DIMACS Series in Discrete Mathematics and Theoretical Computer Science Volume 00, 0000

The Boundary of Young Lattice and Random Young Tableaux

S. Kerov

Abstract. The description of characters of the infinite symmetric group

S1 = lim�! Sn is considered in the paper as an asymptotical combinatorial

problem. It is equivalent to the characterization problem of totally positive sequences. We derive the list of characters, first obtained by E. Thoma in 1964, using appropriate exact formulae for the number of skew Young tableaux. The character space is treated as a boundary of the Young lattice.

The character problem for a locally finite group and the classical de Finetti theorem on exchangeable random sequences are two particular cases of a more general problem in potential theory on a graph, namely that of the explicite description of Martin boundary of this graph. We show that Selberg type integrals arise naturally in this general setup in connection with Pieri formula for Jack symmetric polynomials.

Some remarkable connections between Plancherel measures of symmetric groups and topics in Analysis are indicated.

Contents

1. Introduction 2. Pascal triangle 3. Bratteli diagrams and branchings 4. Multiplicative branchings 5. Combinatorial dimensions 6. Central Markov chains 7. The boundary of a branching 8. Computing the boundary 9. Poisson integral for Young lattice and related branchings 10. Plancherel Growth Process in Calculus 11. Multiplicative central measures 12. Selberg integrals

1991 Mathematics Subject Classification. Primary 05A17, 60C05; Secondary 31C20, 43A90. Key words and phrases. Infinite symmetric group, characters, exchangeable sequences, random growth, Poisson integral, Selberg integrals, zonal symmetric functions.

Partially supported by the ISF grant MQV 000.

cfl0000 American Mathematical Society

1052-1798/00 $1.00 + $.25 per page 1

2 BOUNDARY OF YOUNG LATTICE

1. Introduction

This paper is a brief introduction to some of the combinatorial and asymptotic problems arising in the theory of approximately finite-dimensional algebras. We focus on the distinguished particular example of the group algebra C [S_∞ ] of the countable symmetric group S_∞.

It will be shown that the Young lattice Y (the set of Young diagrams ordered by inclusion, see Fig. 1) has a natural compactification Y. The complement Δ = Y \ Y will be referred to as the boundary of the Young lattice. We present below both the definition of the boundary Δ and its explicit description.

Several apparently unrelated problems lead to the concept of the boundary. It is well known that Young diagrams with n boxes label the characters of irreducible representations of the symmetric group S_n. In the same way, the boundary Δ of the Young lattice provides the solution to the following problem. Problem (i). Find the characters of the infinite symmetric group S_∞. By definition, a character of S_∞ is an extreme point in the compact convex set of positive definite, central, normalized functions on this group.

This problem in representation theory can be restated in terms of potential theory on the lattice Y, and in probabilistic terms of random growth of Young diagrams.

Problem (ii). Describe all non-negative harmonic functions on the Young lattice. Here a function φ : Y → R is called harmonic if it satisfies the ‘Mean Value Theorem’ in the form φ(λ) = ∑ μ φ(μ); λ ∈ Y, where μ runs through the set of diagrams covering λ in the lattice Y. Problem (iii). Find all Markov processes of central growth of Young diagrams. In this Problem we consider Markov chains on the state space Y, with the empty diagram as the initial state. Only transitions to covering diagrams are allowed, hence the realizations of the chain are just Young tableaux. A process is said to be central, if the probability of a Young tableau depends but on its shape.

Figure 1. The Young lattice.

Yet another form of the Problem (i) is in terms of symmetric functions.

S. KEROV 3

Problem (iv). Describe all homomorphisms ψ : Λ → R of the symmetric function ring Λ which are non-negative on Schur functions: ψ(s_λ) ≥ 0 for all λ ∈ Y.

Problems (ii), (iii) make sense for more general infinite graphs, called Bratteli diagrams. To each graph of this type there corresponds canonically an increasing sequence A_1 ⊂ A_2 ⊂ . . . ⊂ A_n ⊂ . . . of finite-dimensional, semisimple algebras over C . Problem (i), when restated for the limiting infinite-dimensional algebra A_∞ = lim−→ A_n, is again equivalent to Problems (ii), (iii). Any one of the Problems (i) – (iii) leads to the general definition of the boundary of a Bratteli diagram, similar to the classical Martin boundary construction.

Given a Bratteli graph Γ, the computation of the boundary reduces itself to the following combinatorial Problem.

Problem (v). Find the asymptotics of the number d(λ, μ) of saturated chains in an interval [λ, μ] ⊂ Γ, when λ is fixed and μ goes to infinity along some path in Γ.

In the particular case of Young lattice, Γ = Y, there are useful exact formulae for the number of skew Young tableaux. As a consequence, the boundary Δ of the Young lattice is known. It can be identified with the space of pairs of non-negative sequences α_1 ≥ α_2 ≥ . . . ≥ 0; β_1 ≥ β_2 ≥ . . . ≥ 0, such that ∑ α_k+ ∑ β_k ≤ 1. The parameters {α_k}^∞_{k=1}, {β_k}^∞_{k=1} can be interpreted as Frobenius coordinates of ‘ideal Young diagrams’ at the boundary of Young lattice. Let us remark that via solution of Problem (iv), the boundary Δ is in a natural one-to-one correspondence with the space of Polya frequency sequences.

Along with the Young lattice, we consider its one parameter deformation related to zonal (Jack) symmetric functions, and compute the boundary of its truncated version. As a particular case, Kingman’s partition structures arise.

The character of the regular representation of S_∞ corresponds to the point α_1 = α_2 = . . . = β_1 = β_2 = . . . = 0 of the boundary Δ. It is just the delta measure at the identity of the group. On the other hand, the associated central Markov chain (called here the Plancherel Growth Process) is highly non-trivial. Its transition probabilities can be written as p(λ, μ) = d(∅, μ) (n + 1) d(∅, λ) ; λ ∈ Y_n, and the state distribution after n moves is the Plancherel measure of the group S_n:

M_n(λ) = d^2(∅, λ) n! ; λ ∈ Y_n. As n → ∞, almost all Young diagrams λ ∈ Y_n, with respect to the Plancherel measure M_n, have similar shapes uniformly close to a universal curve known explicitly. The same shape maximizes the number of Young tableaux for a large n.

Surprisingly, the Plancherel transition probabilities have a natural description in terms of partial fraction decompositions. This observation allows one to apply non-trivial combinatorics of Young diagrams to problems in Analysis. For instance, the Hook Walk algorithm has an application to Markov Moment Problem, and the asymptotics of root separation of classical orthogonal polynomials coincides with that of Young diagrams in the Plancherel Growth Process.

4 BOUNDARY OF YOUNG LATTICE

As an application of the boundary theory of Bratteli graphs, we derive Selberg type integral ∫ · · · ∫ α1^{,... ,α}k˘0 α1+^{...}+^αk=1 P_λ(α_1, . . . , α_k; θ) ∏ 1≤i<j≤k |α_i − α_j|^{2θ} k∏ j=1 α^{A−1}_j dα_1 . . . dα_{k−1} =

= P_λ(

k times 1, . . . , 1; θ) Γ(n + kA + k(k − 1)θ) k∏ j=1 Γ(λ_j + A + (k − j) θ) Γ(jθ + 1) Γ(θ + 1) , where P_λ(α; θ) are zonal symmetric polynomials. To this end, we introduce a special class of multiplicative random Young diagrams, and we show that Selberg integral is a particular case of the general Poisson integral representation of associated harmonic functions.

Acknowledgements. I wish to thank P. Diaconis, S. Fomin, C. Greene, G. Olshanski and A. Vershik for many stimulating discussions during the preparation of this paper.

