustic field as a function of horizontal coordinates
x, y (in dB re 1 m) at the depth z = 10 m due to a point source in a shallow sea. Water depth
decreases between the isobaths r = 5.8 km and r = 6 km from 26 to 24 m. Source position is
marked by a star.
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In this study we investigate the possibility of excitation of such modes by a point source located
away from the isobaths family where the modes are localized (see figure). This phenomenon is similar
to quantum tunneling and cannot be described within the framework of horizontal rays theory. A
qualitative and quantitative description of such external excitation is given in terms of WKBJ theory,
and the modeling of this effect is performed numerically using pseudo-differential mode parabolic
equations theory.
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A numerical method for estimating anthropogenic acoustic noise levels
using wide-angle Mode parabolic equations

Petrov, P.S., Tyshchenko, A.G.
V. I. Il’ichev Pacific Oceanological Institute, 43 Baltiyskaya str., Vladivostok, 690041, Russia
e-mail: petrov@poi.dvo.ru, tyshchenko.ag@poi.dvo.ru

Sound exposure level (SEL) is a characteristic used to estimate human impact arising from seismic
survey in a given sea area. The characteristic is defined for a frequency range [f1, f2] as follows [1]:

SEL (f1, f2, x, y, z) = 10 log10

(
∆t
∫ f2

f1
P̂ (ω, x, y, z)2 dω

p2
0∆t0

)
, (1)

where P̂ (ω, x, y, z) is an acoustic field in frequency domain, p0 = 1 µPa, ∆t0 = 1 s, ∆t is a step size
over time. Therefore the main challenge is to compute acoustic field in 3D domain stretching for tens
of kilometers in both horizontal directions. Mode parabolic equations provide a good compromise
between accuracy and efficiency [2]. Acoustic field is represented in the form of a modal expansion

P̂ (ω, x, y, z) = Ŝ (ω)
J∑

j=1

Aj (x, y)ϕj (z, x, y) , (2)

∂Aj
∂x

= ikj,0

(√
1 + Lj − 1

)
Aj , k2

j,0Lj =
∂2

∂y2
+ k2

j − k2
j,0 , (3)

where Ŝ (ω) is the source spectrum, ϕj (z, x, y) are normal modes with corresponding eigenvalues
kj = kj(x, y), kj,0 is reference wavenumber. Aj are obtained using split-step Padé method resulting
in a wide-angle MPE solution. SEL computation is implemented as a part of AMPLE project that
aims to provide a general and efficient way to compute acoustic fields for various acoustical problems.
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Fig. 1: SEL distribution computed using wide-angle (a) and narrow-angle (b) mode parabolic
equations.
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Transparent boundary conditions for subsurface sounding problems

Popov, A.V.1, Feshchenko, R.M.2
1Pushkov Institute of Terrestrial Magnetism, Ionosphere and Radio Wave Propagation of RAS,
Kaluzhskoye Hwy, 4, Troitsk, Moscow region, 108840 Russia
2P.N. Lebedev Physical Institute of RAS, Leninski Pr. 53, Moscow, 117924 Russia
e-mail: popov@izmiran.ru, rusl@sci.lebedev.ru

The transfer, or “dragging” of the radiation condition from infinity is used in applied mathematics
in order to reduce the infinite computational domain when solving diffraction and wave propagation
problems [1, 2]. The use of transparent boundary conditions in calculation of unidirectional wave
propagation by parabolic equation method has gained considerable popularity [3–5]. At the same
time, in some problems, such as remote sensing or subsurface EM sounding (ground penetrating
radar, GPR), the solution of the full wave equations in an “infinite” open region is required, to take
into account the most important backscatter signal. In this paper, on the example of 2D Helmholtz
equation, an explicit form of transparency conditions at the boundaries of the selected strip is derived
and used to model practical problems of GPR probing.

This work is supported by the Russian Science Foundation, grant № 22-12-00083.
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Radiation patterns of borehole GPR antennas

Prokopovich, I.V.1, Popov, A.V.1, Sakhterov, V.I.1, Morozov, P.A.1,2

1Pushkov Institute of Terrestrial Magnetism, Ionosphere and Radio Wave Propagation, Troitsk,
Moscow, Russia
2JSC Company VNIISMI, Moscow, Russia
e-mail: prokop@izmiran.ru, lozaberk@yandex.ru

