Pompeiu transform for some classes of distributions

N.A.Galibina

Let n ≥ 2, ISO(n)− be the motion group of R^n, B^n_r = {x ∈ R^n : |x| < r}, ε_m(B^n_r )− be the family of integrable functions with compact support in the form of φ(x) = φ_0(ρ) · Y^{(m)}(σ), where ρ = |x|, σ =^x_ρ ∈ S^{n−1}(x ∈ R^n), Y^{(m)}-is fixed spherical harmonic of degree m ∈ Z. We define the Pompeiu transform P_φ of function f ∈ C^∞(B^n_r ) as the map:

(P_φf)(σ) = ∫ R^n f(x)φ(σx)dx ∀σ ∈ ISO(n) : σsuppφ ⊂ B^n_r , where φ ∈ ε_m(B^n_r ). Let also N_φ(B^n_r ) be kernel of the transform P_φ.

We define r(φ) = inf{r_0 > 0 : suppφ ⊂ B^n_{r0} }; φ̃(z) = ∫ R^n φ0(x) J_{m+n/2−1}(z|x|) (z|x|)^{n/2−1} dx, z ∈ C; Z_φ = {z ∈ C : Rez ≥ 0, φ̃(z) = 0}; n_λ -multiplicity of root λ ∈ Z_φ; ℵ^n_2 (m) = {φ : |Imλ| ≤ αln(2 + |λ|), |φ̃^{(nλ)}(λ)| ≥ (2 + |λ|)^{nλ−β} ∀λ ∈ Z_φ}, and α, β > 0 are independent on λ.

Let also H_k-the space of homogeneous harmonic polynomials of degree k; Φ^{k,l}_{z,s}(x) = d^s dz^s ( (J_{k+n/2−1}(z|x|) (z|x|)^{n/2−1} Y k l (σ)), k ∈ Z, 1 ≤ l ≤ d_k; Q_m(x) = ∑_m k=0 ∑_{k−1} l=0 a_{k,l}|x|^{2l}P^{m−k}_l (x);

F_{k,l}(x) = ∑ λ∈Z_φ n_λ−1∑

s=0 c_{λ,s,k,l}Φ^{k,l}_{λ,s}(x) ∀x ∈ B^n_r (1)

where P^{m−k}_l ∈ H_{m−k−2l}; c_{λ,s,k,l} , a_{k,l} ∈ C. We obtained the following result.

Theorem The following statements are true. 1). Let φ ∈ ℵ^n_2 (m), f ∈ C^∞(B^n_r ), r > r(φ) > 0, than

f ∈ N_φ(B^n_r ) ⇐⇒ f(x) = Q_m(x) + ∑ k∈Z ∑ 1≤l≤d_k F_{k,l}(x)

max_{s=0,nλ−1} |c_{λ,s,k,l}| = O(|λ|^{−γ}) for |λ| → ∞, (2) where γ > 0-any fixed number. Moreover the series of the form (1) are convergent in C^∞(B^n_r ).

2). If for φ ∈ ε_m(B^n_r ) the condition |Imλ| ≤ α(2 + |λ|) fails, than ∀k ∈ Z, 1 ≤ l ≤ d_k ∃c_{λ,s,k,l} ∈ C, which satisfies the condition (2), but the series of the form (1) are not convergent ∀x ∈ R^n/{0}.

3). For any function β : C → R^1_+, such that lim_{z→∞} β(z) = +∞, there exists φ ∈ ε_m(B^n_r ) with conditions: |Imλ| ≤ αln(2 + |λ|), |φ̃^{(nλ)}(λ)| ≥ (2 + |λ|)^{nλ−β(λ)} ∀λ ∈ Z_φ and ∀r > r(φ) > 0 ∃f ∈ N_φ(B^n_r ) with F_{k,l}(x) , which are not representable in the form (1) of the convergent in C^∞(B^n_r ) series.