2. Pascal triangle

We start with a simple example of a Bratteli diagram (see the general definition in Section 3 below), for which Problems (ii), (iii) have easy solutions. Let Γ = ⋃ Γ_n denote the Pascal triangle considered as an ordered graph. The vertices of the n-th level Γ_n are labelled by pairs (k, n), where k = 0, 1, . . . , n. For each vertex (k, n) there are two outgoing edges with the end vertices (k, n + 1) and (k + 1, n + 1) (Fig. 2). Problem (ii) takes the following form.

Problem (ii) for the Pascal triangle. Describe all functions φ : Γ → R satisfying three conditions:

(2.1) φ(k, n) = φ(k, n + 1) + φ(k + 1, n + 1); 0 ≤ k ≤ n, φ(k, n) ≥ 0; 0 ≤ k ≤ n, φ(0, 0) = 1.

Figure 2. The Pascal triangle.

We say that a function with these properties is harmonic.

The solution to the Problem is straightforward. Consider a set of examples of harmonic functions:

(2.2) φ_p(k, n) = p^k (1 − p)^{n−k}; 0 ≤ p ≤ 1.

S. KEROV 5

Since the space of harmonic functions is convex, the integral

(2.3) φ(k, n) =

∫_1 0 p^k (1 − p)^{n−k} μ(dp) also represents a harmonic function, for every choice of a probability measure μ. In fact, all harmonic functions of the Pascal triangle have a unique representation by the integral (2.3). This follows, for instance, from de Finetti theorem, cf. [2], Chapter VII, Section 4.

Problem (iii) in case of the Pascal triangle is related to the study of exchangeable random sequences. Recall that a sequence X = (X_1, . . . , X_n) of binary random variables is called exchangeable, if the probability

(2.4) Prob {X_1 = x_1, . . . , X_n = x_n} = φ(k, n)

depends only on the number k = x_1 + . . . + x_n of 1^′s and the number n − k of 0^′s in the sequence x, but not on the order of these. A random binary sequence X = (X_1, . . . , X_n, . . .) determines a random chain (path) in the Pascal triangle, and the latter process is central iff the sequence X is exchangeable. In this case (2.4) is a harmonic function on the Pascal triangle. Example (2.2) corresponds to independent coin tossings, with heads probability p. More general exchangeable sequences have unique representations as mixtures of independent, identically distributed sequences, with respect to appropriate probability distribution μ of the parameter p ∈ [0, 1]. Since exchangeable sequences are in a natural one-to-one correspondence with central Markov chains on the Pascal triangle, we obtain the solution to Problem (iii).

The Polya urns model provides a concrete example of an exchangeable sequence. Initially, there are A white and B black balls in the urn. Each ball drawn from the urn returns back along with a new ball of the same color. In this example X_j is the number of white balls drawn at the j-th stage of the process (X_j = 0 or X_j = 1). The probability (2.4) does not depend on the order of x_1, . . . , x_n, and equals

(2.5) φ(k, n) = (A)_k (B)_{n−k} (A + B)_n , where (c)_n = c(c+1) . . . (c+n−1) is the Pochhammer symbol. The mixing measure μ in (2.3) is the Euler beta distribution:

(2.6) μ(dp) =

Γ(A + B) Γ(A)Γ(B) p^{A−1} (1 − p)^{B−1} dp, and (2.3) takes the form

(2.7)

∫_1 0 p^k (1 − p)^{n−k} μ(dp) = (A)_k (B)_{n−k} (A + B)_n . Note that the parameters A, B ≥ 0 in (2.5) are not necessarily integers.

3. Bratteli diagrams and branchings

Pascal triangle enjoys the following properties:

(a) the end vertex of every edge belongs to the level set next to that of its source vertex;

(b) there is a single vertex ∅ ∈ Γ with no incoming edges;

6 BOUNDARY OF YOUNG LATTICE

(c) for every vertex there is at least one outgoing edge; (d) all the levels Γ_n are finite. An oriented graded graph Γ = ⋃ Γ_n satisfying (a) – (d) is called Bratteli diagram. Sometimes, it is convenient to consider Γ as a partially ordered set with minimal element ∅ ∈ Γ_0. We write λ ↗ Λ if (λ, Λ) is an edge of Γ, that is if Λ covers λ.

We will often associate a positive number –(λ, Λ), called edge multiplicity, to every edge (λ, Λ) of a Bratteli diagram. A pair (Γ, –) consisting of a Bratteli diagram and a multiplicity function – will be referred to as a branching.

The terminology and the original host of examples comes from representation theory of locally finite groups and AF-algebras. Let G be a countable locally finite group, i.e. a union of an increasing sequence of finite subgroups

(3.1) G_0 ⊂ G_1 ⊂ . . . ⊂ G_n ⊂ . . . .

We denote by Γ_n = Ĝ_n the finite set of (equivalence classes) of irreducible representations of G_n. For any two irreducibles λ ∈ Γ_n, Λ ∈ Γ_{n+1} the coefficient –(λ, Λ) of λ in the restriction

(3.2) Res^{Gn+1}_{Gn} Λ = ⨁ λ:λ↗Λ –(λ, Λ) · λ coincides with the corresponding coefficient of Λ in the induced representation:

(3.3) Ind^{Gn+1}_{Gn} λ = ⨁ Λ:λ↗Λ –(λ, Λ) · Λ. By definition, a pair (λ, Λ) for which –(λ, Λ) ≠ 0 determines an edge of a branching, with multiplicity –(λ, Λ), on the vertex set Γ = ⋃ Γ_n. (In this example we have integer multiplicities).

In particular, consider the infinite symmetric group S_∞ as the direct limit of subgroups

(3.4) S_0 ⊂ S_1 ⊂ . . . ⊂ S_n ⊂ . . . ,

where S_n acts on the set {1, 2, . . . , n}. Then the associated branching is the Young lattice (Fig. 1). Its vertices are Young diagrams, and the edges are simple: –(λ, Λ) = 1. The paths starting at the empty diagram are called standard Young tableaux.

Figure 3. Matrix inclusions and bipartite graphs.

S. KEROV 7

Let us remark that for every branching (Γ, –) with integer multiplicities, there is a variant of Problem (i) equivalent to Problems (ii), (iii) for this branching. In fact, to such a branching one can canonically associate an increasing sequence

(3.5) A_1 ⊂ A_2 ⊂ . . . ⊂ A_n ⊂ . . .

of finite-dimensional, semisimple complex algebras. The n-th algebra

(3.6) A_n = ⨁ λ∈Γ_n M_{d(λ)}(C ),

is isomorphic to a direct sum of algebras M_k(C ) of k × k complex matrices. The terms in (3.6) are indexed by the vertices of the n-th level Γ_n of the branching, and d(λ) = d(∅, λ) denotes the combinatorial dimension of the vertex λ ∈ Γ_n (see Section 5 below).

The monomorphism A_{n−1} → A_n in the sequence is determined by the bipartite graph in between the levels Γ_{n−1}, Γ_n. The construction should be clear from an example in Fig. 3.

There is a limiting infinite-dimensional ∗-algebra A_∞ = lim−→ A_n, and Problems (ii), (iii) are equivalent to the generalized Problem (i): describe characters of the algebra A_∞ associated to a branching (Γ, –).

By definition, a character of the algebra A_∞ is a positive definite, central, normalized linear functional ψ : A_∞ → C , i.e.

(i) ψ(a a^∗) ≥ 0 for all a ∈ A_∞; (ii) ψ(a b) = ψ(b a) for all a, b ∈ A_∞; (iii) ψ(e) = 1, where e is the identity in A_∞.

It is straightforward to check that every character ψ uniquely determines a harmonic function φ on the corresponding branching via the formula

(3.7) ψ | A_n = ∑ λ∈Γ_n φ(λ) χ_λ. Here χ_λ denotes the normalized character of an irreducible representation of finite dimensional subalgebra A_n, labelled by λ ∈ Γ_n.