Borehole ground penetrating radar is a branch of widespread GPR technique using EM waves
for investigating hidden underground structures. One of the important problems arising in borehole
GPR logging is the design of antennas with azimuthal directivity [1]. In our investigation work, we
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consider several types of directional GPR transmitter antennas, namely: cylindrical slot antenna,
planar slot antenna and shielded dipole with grounded arms. All antennas were fed by a pulsed
current formed by the discharge of a capacitor with large capacity. For a rough estimate of the
borehole GPR directivity, we analytically compare model problems of plane wave diffraction by two
scattering objects: conductive cylinder and plane strip immersed in a uniform dielectric medium.
We estimate directivity of the antenna by comparison of the wave field amplitude at the front and
rear sides of the antenna. In the first case, angular dependence of the scattered wave is achieved due
to creeping wave attenuation in the shadow region, see Fig. 1a, in the latter case — by constructive
interference of two edge waves, see Fig. 1b. Numerical comparison makes it possible to estimate the
directional efficiency of the selected antennas. In this work, along with these simple analytical models,
we have done computer simulation using FDTD numerical technique, and a series of measurements
of these antennas radiation pattern on a simple experimental stand. Our modeling and experiments
confirm feasibility of the proposed solution.

This work has been supported by the Russian Science Foundation grant № 22-12-00083.

(a) (b)

Fig. 1: Scattered field amplitude distribution for two diffracting objects: a) cylinder, b) plane strip.
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Formally determined inverse problems for hyperbolic PDEs

Rakesh
Department of Mathematics, University of Delaware, Newark, DE, USA
e-mail: rakesh@udel.edu

We describe two stability results for formally determined inverse problems for hyperbolic PDEs.
Our first result is Lipschitz stability for the fixed angle scattering problem for the operator ���+ q(x)
where the data consists of the medium response to incoming plane waves from two opposite directions.
This is joint work with Mikko Salo. Our second result is Lipschitz stability for the fixed angle
scattering problem for the operator ��� + q(x, t) where the data consists of the medium response to
plane waves coming from the same fixed direction but with different time delays. This is joint work
with Venky Krishnan and Soumen Senapati. For both these problems, there are also results for the
operator (∂t − a)2 − (∇ − b)2 + c, by Salo et al for the time independent case and by Krishnan,
Rakesh and Senapati for the time independent case, and also with point sources instead of plane
wave sources.
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Estimates of total bandwidth for magnetic Laplacians on periodic graphs

Saburova, N.Yu.
Northern (Arctic) Federal University, Northern Dvina emb. 17, Arkhangelsk, 163002, Russia
e-mail: n.saburova@gmail.com

We consider Laplace operators with periodic magnetic potentials on periodic discrete graphs. The
spectrum of the magnetic Laplacian consists of an absolutely continuous part (a union of a finite
number of non-degenerate bands) and a finite number of eigenvalues of infinite multiplicity. We obtain
estimates of the total bandwidth for the magnetic Laplacians in terms of geometric parameters of the
graph and magnetic fluxes. The proof is based on the decomposition of the magnetic Laplacian into
a constant fiber direct integral and trace formulas for fiber operators. The fiber operator depends on
the so-called quasimomentum and acts on the finite quotient graph of the periodic one. The traces
of the fiber operator are expressed as finite Fourier series of the quasimomentum with coefficients
depending on magnetic fluxes through cycles of the quotient graph from some specific cycle sets.
This is a joint work with Korotyaev E. L. from St. Petersburg State University.

Convolution maximizers in Lp: recent results and open questions

Sadov, S.Yu.
Moscow, Russia
e-mail: serge.sadov@gmail.com
Kalachev, G.V.
Moscow State University, Moscow, Russia
e-mail: gleb.kalachev@yandex.ru

The motivation of the main result presented here, which pertains to functional analysis, came
from a concrete computational question: to determine the best constant in Hardy’s inequality for
the norm of the Laplace transform operator f(x) 7→ Lf(s) =

∫∞
0
f(x)e−xs dx in Lebesgue spaces.

For any p ∈ [1,+∞), the operator L acts boundedly from Lp(R+) to Lp′(R+), where p′−1 = 1−p−1

(it is not possible to replace p′ with any other exponent). Let Np be its operator norm. The classical
Hardy inequality says: Np ≤ (2π/p′)1/p′ . The proof goes by reduction to Young’s convolution norm
inequality. Let x = ey, s = eu, F (y) = ey/pf(ey), G(u) = eu/p

′
(Lf)(eu); then G = hp ∗ F , where the

convolution kernel is hp(u) = exp(u/p′ − eu). Then Young’s inequality ‖G‖p′ ≤ ‖hp‖(2−2/p)−1‖F‖p
and calculations yield Hardy’s estimate.

For the Fourier transform, which can be thought of as a Laplace transform evaluated along the
imaginary s-axis, the exact Lp → Lp′ norm is known due to K. I. Babenko and W. Beckner. This is
not the case for the Laplace transform except when p = 2. For p = 2, Hardy’s constant is sharp,
which can be demonstrated by the explicit spectral analysis of the operator L∗L in L2. Its spectrum
has no atoms; in particular, there is no function f ∈ L2 (a maximizer) such that ‖Lf‖2 = N2‖f‖2.
The operator F 7→ F ∗ h2 acting on L2 with h2(u) = exp(u/2− eu) ∈ L1 does not have a maximizer.

