Surfaces with integrable geodesic flows

Kazuyoshi Kiyohara

Let M be a two-dimensional riemannian manifold diffeomorphic to the sphere, and suppose that its geodesic flow admits a nontrivial first integral F , which is a homogeneous polynomial of degree k on each cotangent space. If k = 1, then M is a surface of revolution and F is a Killing vector field generating the revolution (identified with a function on T^∗ M). If k = 2, then (M, F ) is a “Liouville surface”. In the cases where k = 3 and 4, some finite dimensional families of such (M, F ) were found by Bolsinov and Fomenko, and some extensions of those were obtained by Selivanova. However, generally speaking, we do not know much about the cases where k ≥ 3.

In this talk we shall introduce a family of such (M, F ) for every k ≥ 3, which we found recently. They are parametrized by functions in one variable for each k, and each of them is a C_{2π} -manifold, namely, all geodesics are closed and have the same length 2π.

References

[1] A. V. Bolsinov and A. T. Fomenko, Integrable geodesic flows on two-dimensional surfaces, Monographs in Contemporary Mathematics, Kluwer Academic/ Plenum Publishers, New York (2000).

[2] A. V. Bolsinov, V. V. Kozlov, and A. T. Fomenko, The Maupertuis principle and geodesic flows on the sphere arising from integrable cases in the dynamics of a rigid body, Russian Math. Surveys, 50 (1995), 473–501.

[3] K. Kiyohara, Compact Liouville surfaces, J. Math. Soc. Japan, 43 (1991), 555–591.

[4] K. Kiyohara, Two classes of riemannian manifolds whose geodesic flows are integrable, Mem. Amer. Math. Soc., 130/619 (1997).

[5] K. Kiyohara, Two-dimensional geodesic flows having first integrals of higher degree, Math. Ann., 320 (2001), 487–505.

[6] V. N. Kolokol’tsov, Geodesic flows on two-dimensional manifolds with an additional first integral polynomial in velocities, Izv. Akad. Nauk. SSSR, 46 (1982), 994–1010, English transl. in Math. USSR Izv., 21 (1983).

[7] V. N. Kolokol’tsov, New examples of manifolds all of whose geodesics are closed, Vestnik Mosk. Gos. Univers. (1984), 80–82, (Russian).

[8] E. N. Selivanova, New examples of integrable conservative systems on S^2 and the case of Goryachev-Chaplygin, Comm. Math. Phys., 207 (1999), 641–663.

[9] E. N. Selivanova, New families of conservative systems on S^2 possessing an integral of fourth degree in momenta, Ann. Global Analysis and Geometry, 17 (1999), 201–219.