4. Multiplicative branchings

All the examples considered in the present paper belong to the special class of multiplicative branchings. The branchings in the class have some nice special features, and a specific techniques can be applied. In particular, we shall see that there is a variant of Problem (iv) which is equivalent to Problems (i) – (iii), for general multiplicative branchings.

Let us start with a graded R-algebra

(4.1) R = ∞⨁ n=0 R_n, and assume that a linear basis {s_λ}_{λ∈Γn} is chosen in R_n for all n ≥ 0. Suppose s ∈ R_1 is an element for which all the coefficients in the decomposition

(4.2) s · s_λ = ∑ Λ:λ↗Λ –(λ, Λ) sΛ

8 BOUNDARY OF YOUNG LATTICE

are nonnegative. Then the triple (R, {s_λ}, s) determines a branching on the set Γ = ⋃ Γ_n. The edges are those pairs (λ, Λ) for which –(λ, Λ) ≠ 0, and the coefficients are considered as multiplicities. The branchings of this type are called multiplicative.

In the examples below we use notations and terminology from [15]. Example A (Young lattice). R is the algebra of symmetric polynomials, s_λ is the Schur function indexed by a Young diagram λ ∈ Y, and s = x_1 +x_2 +. . . = s_{(1)}. By the Pieri formula,

(4.3) s_{(1)} · s_λ = ∑ Λ:λ↗Λ s_Λ,

hence Young lattice is a multiplicative branching.

Example B (Kingman’s branching). Consider the basis {m_λ} of monomial symmetric functions in the symmetric function algebra R, and use the element s of Example A. Then the coefficients in

(4.4) s_{(1)} · m_λ = ∑ Λ:λ↗Λ –(λ, Λ) · mΛ.

Figure 4. Kingman’s branching.

are positive. The graph of the branching is the ordinary Young lattice, and the multiplicity

(4.5) –(λ, Λ) = ρ_j (Λ)

equals the number of rows of length j in a Young diagram Λ, assuming the box Λ \ λ is deleted from a row of length j in Λ. The branching K = (Y, –) was studied in [12], and we call it Kingman’s branching (Fig. 4).

S. KEROV 9

Example C (Jack’s branching). The algebra R is the same as above. Let P_λ(x; θ) be the notation for zonal (Jack) symmetric polynomials with the parameter θ > 0. We briefly recall the definition of Jack polynomials.

Define a scalar product on R by the formula < p_λ, p_μ > = δ_{λμ} θ^{−l(λ)} z_λ, where p_λ is a power sum symmetric polynomial, λ = (1^{ρ1} 2^{ρ2} . . . ) is a Young diagram of length l(λ), and z_λ = 1^{ρ1} ρ_1! 2^{ρ2} ρ_2! . . . . The zonal polynomials P_λ can be characterized by the following properties:

(P1) < P_λ, P_μ > = 0 if λ ≠ μ; (P2) if P_λ = ∑ μ v_{λμ}(θ) m_μ, then v_{λμ}(θ) = 0 unless μ ≤ λ in the dominance (natural) ordering;

(P3) v_{λλ}(θ) = 1.

Note that Jack symmetric polynomials J_λ(x, θ) considered in [19] have a different normalization:

(4.6) θ^n J_λ(x, θ) = P_λ(x, θ) ∏ b∈λ (a(b) + (l(b) + 1) θ).

Figure 5. Multiplicities of Jack’s branching.

Here a(b) = λ_i − j is the arm length and l(b) = λ^′_j − i is the leg length of a box b = (i, j) ∈ λ. Pieri type formula

(4.7) s_{(1)} · P_λ(x; θ) = ∑ λ:λ↗Λ –θ(λ, Λ) · PΛ(x; θ)

10 BOUNDARY OF YOUNG LATTICE

determines the multiplicities of edges in the Young lattice as follows:

(4.8) –_θ(λ, Λ) = ∏ ver ( a(b) + (l(b) + 2) θ a(b) + (l(b) + 1) θ ) ( a(b) + 1 + l(b) θ a(b) + 1 + (l(b) + 1) θ ) . The product ∏ ver runs over the boxes in the column of λ strictly above the new box Λ \ λ (see [16]). We denote the Young lattice with edge multiplicities (4.8) by J^{(θ)}, and we call it Jack branching (Fig. 5). The family of Jack branchings provides a deformation of Example B (θ = 0) to the ordinary Young branching of Example A (θ = 1). In fact, P_λ(x; 0) = m_λ(x) and P_λ(x; 1) = s_λ(x).

Remark. All the branchings in examples above have truncated versions with a limited number of rows k in Young diagrams. The latter are multiplicative, too, and the construction of a corresponding triple (R, {s_λ}, s) is similar, except that polynomials in the algebra R depend on k variables only.

Note that the Pascal triangle of Section 2 is a multiplicative Bratteli diagram, too. In this example, R = Z[x, y] is the polynomial ring in two variables, the basis is formed of monomials s_{(k,n)} = x^k y^{n−k}, and the element s = x + y determines the branching via (4.2).

5. Combinatorial dimensions

Let Γ be a Bratteli diagram. For any two vertices λ, μ ∈ Γ, we denote by d(λ, μ) the number of chains from λ to μ. In case of nontrivial edge multiplicities,

–(λ, Λ) ≠ 1, the definition is slightly different. We assign a weight

(5.1) w_u = n∏ i=1 –(λi−1, λi) to a chain u = (λ_0 = λ, λ_1, . . . , λ_n = μ), and define dimension function d(λ, μ) as the‘ sum

(5.2) d(λ, μ) = ∑ u w_u of weights of all saturated chains in the interval [λ, μ]. There are two useful ways to characterize combinatorial dimensions recurrently:

(a) d(λ, λ) = 1 and

(5.3) d(λ, μ) = ∑ Λ:Λ↗μ d(λ, Λ) · –(Λ, μ), or (b) d(μ, μ) = 1 and

(5.4) d(λ, μ) = ∑ Λ:λ↗Λ –(λ, Λ) · d(Λ, μ). We shall often use the abbreviation d(λ) = d(∅, λ). For the Pascal triangle,

(5.5) d(k, n) = ( n k )

is the choose symbol.

S. KEROV 11

Example A. For Young lattice Y, the combinatorial dimension is equal to that of the associated irreducible of the symmetric group S_n. The hook formula holds:

(5.6) d(λ) = n! ∏ b∈λ h(b) ; λ ∈ Y_n, where h(b) = a(b) + l(b) + 1 is the hook length of the box b ∈ λ.

Example B. For Kingman’s branching K, the dimension d(λ_1, λ_2, . . . ) is equal to that of the representation of S_n induced by the trivial representation of the Young subgroup S_{λ1} × S_{λ2} × . . . ⊂ S_{λn} , namely

(5.7) d(λ) = n! λ_1! λ_2! . . . ; λ ∈ Y_n. Example C. For the Jack branching J^{(θ)}, there is a hook formula (see [19]) generalizing both (5.6) and (5.7):

(5.8) d(λ) = n! ∏ λ(a(b) + 1 + l(b) θ) . 6. Central Markov chains

We associate to each branching a class of central Markov chains. The definition is similar to that of Gibbs measures, the multiplicity function playing the role of a potential. For a branching of irreducible representations of a sequence of finite groups (3.1), central Markov chains are in one-to-one correspondence with characters of the limiting group G = limG_n.

Let Γ be a Bratteli diagram, and – a multiplicity function. We denote by T the space of infinite paths (saturated chains) t = (λ_0 = ∅, λ_1, . . . , λ_n, . . . ) starting at the initial vertex ∅ of Γ. In the natural topology, T is compact and totally disconnected. In all examples of Section 4 the elements of T are infinite Young tableaux.