The situation is opposite for convolution operators f 7→ h ∗ f with h ∈ Lq acting from Lp to
Lr, where p−1 + q−1 = 1 + r−1 and neither of p, q, r equals 1 or ∞. The boundedness of any such
operator follows from Young’s inequality. In [1] we proved that the maximizer of convolution in this
situation always exists. As a consequence, constructing approximations converging to a maximizer
becomes a feasible approach for a numerical calculation of the convolution norm. (The norms Np for
the Laplace transform have been thus computed.)

The maximizer existence theorem is not completely new. It was proved by M. Pearson in 1999
in the case of a symmetric convolution kernel (and with weak additional assumptions), but his proof
does not generalize. Our method is similar to the Concentration Compactness principle of P. L. Lions.

Some related questions, resolved and open, are to be discussed. To give examples, define Kp to be
the class of kernels 0 6= h ∈ L1 for which the operator f 7→ h∗f , Lp → Lp, possesses a maximizer. In
[2] we were able to characterize K1. (By a standard exercise, any h ≥ 0 belongs to K1, but anything
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beyond this is nontrivial.) An argument based on the Fourier-tranform and Plancherel’s theorem,
shows that K2 is nonempty. Whether Kp is nonempty for some p ∈ (1, 2)∪(2,∞) is an open question.

Major advances bordering the present topic have been reported by M. Christ and his school [3].
Employing modern tools of additive combinatorics, they study the behaviour of near-extremizers of
Beckner’s (= sharp Young) inequality ‖h ∗ f‖r ≤ cp,q‖h‖q ‖f‖p; here both h and f are free to vary.
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An equivariant local index formula for the metaplectic group

Savin, A.Yu.
RUDN University, 117198 Miklukho-Maklaya 6, Moscow
e-mail: a.yu.savin@gmail.com

Consider the algebra A of bounded operators on the Hilbert space L2(Rn) generated by quanti-
zations of isometric affine canonical transformations. We define a spectral triple (A,H,D) for this
algebra, where H = L2(Rn,Λ(Rn)) is a module over A, while D is the Euler operator (a first-order
operator of index one).

We show that this spectral triple has a simple dimension spectrum: namely, for each operator
B in the algebra generated by pseudodifferential operators of Shubin type and elements in A, the
zeta-function ζB(z) = Tr(B|D|−2z) admits a meromorphic continuation to C with at most simple
poles. Our main result is an explicit algebraic expression for the Connes–Moscovici cocycle of this
spectral triple. As a corollary, we obtain local index formulas for noncommutative tori and toric
orbifolds.

The results are a joint work with E. Schrohe (Hannover).
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Asymptotic solution of the Cauchy problem for the wave propagation
with time dispersion

Sergeev, S.A.
Ishlinsky Institute for Problems in Mechanics RAS, Moscow, Russia
e-mail: sergeevse1@yandex.ru

The dispersion phenomenon for the wave propagation is well known. In many such problems,
the so-called time dispersion effects appear (for example, Maxwell equations), which means that the
dependence on frequency can be non-polynomial.

We consider the following Cauchy problem

g2
(
ω̂
)
u = 〈p̂, c2(x)p̂〉u, x ∈ R2,

u|t=0 = V
(x
h

)
,

∂

∂t
u
∣∣∣
t=0

= 0.
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Here h � 1, ω̂ = −ih ∂
∂t
, p̂ = −ih∇. Function c(x) is smooth and bounded: cM ≥ c(x) ≥ cm > 0.

Initial function V (y) is smooth and fast decaying while |y| → +∞ with all derivations.
As for the function g(ω), we assume that it is smooth, odd and monotonically increasing not

faster than some polynomial, and g(ω)→∞ while ω →∞. With small ω, we have

g(ω) = ω +
g3

6
ω3 +O(ω5),

where g3 > 0. Also we suggest that g′′(ω) is not zero for ω 6= 0. Also we assume g′(ω) > 1 with
ω > 0.

These conditions on the function g(ω) allow us to define the pseudo-differential operator g̃(ω2) ≡
g2(ω̂) as function on operator ω̂2. Then we can inverse this pseudo-differential operator and obtain
the second-order Cauchy problem.

The task is the construction the asymptotic formulae for the solution of posted problem. The
case is that in the approach described above it is necessary to evaluate the inverse function g−1(p).
In order to obtain the constructive asymptotic formula for the solution we have to avoid evaluation
of the inverse function. It can be done it we consider the extended phase space including time and
frequency with the space variables and corresponding momenta.