A Borel measure M on the path space T is determined by the measures M (C_u) of cylindrical sets

(6.1) C_u = {t ∈ T : λ_1 = ν_1, . . . , λ_n = ν_n},

where u = (ν_1, ν_2, . . . , ν_n = λ) is a finite path with the last vertex ω(u) = λ.

Definition. A probability measure M on T is called central, with respect to the branching (Γ, –), if

(6.2)

M (C_u) w_u = M (C_v) w_v for any two finite paths u, v with equal last vertices ω(u) = ω(v). (Recall the definition of weights w_u in (5.1)).

In particular, when the multiplicities are trivial, –(λ, Λ) ≡ 1, the definition reduces to this:

(6.3) ω(u) = ω(v) implies M (C_u) = M (C_v).

It follows from the definition (6.2), that for a central measure the quotient

(6.4)

M (C_u) w_u = φ(λ)

12 BOUNDARY OF YOUNG LATTICE

depends but on the last vertex λ of a path u. The function φ is harmonic in the sense that

(6.5) φ(λ) = ∑ Λ:λ↗Λ –(λ, Λ) · φ(Λ); λ ∈ Γ, φ(λ) ≥ 0; λ ∈ Γ, φ(∅) = 1. In the opposite direction, every harmonic function of a branching (Γ, –) uniquely determines a central distribution with cylinder probabilities

(6.6) M (C_u) = w_u · φ(ω(u)).

Let u = (λ_1, . . . , λ_n = λ) be a path terminating at a vertex λ, and write uΛ = (λ_1, . . . , λ_n, Λ) for the path u extended by a new edge (λ, Λ). Since the conditional probability

(6.7) Prob {C_{uΛ}|C_u} =

M (C_{uΛ}) M (C_u)

= –(λ, Λ) · φ(Λ) φ(λ) depends only on the last vertex λ of the path u, every central measure is a Markov chain, with transition probabilities

(6.8) p(λ, Λ) = –

(λ, Λ) · φ(Λ) φ(λ) . A Markov chain is central iff (6.9) p(λ, μ) p(μ, Λ) = p(λ, ν) p(ν, Λ) for every quadruple of vertices such that λ ↗ μ ↗ Λ and λ ↗ ν ↗ Λ.

For any branching (Γ, –), the natural generalizations of Problems (ii), (iii) of Section 1 are equivalent, since (6.4), (6.6) establish a one-to-one correspondence between harmonic functions and central measures. Another way of looking at the problem is in terms of coherent systems of probability distributions.

Consider two consecutive levels Γ_n and Γ_{n+1} and a vertex Λ ∈ Γ_{n+1}. Choose a random path u = (λ_0 = ∅, . . . , λ_n, λ_{n+1} = Λ) with probability proportional to its weight w_u. The conditional probability

(6.10) q(λ, Λ) = Prob {λ_n = λ | λ_{n+1} = Λ}

to cross the level Γ_n at the vertex λ, terminating at Λ, will be called co-transition probability. In terms of combinatorial dimensions, it can be written as

(6.11) q(λ, Λ) = d(λ) –(λ, Λ) d(Λ) . By (5.3), ∑ λ q(λ, Λ) = 1 for all Λ.

Definition. Assume that there is a probability distribution M_n on the n-th level set Γ_n of a branching (Γ, –), for all n ≥ 0. The system {M_n}^∞_{n=0} is called coherent, if

(6.12) M_n(λ) = ∑ Λ:λ↗Λ q(λ, Λ) M_{n+1}(Λ)

for every n ≥ 0 and λ ∈ Γ_n.

S. KEROV 13

Let M be a central Markov chain for a branching (Γ, –), and let

(6.13) M_n(λ) = Prob {t = (λ_1, . . . , λ_n, . . . ) ∈ T : λ_n = λ}; λ ∈ Γ_n,

denote the one-dimensional distribution of M at the n-th level of Γ. Then the system {M_n} is coherent. Vice versa, for every coherent system of probability distributions, the function φ(λ) = M_n(λ) / d(λ), where n ≥ 0 and λ ∈ Γ_n, is harmonic with respect to (Γ, –) and determines via (6.6) a central Markov chain.

In the particular example of Kingman’s branching considered in [12], the coherent systems were called partition structures.

7. The boundary of a branching

Let us start by recalling the classical integral representation of conventional harmonic functions in the disc. Denote by u = u(z) a positive harmonic function in the unit disc D = {z : |z| < 1}, normalized by the condition u(0) = 1. It can be uniquely represented by the Poisson Integral

(7.1) u(z) = ∫_{2π} 0 1 − |z|^2 |z − e^{iφ}|^2 μ(dφ), where μ is a probability distribution on the boundary circle. The distribution μ is determined by u as a weak limit of probability measures

(7.2) μ_r(dφ) = u(re^{iφ}) dφ 2π when r → 1 (see [18], Theorem 11.19 and its proof).

In order to apply similar terminology in the context of branchings, we shall define the analogues of the boundary and of the Poisson kernel

(7.3) Φ(z; e^{iφ}) = 1 − |z|^2 |z − e^{iφ}|^2 . Given a branching (Γ, –), assume that there is a compact topological space Δ, a map i : Γ → Δ, and a function Φ : Γ×Δ → R satisfying the following conditions:

(i) for every ω ∈ Δ the function φ_ω(λ) = Φ(λ, ω) is harmonic with respect to the branching (Γ, –);

(ii) the functions Φ_λ(ω) = Φ(λ; ω); λ ∈ Γ are continuous and span a dense linear subspace in the space C(Δ) of continuous functions on Δ;

(iii) for every ω ∈ Δ consider the probability distributions

(7.4) M_n(λ) = d(λ) Φ(λ; ω); λ ∈ Γ_n.

Then the measures i(M_n) weakly converge, as n → ∞, to the degenerated measure δ_ω at the point ω ∈ Δ.

Definition. We say that the space Δ is the boundary of a branching (Γ, –), and that Φ = Φ(λ; ω) is its Poisson kernel.

Theorem. Let (Γ, –) be a branching with the boundary Δ, an inclusion i : Y → Δ, and the Poisson kernel Φ = Φ(λ; ω) satisfying conditions (i) – (iii) above. Then

14 BOUNDARY OF YOUNG LATTICE

(1) every harmonic function φ can be uniquely represented by the Poisson integral

(7.5) φ(λ) = ∫ Δ Φ(λ; ω) μ(dω), where μ is a probability measure on Δ;

(2) the representing measure μ in (7.5) is the weak limit of probability distributions i(M_n), where

(7.6) M_n(λ) = d(λ) φ(λ); λ ∈ Γ_n.

The proof follows directly from the definition.

As a simple example, let us take for Γ the Pascal triangle. Then Δ = [0, 1] is the unit interval, the imbedding i : Γ → Δ is defined as i(k, n) = k/n, and the Poisson kernel is

(7.7) Φ(λ; p) = p^k (1 − p)^{n−k}; λ = (k, n) ∈ Γ.

The conditions (i), (ii) hold trivially, and (iii) is the simplest form of the Law of Large Numbers. Every harmonic function can be represented by the Poisson integral (2.3).

In the definition of the boundary, the space Δ can be identified with that of extreme points in the compact convex simplex of harmonic functions. It does not depend on any choices. On the contrary, the map i : Γ → Δ is not canonical. In the next Section we sketch two general methods of computing the boundary Δ, and in Section 9 we consider a number of examples, indicating both the space Δ and a natural inclusion i.

8. Computing the boundary

Essentially, there are two methods of computing the boundary of a branching: the ergodic method and that of positive homomorphisms. The second one can only be applied to multiplicative branchings (see Section 4).

We start with the ergodic method.

Given a branching (Γ, –), let us say that an infinite path t = (ν_1, ν_2, . . . , ν_n, . . . ) in Γ is regular, if the limits

(8.1) φ_t(λ) = lim_{n→∞} d(λ, ν_n) d(∅, ν_n) exist for all λ ∈ Γ.

The function φ_n(λ) = d(λ, ν_n) / d(∅, ν_n) is almost harmonic: by (5.4), the first identity in (6.5) is valid for all λ ∈ Γ, except for the vertex λ = ν_n. It follows immediately that whenever the limit (8.1) exists, it represents a harmonic function. Hence, there is a harmonic function φ_t associated to every regular path t of the branching. In fact, every function which is an extreme point in the compact convex space of harmonic functions, can be obtained in this way.

Theorem ([22]). Let M be an ergodic central measure on the path space T of a branching (Γ, –). Then almost all paths t ∈ T , with respect to M , are regular and produce via (8.1) the harmonic function φ = φ_t associated to M by (6.4).

Note that M is said to be ergodic if every measurable subset A ⊂ T saturated with respect to the tail equivalence relation on T , has M -measure 0 or 1.

S. KEROV 15

Corollary 1. For every extreme harmonic function φ there exists a regular path t ∈ T such that φ = φ_t.

Corollary 2. Consider a locally finite group G = lim−→ G_n as a direct limit of finite subgroups G_n. Then every indecomposable character ψ : G → C is a pointwise limit ψ(g) = limψ_n(g) of irreducible characters ψ_n of the groups G_n.

By the Theorem above (which is a version of G.Birkhoff Ergodic Theorem) one can find all extreme harmonic functions of a branching using information on the asymptotic behavior of combinatorial dimensions d(λ, ν_n) for a fixed λ ∈ Γ and ν_n going ‘to infinity’. In [22] this idea had been applied to computing the boundary of the Young lattice. The crucial fact is the following Lemma on the asymptotics of the number of skew Young tableaux.

Let us first recall the definition of extended symmetric functions (see [22]) and that of symmetric polynomials of a Young diagram (cf. [9]).

The extended power sum symmetric functions p_n are defined as follows:

(8.2) p_1(α; β; γ) = ∞∑ i=1 α_i + ∞∑ i=1 β_i + γ,

p_n(α; β; γ) = ∞∑ i=1 α^n_i + (−1)^{n+1} ∞∑ i=1 β^n_i if n > 1.

Other symmetric functions are polynomials in p_1, p_2, .... For instance,

(8.3) s_λ(α; β; γ) = ∑ ρ∈Y_n χ^λ_ρ ∏ k≥1 p^{ρk}_k (α; β; γ) k^{ρk} ρ_k! is a formula for Schur functions. Here χ^λ_ρ is the value of a character of the symmetric group S_n, indexed by λ, on a conjugacy class indexed by ρ = (1^{ρ1} , 2^{ρ2} , . . . ).

Denote by (f_1, ..., f_d; g_1, ..., g_d) the modified Frobenius parameters of a Young diagram ν = (ν_1, ν_2, . . . ) ∈ Γ_n (that is, d is the diagonal length of ν, f_k = ν_k − k + 1/2, and g_k = ν^′_k − k + 1/2 where ν^′_k is the length of the k-th column of ν). Given a symmetric polynomial P , one can evaluate it on a Young diagram ν by applying the extended version of P to Frobenius parameters of ν: P (ν) = P (f_1, ..., f_d; g_1, ..., g_d; 0). For instance, s_λ(ν) denotes the Schur symmetric function s_λ evaluated on the Young diagram ν.

Lemma ([22, 9]). For every Young diagram λ ∈ Y, there exists a symmetric polynomial Q_λ of degree deg Q_λ < |λ| such that

(8.4) dim(ν \ λ) dim(ν) = s_λ(ν) + Q_λ(ν) |ν| (|ν| − 1) . . . (|ν| − |λ| + 1) for all ν ∈ Y.

Examples (we denote |ν| by n):

dim(ν \ (2)) dim(ν) = s_{(2)}(ν) − 1/2 p_1(ν) n (n − 1) = 1 2 ( 1 + ∑ f_i − ∑ g_i n (n − 1) ) ;

16 BOUNDARY OF YOUNG LATTICE

dim(ν \ (3)) dim(ν) = s_{(3)} − p^2_1 − p_2 + 3/4 p_1 n (n − 1) (n − 2) ; dim(ν \ (21)) dim(ν) = s_{(21)} − 1/2 p^2_1 + 1/4 p_1 n (n − 1) (n − 2) ; dim(ν \ (1^3)) dim(ν) = s_{(1}3_) − p^2_1 + p_2 + 3/4 p_1 n (n − 1) (n − 2) . The second approach to computing the boundary can be used in case of a multiplicative branching. It relies on the following fact.

Theorem ([11]). Consider a multiplicative branching (Γ, –) determined by the triple (R, {s_λ}, s) (see Section 4). Then the formula φ(λ) = ψ(s_λ) establishes a one-to-one correspondence between extreme harmonic functions φ : Γ → R, and ring homomorphisms ψ : R → R such that ψ(s) = 1.

Example. The boundary of the Young lattice is in one-to-one correspondence with the space of Polya Frequency (PF-) sequences {φ_n} such that φ_1 = 1. By definition, {φ_n} is called PF-sequence, if all the determinants

(8.5) det (φ_{λi−i+j} ) ≥ 0; λ ∈ Y,

are non-negative. The corresponding homomorphism φ : R → R of the symmetric function ring R can be defined on complete homogeneous symmetric functions h_n as φ(h_n) = φ_n, n = 1, 2, . . .. It follows from (8.5) and Jacobi – Trudy formula, that φ is non-negative on Schur functions. All PF-sequences were classified in [1], and independently in [20].

9. Poisson integral for Young lattice and related branchings We claim that the triple (Δ, i, Φ) in the examples below satisfies the conditions (i) – (iii) of the Definition in Section 7.

Example A (Young lattice Y). The boundary Δ is the space of pairs (α; β) of sequences of non-negative real numbers α = (α_1, ..., α_n, ...), β = (β_1, ..., β_n, ...) such that

(9.1) α_1 ≥ α_2 ≥ . . . ≥ α_n ≥ . . . ≥ 0; β_1 ≥ β_2 ≥ . . . ≥ β_n ≥ . . . ≥ 0, ∞∑ i=1 α_i + ∞∑ i=1 β_i ≤ 1. The topology is that of coordinatewise convergence.

In order to describe the imbedding i : Y → Δ, we use the modified Frobenius parameters (f_1, ..., f_d; g_1, ..., g_d) of a Young diagram λ ∈ Γ_n introduced in Section 8. By definition,

(9.2) i(λ) = ( f_1 n , f_2 n , . . . ; g_1 n , g_2 n , . . . ) ∈ Δ, where both sequences are tailed by zeros. The Poisson kernel

(9.3) Φ(λ; α, β) = s_λ(α; β; γ),

where γ = 1 − ∑ α_i − ∑ β_i, is determined by the extended Schur functions defined in Section 8.

S. KEROV 17

The main result of [22] affirms that every harmonic function φ : Y → R_+ can be uniquely represented by the Poisson integral

(9.4) φ(λ) = ∫ Δ s_λ(α; β; 1 − Σα_i − Σβ_i) dμ(α; β), where μ is a probability distribution on the simplex Δ. The value of the corresponding character of the group S_∞ on a permutation with cycle partition ρ can be written as

(9.5) χ_ρ = ∫ Δ p_ρ(α; β; 1 − Σα_i − Σβ_i) dμ(α; β). The proof relies on the combinatorial Lemma of Section 8 describing asymptotics of the number of skew Young tableaux. The characters of S_∞ were first found in the pioneering paper [20].