This work was supported by the Russian Science Foundation, project number 21-11-00341.

On convergence of the ray generating function
for a multilayered waveguide field

Shanin, A.V., Korolkov, A.I., Kniazeva, K.S.
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119991, Moscow, Leninskie Gory, 1-2
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A planar multilayered acoustical waveguide is considered (Fig. 1). Each layer is homogeneous
and characterized by its value of sound velocity ci and density ρi, i = 1, . . . , N . The waveguide is
excited by a point source (point “s” in the figure). The receiver is shown in the figure by “r”.

Fig. 1: Multilayered waveguide.

It is well known (for example, [1, 2]) that the acoustical potential ϕ(x, y, t) in such a system can
be represented through the reverberaion matrix R as follows:

ϕ(x, y, t) =

∫ ∞+iε

−∞+iε

∫ ∞

−∞

[
Yr(I−R)−1Ys + p

]
e−iωt+ikxdk dω.

Here I is the identity matrix, Yr is a row vector describing the receiver position, Ys is a column vector
describing the source position, p is an additional term, which is non-zero only if the source and the
receiver are placed in the same waveguide layer, ε is small positive value. Reverberation matrix is
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determined by the reflection and refraction coefficients. In case (I − R)−1 can be represented as a
Neumann series:

(I−R)−1 =
∞∑

m=0

Rm,

the wavefield is represented as a sum of integrals. This sum is a generating function for rays in the
waveguide, i.e. a term number m describes all rays in the waveguide, which reflect or refract m times.

In the talk we study the convergence of the series. We show that there are some real values k and
ω such that the Neumann series cannot be used. For these values of k and ω, we propose a reduced
reverberation matrix: a layer causing the series divergence is changed into a thin layer, where rays
cannot be distinguished.

The work is supported by the RFBR grant 19-29-06048.
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Experimental study of ultrasound diffraction by a thin cone
using maximum length sequence method

Shanin, A.V., Korolkov, A.I., Laptev, A.Y.
Faculty of Physics, M.V. Lomonosov Moscow State University, Moscow, Russia
e-mail: laptev97@bk.ru

A problem of diffraction of ultrasound acoustic waves by a hard thin cone is studied, the wave-
length is small compared to the size of the cone. A diffraction experiment is conducted to measure
the total field on the surface and nearby the surface of the cone. The cone is made of duraluminium,
the length of the cone is 30 cm, the aperture angle of the cone is approximately 26 degrees. The con-
tinuous 40 kHz sine wave modulated by the maximum length sequence of order 9 and discretization
frequency of 1000 Hz is emitted by piezoelectric source. The field is measured by 1/8-inch micro-
phone. Only the case of axial incidence is studied. An impulse response of the system is calculated
and a frequency response is picked out. Then the frequency response is compared to analytical solu-
tion based on the parabolic approximation [1]. Theory and experiment are in good agreement with
each other (see Fig. 1).
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Fig. 1: Comparison between theoretical value of total field on the cone surface calculated
from [1] and field measured in the diffraction experiment.
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Phase retrieval problem with background information
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CMAP, CNRS, Ecole Polytechnique, Institut Polytechnique de Paris, 91128 Palaiseau, France;
Lomonosov MSU, Moscow, 119991, Russia
e-mail: sivkin96@yandex.ru

We consider the phase retrieval problem, that is the problem of reconstruction of a function v from
phaseless Fourier transform. We use a priori background information. In particular, in dimension
d ≥ 1, we show that the phaseless Fourier transform |F (v+w)|2 and background function w uniquely
determine unknown function v, under the condition that supp v and suppw are sufficiently disjoint.
If this condition is relaxed, then we give similar formulas for finding v from |Fv|2, |F (v + w)|2. We
also illustrate these results by numerical examples in the framework of phaseless inverse scattering
in the Born appriximation.

This talk is based on joint work with R.G. Novikov and T. Hohage; see, in particular, [1].
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Analysis of the oscillatory process inside an acoustic interference antenna

A.O. Subbotkin1, A.V. Shanin1,2

1Prokhorov General Physics Institute, Russian Academy of Sciences, Moscow, 119991, Russia
2Lomonosov Moscow State University, Faculty of Physics, Leninskie Gory 1, p. 2, Moscow, GSP-1,
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The study analyzes the sound field inside an acoustic interference antenna when a sound wave is
exposed to it. An interference antenna is a narrow tube of constant cross-section with perforations
(holes) on the side surface along its entire length (Fig. 1). Such antennas are used in narrow direc-
tional interference-type microphones. One end of the antenna is attached to the microphone capsule
(directional or non-directional), and the other end remains open. The side openings are tightened
with a cloth (usually silk) or closed with nets. Acutely directional interference microphones (the
so-called microphone cannon) are used for sound recording mainly in the field of television, and are
also rarely used for acoustic measurements in the field of architectural acoustics.

a)

b)

Fig. 1: View of the modern interference microphone Beyerdynamic MCE85 (a) and schematic
representation of the microphone (b).

The mathematical model of such microphones is known, but not sufficiently developed. In par-
ticular, it does not take into account the wave effects inside the interference antenna and the char-
acteristics of the material that closes the holes.

The analysis of the sound field was carried out by two methods – the method of electroacoustic
analogies (Lumped Modeling) and the method of reverberation matrix.
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In the method of electroacoustic analogies, the antenna was represented as an equivalent electrical
circuit of RLC-elements and Z-blocks, which replaced the acoustic elements of the antenna (air in the
tube, holes, grids). The electric current in the branch of the circuit is equivalent to the volumetric
oscillatory velocity, and the voltage is equivalent to the sound pressure.

In the reverberation matrix method, the sound field is described by a matrix equation that allows
determining the sum of all elementary straight lines and the sum of all elementary inverse waves of
any given diffraction order in each segment of the interference antenna.

The calculation results in the formulated mathematical models coincide well with the experimen-
tal results (Fig. 2). In the experiment, a mock-up of an interference microphone with side holes
not covered with fabric or mesh was studied. It can be seen that open holes do not provide the
microphone with narrow directional properties, which cannot be determined from the classical model
of an interference microphone. The reason for the absence of acute directivity is the dispersion inside
the interference antenna.

Fig. 2: Directivity characteristic at a frequency of 5 kHz. Comparison of calculation results
(red) and experiment results (blue).

Deep learning and successive approximations for the BCM-based image
enhancement

Timonov, A.
Steklov Mathematical Institute of the RAS (St. Petersburg branch);
University of South Carolina, USA
e-mail: altim@pdmi.ras.ru

Let Ω ⊂ Rd(d = 2, 3) be a bounded and simply connected domain with the smooth boundary
∂Ω, and T > 0 be the final time.

Consider a dynamical system

ρ(x)utt −∆u = 0 in Ω× (0, T ], (1)
u(x, 0) = ut(x, 0) = 0 in Ω× {0}, (2)
∇u · ν = f on ∂Ω× [0, T ], (3)

where ν is the unit normal vector on ∂Ω, and the variable coefficient ρ(x) is supposed to be sufficiently
smooth and such that 0 < ρ ≤ ρ(x) ≤ ρ, ρ = const, ρ = const. All functions are supposed to be
real valued. If ρ represents the mass density then the quantity c = ρ−1/2 is the sound speed, which
is supposed to satisfy the non-trapping condition.

A subject of our consideration is the following problem: Given the set
{(
f, uf|∂Ω×(0,2T )

)
: f ∈

L2(∂Ω× (0, 2T ))
}
, determine numerically an approximate mass density in Ω.

To solve numerically this problem, we regularize the Pestov’s version of the Boundary Control
Method (BCM), which is based on the approximateH1-controllability. Enhancement of a BCM-based
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image is motivated by the fact that it is often not appropriately sharp for a number of applications
due to undersampling artefacts and oversmoothing penalties in the Tikhonov’s functional. To over-
come these constraints, two approaches are proposed and implemented numerically. These are deep
learning and successive approximations.

Deep learning is a state-of-the-art technique for image processing. One of convolutional neural
networks, a slightly modified U-net, has been implemented on the Lambda TensorBook with the 32
GB RAM, GPU NVIDIA RTX 2080 Max-Q with 8 GB memory and 6-core Intel i7 running under
Ubuntu 18.04 to enhance the spatial and contrast resolutions of a regularized BCM-based image.
The software Keras-Python running on TensorFlow platform is used to implement the U-net.

The other approach is based on the Klibanov’s implementation (for a scalar time-domain wave
equation) of the Lavrentiev’s discovery of transforming a nonlinear inverse problem to a linear integral
equation of the first kind. This reduction is utilized to construct the successive approximations and
to update iteratively the regularized BCM-based image together with the wave field inside a region
of interest. It should, however, be emphasized that instead of solving the aforementioned integral
equation, an explicit form of the scattering potential obtained after applying the Laplace operator
to this equation is exploited by the successive approximations.

It is demonstrated in the numerical experiments with deep learning that despite the encouraging
results, there is the pronounced sensitivity of enhanced images to selecting and configuring a neural
network, particularly the U-net, as well as to selecting a regularization technique used to provide
stability. Also, it is numerically shown that using the proposed successive approximations, it is
possible to obtain the high resolution BCM-based images.

The work was supported in part by the National Science Foundation grant DMS-1818882.