Example B (Kingman’s branching K, see [12], [3]). The boundary Δ is the simplex of nonincreasing sequences α = (α_1, ..., α_n, ...) of nonnegative numbers, with a restricted sum, γ = 1 − Σα_i ≥ 0. The imbedding i : Y → Δ is given by the formula

(9.6) i(λ) = ( λ_1 n , λ_2 n , . . . ) , λ ∈ Y_n. The Poisson kernel

(9.7) Φ(λ; α) = m_λ(α; 0; γ)

is determined by extended monomial symmetric functions

(9.8) m_{(1}ρ1_{,2}ρ2_{,... )}(α; 0; γ) = ρ1∑ k=0 γ^k k! m_{(1}ρ_1�k_{,2}ρ_{2,... )}(α_1, α_2, . . .),

see [3]. The Poisson integral takes the form

(9.9) φ(ρ) = ∫ Δ m_ρ(α; 0; 1 − Σα_i) dμ(α).

The corresponding coherent families {M_n}^∞_{n=0} of probability distributions

(9.10) M_n(λ) = n! λ_1!λ_2! . . . φ(λ); λ ∈ Y_n, were studied by Kingman [12] under the name of partition structures.

Example C (truncated Jack’s branching). The precise description of the boundary and the Poisson kernel for the general Jack’s branching is not available. According to the Conjecture of Section 7.3 in [4], for all θ > 0 the boundary should be the same as for the Young lattice. We will confine ourselves with the truncated branching, i.e. one restricted to the set Y(k) of Young diagrams with k rows or less. This case can be easily handled by the method of positive homomorphisms in Section 8.

The boundary Δ_k of the truncated Jack’s branching (Y(k), –_θ) is the simplex of finite non-increasing sequences α = (α_1, ..., α_k) of non-negative numbers, with the sum Σα_i = 1. The imbedding i : Y(k) → Δ_k is given by the formula (9.6). The Poisson kernel

(9.11) Φ(λ; α) = P_λ(α; θ)

18 BOUNDARY OF YOUNG LATTICE

is now determined by zonal (Jack) symmetric polynomials with the parameter θ.

Every function φ : Y(k) → R, harmonic with respect to the truncated Jack branching, can be uniquely represented by the Poisson integral

(9.12) φ(λ) = ∫ Δ_k P_λ(α; θ) dμ(α), where μ is a probability distribution on the simplex Δ_k.

10. Plancherel Growth Process in Analysis

Of all central measures on the Young lattice, the most interesting is the Plancherel measure M corresponding to the point α = β = 0 of the boundary Δ = Δ(Y). The transition probabilities for this Markov chain are

(10.1) p(λ, Λ) = d(Λ) |Λ| d(λ) ; λ ↗ Λ,

Figure 6. Growing Young diagram.

and its level distribution

(10.2) M_n(λ) = d^2(λ) n! ; λ ∈ Y_n, is the ordinary Plancherel measure of the symmetric group S_n.

The aim of this Section is to describe an amazing connection between the Plancherel measure of symmetric groups, and the partial fraction decomposition in Calculus. We shall give an entirely different presentation of transition probabilities (10.1).

To this end, it will be convenient to consider Young diagrams as piecewise linear continuous functions v = ω(u) such that

(a) ω^′(u) = ±1;

(b) ω(u) = |u| for large |u|.

Denote by x_1, x_2, . . . , x_n the minima points of a diagram ω, and by y_1, . . . , y_{n−1} the interlacing maxima points. For instance, we identify the one-box Young diagram with the function ω(u) = max(|u|, 2 − |u|); in this example x_1 = −1, x_2 = 1 and y_1 = 0. We write p(λ, Λ) = p_k, if the new box Λ \ λ is attached above the point x_k (Fig. 6). Thus, the transition measure (10.1) is a discrete one-dimensional probability distribution with finite support:

(10.3) Prob{X = x_k} = p_k; k = 1, 2, . . . , n.

S. KEROV 19

Theorem ([5]). Denote by

(10.4) x_1 < y_1 < x_2 < . . . < x_{n−1} < y_{n−1} < x_n

the interlacing sequences of minima and maxima of a Young diagram, and let (10.3) be the transition distribution of the Plancherel Growth Process. Then

(10.5) ∏ (x − y_j ) ∏ (x − x_j) = ∑ p_k x − x_k , or, equivalently, p_k = ∏ j<k x_k − y_j x_k − x_j ∏ j>k x_k − y_{j−1} x_k − x_j . Remark. For true Young diagrams the parameters x_k, y_k are integers, but we made no use of it in (10.5). For every pair of interlacing sequences (10.4), the coefficients p_k in (10.5) are positive and sum up to one. Hence, (10.5) can be used as a generalized definition of the Plancherel transition distribution.

Corollary ([6]). Let c(b) = j −i denote the content of a box b ∈ λ in a Young diagram λ. Then the first two moments of the random variable c, with respect to the Plancherel measure, do not depend on the shape of the diagram λ:

(10.6) E(c) = ∑ Λ:λ↗Λ c(Λ \ λ) d(Λ) |Λ| d(λ) = 0,

V (c) = ∑ Λ:λ↗Λ c^2(Λ \ λ) d(Λ) |Λ| d(λ) = |λ|.

Detailed information on the asymptotical behavior of the Plancherel measure (10.2) is available. The following result describes typical shapes of large random Young diagrams, with respect to this measure.

Figure 7. Typical shape of a Young diagram.

20 BOUNDARY OF YOUNG LATTICE

Theorem ([14, 21]). Consider the function

(10.7) Ω(u) =

{_2

π (u arcsin^u_2 + √ 4 − u^2), if |u| ≤ 2 |u|, if |u| ≥ 2 and an ε > 0, and let Y_n(ε) ⊂ Y_n denote the set of Young diagrams with n boxes such that

sup_u | | 1√ n λ(u √ n) − Ω(u) | | < ε. Then lim_{n→∞} M_n(Y_n(ε)) = 1.

In Fig. 7, one can see a sample Young diagram with n = 100 boxes along with the graph of the function (10.7). The diagram was uniformly contracted in order to reduce its area to unity.

Figure 8. Root separation for Hermite polynomials.

It was shown in [23] that for any Young diagram λ_n ∈ Y_n which maximizes the number d(λ) of Young tableaux over λ ∈ Y_n, the shape of its normalized contraction is uniformly close to the graph of (10.7), too:

lim_{n→∞} sup_u | | 1√ n λ_n(u √ n) − Ω(u) | | = 0. The Theorem can be compared with the Law of Large Numbers. See [7] for the analog of Central Limit Theorem for large random Young diagrams.

In view of the direct relationship established by the formula (10.5) between Plancherel measure and the Partial Fraction Decomposition, there is no big surprise that the limiting shape of Young diagrams discovered in [14, 21] arises in various problems in Analysis, too. Let us mention just three examples: the asymptotics of root separation for generic orthogonal polynomials considered in [5], the asymptotics of solutions of Burgers equation G_t(x, t) + G(x, t) G_x(x, t) = 0, see [8], and the continuous version of Hook Walk algorithm with its application to Markov Moment Problem studied in [6].

For instance, the minima of a generalized diagram in Fig. 8 are located at zeros of Hermite polynomial H_{16}(x) of degree 16, and the maxima at the roots of H_{15}(x).

S. KEROV 21

One can see that the diagram is uniformly close to the (scaled) graph of (10.7). The picture illustrates the main Theorem of [5].

It will be explained elsewhere that the Plancherel Growth Process of generalized Young diagrams coincides with the analog of Gaussian diffusion in Free Probability Theory of [25].

11. Multiplicative central measures We introduce in this Section a class of multiplicative random Young diagrams.

Their characteristic feature is that the probability of a Young diagram can be represented as a product of simple factors over all boxes in the diagram.