Solution of the two-dimensional massless Dirac equation
with a linear potential and localized right hand side

Tolchennikov, A.A.
Institute for Problems in Mechanics RAS, Moscow
e-mail: tolchennikov.aa@gmail.com

We consider the two-dimensional massless Dirac equation with a linear potential and localized
right hand side:

x1σ0ψ + σ1(−ihψx1) + σ2(−ihψx2) = ψ0

(
x− x0

h

)
,

where x0 = (−a, 0), a > 0, ψ0(x) is smooth, fast-decaying function, h � 1, σj are Pauli matrices.
The solution must satisfy the absorption limit principle. The talk will be devoted to the construction
of an asymptotic solution as h→ 0. Using the method of [1], we can construct an asymptotic solution
outside a neighborhood of a singular line x2 = 0. Earlier in the paper [2], the asymptotics of the
fundamental solution for singular ray x2 = 0, x1 > 0 was obtained.

This is joint work with S.Yu. Dobrokhotov and I.A. Bogaevsky. Supported by Russian Science
Foundation under grant № 16-11-10282.
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Mathematical aspects of monochromatic electromagnetic
wave propagation in a plane waveguide filled

with inhomogeneous nonlinear medium

Valovik, D.V., Tikhov, S.V.
Department of Mathematics and Supercomputing, Penza State University, Penza, Russia, 440026
e-mail: dvalovik@mail.ru, Tik.Stanislav2015@yandex.ru

The report focuses on the problem of propagation of a monochromatic wave (E,H)e−iωt in the
waveguide Σ := {(x, y, z) : 0 6 x 6 h, (y, z) ∈ R2}, where

E = (Ex(x), 0,Ez(x)) eiγz, H = (0,Hy(x), 0) eiγz (1)

quantity ω is the circular frequency, γ is an unknown (real) parameter (propagation constant of the
waveguide). There are perfectly conducted walls at x = 0 and x = h.

Inside Σ, the permittivity is described by the formula ε = εl +a|E|2, where εl ≡ εl(x) ∈ C1[0, h] is
monotonically increasing positive function and a > 0 is a real constant. Everywhere µ = µ0, where
µ0 is the magnetic permeability of free space [1].

The fields E,H, introduced in (1), satisfy Maxwell’s equations

rotH = −iωεE, rotE = iωµH (2)

It is well known that tangential components of the electric field E vanish on the perfectly conductive
walls; thus, solution Ez to system (2) must satisfy to the conditions Ez|x=0 = Ez|x=h = 0. We also
impose an additional local condition on Ex at the point x = 0, see [2, 3] for details.

For the considered problem, a rigorous analytical approach is suggested for the first time. It is
proved that even for small values of the nonlinearity coefficient a, the problem has infinitely many
nonperturbative solutions (propagation constants and eigenmodes), whereas the corresponding linear
problem always has a finite number of solutions. Similar results for shielded plane waveguide filled
with homogeneous isotropic/anisotropic cubic nonlinearity are represented in [2, 3]. We also present
numerical simulations and draw comparison between similar problems.
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Influence of the imperfect interlaminar contact on the edge waves
in laminate structures with thin soft interlayers

Wilde, M.V.
Saratov State University, 83, Astrakhanskaya str., 410012, Saratov, Russia
e-mail: mv wilde@mail.ru

In this work, elastic waves guided by an edge of a plate (edge waves) are investigated in the case
of a plate, composed of two isotropic and homogeneous elastic layers and a thin film between them.
The investigation is based on the three layer model with spring-type boundary conditions employed
for imperfect contact simulation. In the case when thickness of the internal soft layer is sufficiently
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small compared to the wavelength, the film can be replaced by certain effective boundary conditions
(EBCs) coupling two external laminae and tuned to address interlayer mechanical properties and the
contact quality. In [1], higher order EBCs are derived via asymptotic expansion technique and used
for analysis of the peculiar properties of elastic guided waves in considered laminates. With the use
of these boundary conditions, the family of edge wave is investigated for the case of a perfect contact
between the layers.

The goals of the present work is to determine the limits of applicability of EBCs in describing
of edge waves, and to investigate the influence of the weakened adhesion or damaged interfaces on
dispersion and attenuation of these waves. The semi-analytical method based on modal expansion
[2] is employed for numerical investigation.