Example A (Young lattice). The Plancherel measure (10.2) of the symmetric group S_n provides a simple example of such a multiplicative distribution. Using the Hook Formula (5.6) one can write (10.2) in the multiplicative form:

(11.1) M_n(λ) = n! ∏ b∈λ h^2(b) . The Corollary of Section 10 implies that for any two constants u, v the following identity holds:

(11.2) ∑ Λ:λ↗Λ (c(Λ \ λ) + u)(c(Λ \ λ) + v) |λ| + uv · d(Λ) |Λ|d(λ) = 1.

Assuming that the terms in the sum are nonnegative, we can declare them transition probabilities of a new Markov chain. Essentially, there are two such cases:

(a) u and v are complex conjugate numbers, u = z, v = z̄. The transition probabilities are

(11.3) p^{(z)}(λ, Λ) = |c(Λ \ λ) + z|^2 |λ| + |z|^2 · d(Λ) |Λ| d(λ) ; λ ↗ Λ. It is easy to see that these Markov chains are central on the ordinary Young lattice. Level distributions (6.13) can be written in the form

(11.4) M^{(z)}_n (λ) = n! (|z|^2)_n ∏ b∈λ |z + c(b)|^2 h(b)^2 . The family arises in harmonic analysis on the infinite symmetric group S_∞. The Markov chains (11.3) are counterparts of spherical functions of a constant vector in pseudo-regular representations of that group, see [10] for details.

(b) u = k is a positive integer, and v = A + k − 1, A > 0. The Markov chain with transition probabilities

(11.5) p^{(k,A)}(λ, Λ) =

(c(Λ \ λ) + k) (c(Λ \ λ) + A + k − 1) |λ| + kA + k(k − 1) · d(Λ) |Λ| d(λ) is supported by the set Y(k) of Young diagrams with k rows or less.

Again, the Markov chain (11.5) is central on the truncated Young lattice. It follows directly from (5.6) and (11.5) that its level distribution is multiplicative:

(11.6) M^{(k,A)}_n (λ) = n! (kA + k(k − 1))_n ∏ b∈λ (k + c(b)) (A + k − 1 + c(b)) h^2(b) .

22 BOUNDARY OF YOUNG LATTICE

Most of the multiplicative central measures on the Young lattice are decomposable, and in the next Section we will find the corresponding Poisson integrals. Meanwhile, let us describe multiplicative central measures for Kingman’s branching and for the Jack branching.

Example B (Kingman’s branching). Consider the Young lattice Y with edge multiplicities (4.5). Using the dimension formula (5.7) and (6.11) we infer that cotransition probabilities are simply q(λ, Λ) = j ρ_j (Λ) / |Λ|, which is the probability that a random box in the Young diagram Λ will be drawn from a row of length j.

There is a well-known family of multiplicative probability distributions, given by the Ewens sampling formula (see [12]):

(11.7) M^{(t)}_n (λ) = n! z_λ · t^{l(λ)} (t)_n ; λ ∈ Y. The distribution depends on a positive parameter t > 0, and an important fact is that for each t the family (11.7) is coherent, i.e. the identity (6.12) holds. It is easy to describe the transition probabilities of the associated Markov chain. The probability that a new box will initiate a new row of a diagram λ is t / (t + |λ|), and the probability that it will stick to an existing row of length j is j ρ_j (λ) / (t + |λ|). See [12] for the history and applications of Ewens formula in genetics.

Consider now the truncated Kingman branching, where Young diagrams have at most k rows. The transition probabilities

(11.8) p^{(k,A)}(λ, Λ) =

(A + j)ρ_j (λ) kA + |λ| (where ρ_j denotes the number of rows of length j in λ) determine a central Markov chain. Its level distributions are multiplicative:

(11.9) M^{(k,A)}_n (λ) = n! λ_1!λ_2! . . . · k! ρ_0!ρ_1!ρ_2! . . . · (A)_{λ1} . . . (A)_{λk} (kA)_n ; λ ∈ Y_n. Ewens formula (11.7) arises from (11.9) in the limit k → ∞, A → 0 and kA → t.

Example C (truncated Jack branching). The multiplicities for this branching were defined in (4.8). We can generalize transition probabilities (11.5) and (11.8) by introducing parameter θ:

(11.10) p^{(k,A)}(λ, Λ) = (k θ + c_θ(b)) (A + (k − 1)θ + c_θ(b)) (kA + k(k − 1)θ + n) θ × × ∏ hor ( a(b) + (l(b) + 1) θ a(b) + 1 + (l(b) + 1) θ ) ∏ ver ( a(b) + 1 + l(b) θ a(b) + 1 + (l(b) + 1) θ ) . Here the product ∏ ver runs over the boxes of the column of λ above the new box Λ \ λ, and ∏ hor is a product along the row to the left of it. The level distributions will take the form

(11.11)

M^{(k,A)}_n (λ) = n! (kA + k(k − 1)θ)_n × × ∏ λ (kθ + c_θ(b)) (A + (k − 1)θ + c_θ(b)) (a(b) + (l(b) + 1) θ) (a(b) + 1 + l(b) θ) .

S. KEROV 23

The formulae (11.10), (11.11) determine a family of central Markov chains on the truncated Jack branching J^{(θ)}. Note that for θ = 1 they specialize to (11.5), (11.6), and for θ = 0 to (11.8), (11.9).

By the construction,

(11.12) n! (kA + k(k − 1)θ)_n ∑ λ∈Y ∏ b∈λ (kθ + c_θ(b)) (A + (k − 1)θ + c_θ(b)) (a(b) + (l(b) + 1) θ) (a(b) + 1 + l(b) θ)

= 1.

12. Selberg integrals

All of the multiplicative central measures considered in Section 11 (except for the Plancherel measure (11.1)) are decomposable. Hence, they have non-trivial representations by Poisson integrals (7.5). In this Section we find mixing measures and show that the corresponding Poisson integrals coincide with multidimensional integrals of Selberg type (see [17]).

Let us first show that the left hand side of (11.12) is an integral sum approximating Selberg integral.

Lemma. Let {λ^{(n)}}^∞_{n=1} be such a sequence of Young diagrams in Y_k that the limits

(12.1) lim_{n→∞} λ^{(n)}_j n = α_j; j = 1, 2, . . . , k, exist. Then

(12.2) lim_{n→∞} n^{k−1} M^{(k,A)}_n (λ^{(n)}) = C_k(θ) ∏ 1≤i<j≤k |α_i − α_j|^{2θ} k∏ j=1 α^{A−1}_j ,

where the probabilities M^{(k,A)}_n (λ) are given by (11.11) and

(12.3) C_k(θ) =

Γ(kA + k(k − 1) θ) Γ^k(θ) ∏_k j=1 Γ(A + (k − j) θ) Γ(j θ) . The proof is by a straightforward calculation. It follows that the weak limit of distributions i(M^{(k,A)}_n ) is equal to the measure

(12.4) μ(dα) = C_k(θ) ∏ 1≤i<j≤k (α_i − α_j )^{2θ} k∏ i=1 α^{A−1}_i dα_1 . . . dα_{k−1}

on the simplex Δ_k = {α ∈ R^k_+ : α_1 ≥ . . . ≥ α_k, ∑ α_j = 1}. Since ∑ λ M^{(k,A)}_n (λ) = 1, it follows that μ(dα) is a probability measure, and hence

(12.5) ∫ · · · ∫ Δ̃_k ∏ 1≤i<j≤k |α_i − α_j|^{2 θ} k∏ j=1 α^{A−1}_j dα_1 . . . dα_{k−1} =

= ∏_k j=1 Γ(A + (k − j)θ) Γ(jθ + 1) Γ(kA + k(k − 1)θ) Γ^k(θ + 1) , where Δ̃_k = {α ∈ R^k_+ : α_1 + . . . + α_k = 1} is the standard (k − 1)-dimensional simplex.