The most interesting property of EWs in a laminate under consideration is that the high order
edge waves EA0.5, ES0.5, ES1 are close to fundamental waves in their main features: their SCs
are in general lay close together, and their cut-off frequencies and attenuation is small. These
modes are most likely to be observed in the experiments, and can provide additional information for
experimental evaluation of laminate material constants and interlaminar bond stiffness. As to the
limits of applicability ob EBCs, it is revealed that in the case of a soft interlayer they are restricted
because of the presence of the film-related edge wave.
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Dynamics and radiation effects for charges propagating
in ultraintense laser fields of Gaussian beams

V. Zalipaev1, T. Zalialiutdinov2, V. Dubrovich3

1ITMO University, St. Petersburg, 197101, Russia
2Department of Physics, St. Petersburg State University, St. Petersburg, 198504, Russia
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We discuss dynamics and radiation effects for charges propagating in ultraintense laser fields
described by Gaussian beams. This problem of classical radiation has been studied by generations
of physicists since its first formulation in 1892 by the famous physicist Lorentz. In the fields of high
intensities, a charge is accelerated so strongly that its own radiation emission may significantly affect
its motion. In our analysis the incident electromagnetic field is based on an asymptotic solution
of the space-time Gaussian beam (see [1] and the corresponding references). It was generalized for
the case of vector electrodynamics wave propagation. The space-time Gaussian beam solution may
include the Gaussian–Hermit and Gaussian–Laguerre modes. The dynamics of the charge motion
is evaluated numerically on the basis of the corresponding canonical Hamiltonian system with well-
known relativistic Hamiltonian of a charge in electromagnetic field [2]. Different types of dynamics
of the charge motion are analysed and compared for various incident modes of the Gaussian–Hermit
and Gaussian–Laguerre pulsed beams. The intensity of the charge radiation excited by the Gaussian
pulsed beams is computed with help of the well-known classical formula presented in [2]. A particular
attention is paid to the comparative analysis of the corresponding spectra of the intensity of the charge
radiation. The details of the dynamics of the charge motion and the spectra obtained for the Gaussian
beam incident field are compared with the exact solution data for the case of the incident pulse of
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linearly and circular polarizes plane electromagnetic wave (see [2]). We study and compare results
for two canonical cases of video and radio propagating pulses with the Gaussian time-dependence.

References

[1] M.M. Popov, Ray Theory and Gaussian Beam Method for Geophysicists, Editora da Universidade
Federal da Bahia, Brazil, 2002.

[2] L.D. Landau, E.M. Lifshitz, The Classical Theory of Fields, Course of Theoretical Physics, Vol. 2,
Butterworth-Heinemann, Oxford, 1987.

Modelling of ghost imaging reconstruction on the basis of pulsed radiation
of Gauss–Laguerre and Gauss–Hermite beams in the terahertz range
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ITMO University, St. Petersburg, 197101, Russia
e-mail: v.zalipaev@metalab. ifmo.ru

In this paper we explore a possibility of obtaining higher quality ghost imaging (GI) reconstruction
of thin film objects in the frequency and time domains based on Gauss–Laguerre and Gauss–Hermite
beams in the terahertz (THz) spectrum range. These localized beams have been widely studied in the
mathematical theory of wave propagation (see, for example, the aperture in PEC screen diffraction
[1–4]). They have also been effective in optical ghost imaging reconstruction. Firstly we study a
problem of formation of speckle patterns for pulsed THz radiation and monochromatic radiation. In
our paper the speckle patterns are formed by means of transmission of radiation through a transparent
homogeneous plate with random rough surface on its back side. This random phase screen provides a
phase modulation of the radiation that leads to the appearance of speckle patterns at some distance.
The mathematical modelling of propagating Gauss–Laguerre and Gauss–Hermite beams through a
random phase screen over a long distances is analyse using Green’s formula in the Fresnel paraxial
approximation. Generation of a proper speckle patters of Gaussian beams with high contract are
very important from point of view of high quality image reconstruction.

The discussed computational GI reconstruction can be considered as a variant of the standard
two-detectors method (see, for example, [5]). A spatially incoherent beam is generated by pass-
ing a laser beam through a random phase screen. The beam is then split up on a beam-splitter,
generating the two spatially correlated beams required for GI. Since for each random realization
the controlled phase pattern Φr(x, y) is known, one can evaluate the field right after the screen,
Er(x, y, z = 0) = Eine

iΦr(x,y), where Ein is the incident field the Gaussian beam mode on the screen.
Knowing Er(x, y, z = 0), the field at any distance z from the screen can be computed using the
well-known Fresnel–Huygens propagator:

Er(x, y, z) =

∫
dξ dη Er(x− ξ, y − η, z = 0)ei

π
λz (ξ2+η2)

where λ is the wavelength of the source. In order to reconstruct the transmission function of an
thin film object T (x, y) placed at z = L, the computed intensity patterns at the object plane
Ir = |Er(x, y, z = L)|2 are cross-correlated with the intensities measured by the point detector placed
behind the object Br =

∫
dx dy Ir(x, y, L)T (x, y). This provides the reconstructed image as a corre-

lation function of Ir and Br in the following form

G(x, y) =
1

N

N∑

r=1

(Br − 〈Br〉) Ir(x, y)

Here 〈 〉 denotes an ensemble average over N phase realizations of the random phase screen.
Intuitively, one can see that the image is obtained by summing the calculated intensities Ir with
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the appropriate weights Br. The larger the overlap between the generated intensity pattern and
the transmission object, the higher is the intensity measured by the point detector Br, and thus the
calculated Ir(x, y) is summed with a larger weight. This approach works both in the the frequency and
time domains. In the paper we demonstrate some examples of quality GI reconstruction performed
with the help of various modes of Gauss–Laguerre and Gauss–Hermite beams in THz spectrum range.
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Modeling of fluid flow in a flexible vessel with elastic walls
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We exploit a two-dimensional model [1–3] describing the elastic behavior of the wall of a flexible
blood vessel which takes interaction with surrounding muscle tissue and the 3D fluid flow into account.
We study time periodic flows in an infinite cylinder with such intricate boundary conditions. The
main result is that solutions of this problem do not depend on the period and they are nothing else
but the time independent Poiseuille flow. Similar solutions of the Stokes equations for the rigid wall
(the no-slip boundary condition) depend on the period and their profile depends on time.

Acknowledgements. V. Kozlov was supported by the Swedish Research Council (VR), 2017-03837.
S. Nazarov is supported by RFBR grant № 18-01-00325. This study was supported by Linköping
University and by RFBR grant № 16-31-60112.
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Detailed study of Alexey Popov’s diffraction problem
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1St. Petersburg State University, St. Petersburg, Russia
2St. Petersburg Department of Steklov Mathematical Institute, St. Petersburg, Russia
3Institute for Problems in Mechanical Engineering, St. Petersburg, Russia
e-mails: ezlobina2@yandex.ru, kiselev@pdmi.ras.ru

We construct high-frequency asymptotic formulas for the wavefield described by

uxx + uyy + k2u = 0, ∂nu|C = 0, (1)

where k → ∞ is a wavenumber and ∂n denotes the derivative along the normal to a contour C.
The latter is composed of the half-line C− and the piece of smooth contour C+, see Fig. 1, with a
jump in curvature at the conjugation point O. The incident field is a plane wave uinc = eikx, and
u = uinc + uout, where uout is the outgoing wave.

The problem has been qualitatively approached in [1], and quantitatively considered in [2] by
Alexey Vladimirovich Popov who combined the parabolic-equation method, the Kirchhoff-type heuris-
tics and the Sommerfeld–Malyuzhinets technique to derive an expression for the cylindrical wave
arising at the non-smoothness point O.

e
ikx

x

y

O

C+

diffracted

limit
C
−

penumbra

ray

wave

Fig. 1: The geometry of the problem.

Addressing this problem, we continue our work on the systematic application of boundary-layer
techniques to diffraction by a jump of curvature and similar problems [3, 4]. We describe the outgoing
wavefield uout in a neighborhood of O via the Leontovich–Fock parabolic-equation method [5, 6]. We
seek the outgoing field in the traditional form

uout = eiksU(σ, ν),

using stretched coordinates σ = (κ2k)
1
3 s, ν = (κk2)

1
3n, where s is the arc length of the contour

C measured from O and n is the length of normal to C. To the main order, we get the parabolic
equation

Uνν + iUσ + θ(σ)νU = 0

with the boundary condition
Uν |ν=0 = −iκθ(σ)σe−iσ

3/3.

Here, θ(σ) = {1, σ > 0; 0, σ ≤ 0} is the Heaviside function, κ is the value of curvature of C+ at the
point O.

We have solved this problem explicitly. The solution is, in a sense, similar to that presented in
[5, 6] for a smooth contour, but with some classical Airy functions replaced by inhomogeneous Airy
functions. We asymptotically analyzed the wavefield in a small vicinity of O under assumptions that
σ > 0 and ν + σ � 1, deriving different expressions in boundary layers D2–D8 surrounding the limit
ray (schematically shown in Fig. 2).
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Fig. 2: A sketch of areas under consideration.

An expression for the diffracted wave which we obtained in D2 agrees with the one found in
[2]. As an example, we present a formula for the wavefield in the area D3 described by ν � 1,
ν−

1
4 � √ν − σ � ν

1
8 :

uout ≈ e−i
π
4

2π

eiks+i
2
3
ν

3
2

ν
1
4

∫

γ

H ′(ξ)

w′1(ξ)
ei(σ−

√
ν)ξdξ.

Here,

H(ξ) =

∫ ∞

0

eξt−
t3

3 dt

is the inhomogeneous Airy function, w1(ξ) is the classical Airy function in Fock’s notation [5], and
the integration contour γ goes from −∞ to 0 and then to ∞− iε, 1� ε > 0.

A support from the Russian Science Foundation grant № 22-21-00557 is acknowledged.
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