24 BOUNDARY OF YOUNG LATTICE

Poisson integral (9.12) for the central Markov chain (11.10) coincides with the Selberg type integral

(12.6)

∫ · · · ∫ α1^{,... ,α}k˘0 α1+^{...}+^αk=1 P_λ(α_1, . . . , α_k; θ) ∏ 1≤i<j≤k |α_i − α_j|^{2θ} k∏ j=1 α^{A−1}_j dα_1 . . . dα_{k−1} =

= P_λ(

k times 1, . . . , 1; θ) Γ(n + kA + k(k − 1)θ) k∏ j=1 Γ(λ_j + A + (k − j) θ) Γ(jθ + 1) Γ(θ + 1) .

This is to be compared with the integral (3.1) in [17]. Note that (12.6) is an easy consequence of the integral in [17], and implies, in its turn, the second Selberg integral (3.5) of [26].

Let us consider two specializations of (12.6).

For θ = 1, the formula for transition probabilities (11.10) takes the form (11.5), and the Poisson integral for the Markov chain can be written as

(12.7)

∫ · · · ∫ Δ̃_k s_λ(α_1, . . . , α_k) ∏ 1≤i<j≤k |α_i − α_j|^2 k∏ j=1 α^{A−1}_j dα_1 . . . dα_{k−1} =

= s_λ(1, ..., 1) Γ(n + kA + k(k − 1)) k∏ j=1 j! Γ(λ_j + A + k − j).

In case θ = 0, transition probabilities (11.10) specialize to (11.8). The weak limit of distributions i(M^{(k,A)}_n ) in Δ_k is

(12.8) μ^{(k,A)}(dα) = k! Γ(kA) Γ^k(A) k∏ j=1 α^{A−1}_j dα.

This is the distribution of order statistics for the Dirichlet measure

(12.9) μ̃^{(k,A)}(dα) = Γ(kA) Γ^k(A) k∏ j=1 α^{A−1}_j dα

on the simplex Δ̃_k. The harmonic function associated to coherent distributions (11.9) is

(12.10) φ^{(k,A)}(λ) = k! ρ_0!ρ_1!ρ_2! . . . · (A)_{λ1} . . . (A)_{λk} (kA)_n , and its Poisson integral representation can be written in the form

(12.11) ∫ · · · ∫ Δ̃_k m_λ(α) μ̃^{(k,A)}(dα) = m_λ(1, . . . , 1 k times ) (A)_{λ1} . . . (A)_{λk} (kA)_n .

One can check that this is a special case θ = 0 of the general Selberg integral (12.6).

S. KEROV 25

Ewens partition structures (11.7) can be obtained from (11.9) in the limit k → ∞, A → 0, kA → t. The Poisson integral corresponding to the coherent family of Ewens distributions (11.7), can be written as

(12.12) λ_1!λ_2! . . . z_λ · t^{l(λ)} (t)_n = ∫ Δ m_λ(α) dM_t(α), where M_t is the celebrated Poisson – Dirichlet measure on the infinite dimensional simplex of Example B, Section 9. See [13] for various descriptions of those measures and [24] for their fine structure.

Let us remark that no direct probabilistic description is known for the mixing measures of Markov chains (11.3). Apart from a few partial results in [10], the properties of Poisson integrals for this family remains far less understood than the Poisson – Dirichlet integrals (12.12). The study of these infinite dimensional integrals is a challenging open problem.

References

1. M. Aissen, A. Edrei, I. J. Schoenberg and A. Whitney, On the generating functions of totally positive sequences, Proc. Nat. Acad. Sci. USA 37 (1951), 303-307.

2. W. Feller, An Introduction to Probability Theory and its Applications, vol. II, John Wiley, NY. 3. S. V. Kerov, Combinatorial examples in AF-algebra theory (in Russian), Zapiski. Nauchn.

Semin. LOMI 172 (1989), 55-67.

4. S. V. Kerov, Generalized Hall-Littlewood Symmetric Functions and Orthogonal Polynomials, Advances in Sov. Math. 9 (1992), 67-94.

5. S. V. Kerov, Asymptotics of root separation of orthogonal polynomials (in Russian), Algebra and Analysis 5 (1993), 68-86.

6. S. V. Kerov, Transition Probabilities of continuous Young diagrams, and the Markov Moment Problem, Funct. Analysis and its Applications 27 (1993), 32 - 49.

7. S. V. Kerov, Gaussian limit for the Plancherel measure of the symmetric group, C. R. Acad.

Sci. Paris 316 (1993), 303 - 308.

8. S. V. Kerov, A differential model of growth of Young diagrams, Proceedings of the SPb Math.

Society (to appear) 4 (1995).

9. S. Kerov, G. Olshanski, Polynomial functions on the set of Young diagrams, C. Rend. Acad.

Sci. Paris 319 (1994), 121-126.

10. S. Kerov, G. Olshanski, A. Vershik, Harmonic Analysis on the Infinite Symmetric Group, C. Rend. Acad. Sci. Paris 316 (1993), 773-778.

11. S. Kerov, A. Vershik, The Grothendieck Group of the Infinite Symmetric Group and Symmetric Functions with the Elements of the K_0-functor theory of AF-algebras, Adv. Stud. Contemp. Math. 7 (1990), Gordon and Breach, 36-114.

12. J. F. C. Kingman, Random partitions in population genetics, Proc. R. Soc. Lond. A. 361 (1978), 1-20.

13. J. F. C. Kingman, Poisson Processes, Clarendon Press, Oxford, 1993. 14. B. F. Logan, L. A. Shepp, A variational problem for random Young tableaux, Adv. Math.

26 (1977), 206 - 222.

15. I. G. Macdonald, Symmetric Functions and Hall Polynomials, Clarendon Press, Oxford, 1979. 16. I. G. Macdonald, A new class of symmetric functions, Publ. I.R.M.A. Strasbourg, Actes 20e Séminaire Lothariengien (1988), 131-171.

17. D. St. P. Richards, Analogs and extensions of Selberg’s integrals, IMA volumes in math. and its appl. 18 (1989), 109-137.

18. W. Rudin, Real and Complex Analysis, McGrow – Hill, NY, 1966.

19. R. P. Stanley, Some Combinatorial Properties of Jack Symmetric Functions, Advances in Math. 77 (1989), 76-115.

20. E. Thoma, Die unzerlegbaren, positive-definiten Klassenfunktionen der abzählbar unendlichen, symmetrischen Gruppe, Math. Z. 85 (1964), 40-61.

26 BOUNDARY OF YOUNG LATTICE

21. A. M. Vershik, S. V. Kerov, Asymptotics of the Plancherel measure of the symmetric group, and the limiting shape of Young tableaux, Soviet Math. Dokl. 18 (1977), 527 - 531.

22. A. M. Vershik, S. V. Kerov, Asymptotic character theory of the symmetric group, Funct.

Analysis and its Applications 15 (1981), 15 - 27.

23. A. M. Vershik, S. V. Kerov, The asymptotics of maximal and typical dimension of irreducible representations of the symmetric group, Funct. Analysis and its Applications 19 (1985), 25 - 36.

24. A. M. Vershik, A. A. Schmidt, Limit measures that arise in the asymptotic theory of symmetric groups I, II, Theory of probabilities and its applications 22, 23 (1977, 1978), 72-88, 42-54.

25. D. V. Voiculescu, K. J. Dykema, A. Nica, Free Random Variables, Amer. Math. Soc., Providence, 1992.

26. R. Askey, D. Richards, Selberg’s Second Beta Integral and an Integral of Mehta, Probability, Statistics, and Mathematics (Papers in Honor of Samuel Karlin), Academic Press, 1989, pp. 27 - 39.

Steklov Math. Institute (POMI), Fontanka 27, St.Petersburg, 191011, Russia E-mail address: kerov@pdmi.ras.ru