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e Motivation: quest for integrable structure of
superconformal A' = 4 Yang-Mills (SYM) theory
(CFT) in 4D at N — o0, and its dual, string on
AdS5 X 55.

e Main result: full algebraic curves (=solutions) for
classical string on AdSs x S° and for long operators in
perturbative SYM.

AdS/CFT correspondence: Curves coincide (at 1-loop)

Plan:

o Algebraic curve of classical superstring (sigma-
model) on AdS5 x S° by the finite gap method.

e CFT (SYM): perturbative (1-loop) matrix of
anomalous dimensions for ALL operators

Y
Hamiltonian of integrable spin chain on the
superconformal group PSU(2,2|4)

Y

algebraic Bethe ansatz

ll

Algebraic curve (=solution) in the “thermodynamical”
limit of long operators.
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CFT: N = 4 super Yang-Mills (SYM) theory,
10D = 4D reduction of N/ =1 SYM

NT = T
= N 2 (D0, 200D, W]+, 02170,
Ry

S
o Field content: D, = 0, + 1A, fermions W,
Scalars: X = (I)l +’iq)2, Y = (I)3+?:(I)4, /[ = (I)5+Z(I)6
e Local single trace operators form superconf. algebra
psu(2,2/4): O =Tr Wa Wa,Wa, ... Wa,
with W4 € {D"® D"V, D™ F}
Dual to:

AdS: Green-Schwarz-Metsaev-Tseytlin 10D superstring
on AdSs x S° of the radius R? = v/ \'.

e Point-like string on AdSs x S° with ang. mom. J <
"vacuum” BPS state of SYM: Oy = |0;J) =Tr Z7.

e Energy of classical string < Dimension of a long
SYM operator J ~ J; ~ -+ ~ 0.
Frolov-Tseytlin'02



Motion of superstring on AdSs x S°

N =4 SYM is dual to:

AdS: Green-Schwarz-Metsaev-Tseytlin 10D superstring
on AdSs x S° of the radius RZ = V/\:

-
N

AdSs: —X?, - X5+ X2+ XZ+ X5+ Xi,=—R?

S X{+ X+ X5+ X, + X2+ X5 =R
e The radial coordinate z and the Lorentzian space-
time x,, of AdS are recovered from X_; + X9 = R/z,

(Xo, X7, Xs, Xo) = R, giving ds? = R? dehd="



Metsaev-Tseytlin superstring

e MT superstring: sigma model on the coset
AdSs x S~ PSU(2,24)/ (Sp(2,2) x Sp(4).
Supergroup element g is a (4]4) x (4]|4) supermatrix

B A|B
g_(C’|D> € PSU(2,2[4)

e Decompose: J = —g ldg=H + Q1+ P+ Q-
P € AdS5 x S°, H € sp(2,2) x sp(4), Q1,2 fermions.

o P=1(J+CJ*C+ndn+nCJT5*C~ 1), etc.
where: n = diag(1,1,1,1,—-1,—-1,—1,—-1),

([ E| 0 (0|1
o= (51=m) £ (=),

e Natural Z4 grading w.r.t. a const. matrix C'
O_l(Hleapa QQ)O — _(HStai Qit7i2 PStaiS Qgt)

e Action: SMT:4—7;\strfM2 P AP — Q1 A Q3]



Monodromy matrix for MT superstring

e All Bianchi identities and eqs. of motion (current
conserv.) are packed into a Lax eq. [Bena et al.’02]:

(d+ A(2)) A (d+ A(2)) = 0,

A(z) = H—I—1 (2724 27) P—I—1 (272 = 2°) (xP)+2~ "Q14+2 Q2

2 2
PN
~_
e
Y
e Monodromy matrix: N

Q(2) = Pexp /O T 4o A (2) ~ Poxp 7{ A(z)

e Conserved quantities: eigenvalues of Q(z)

diag{eiﬁl(z), 673252(z)7 6’0'153(2:)7 ez’ﬁ4(z) ‘ |ez’131(z) eiﬁg(z) e’iﬁg(z)’ eim(z)}

J J

e Super-unimodularity sdet€2(z) = 1:
pP1+ P2+ D3+ Da—P1 — P2 —P3— Pa € 2L



Algebraic curve of quasimomentum
e yi(2) = —izp,(z): good variables, having only:

- branch cuts at z;, Z; where same grading e.v.’s cross;

- poles at z; where opposite grading e.v.’s cross.
Corresponding (1|1) x (1]|1) sub-supermatrix of €2(z2)

<%’%> —) < ab_cdo+ : I ab_CdOer ) uE)

e Finite gap solutions, a large, may be exhaustive class.
dlag{gl(z)7 gQ(z)a g?)(z)a g4(2)||?31(2), 3)2(2)7 ?)3(’2)7 Q4(Z)} are
sheets of 8-sheeted Riemann surface of alg. curve

D(y, z) = sdet (y — [u(z) (—izp'(2)) v~ (2)]) = {§}

~ ~

Dy, 2) ~ £2@W' + Fa(@)y® + By(a)y® + Fi(w)y + Fola) _
| Fy(x)y* + F3(2)y’ + Fa(x)y? + Fi(z)y + Fo(x)

}

an) Naw)

where x = (1 + 22)/(1 — 2?).

e All singularities are encoded in

= 2A ~ 2A ~_ 2A% «
F4(:E) — 564 Ha:,\l(aj o :EZL'_) l_Ia:Al(gj — Ly ) Ha:1(5’3 o xa)2

F 2A A 2A A_ 2A* "
F4($) — CE4 l_Ia:1(aj o .T;_) Ha:l(x — Ly ) HCL:l(x - xa)2



Fixing moduli of the curve
e Symmetry Q(1/z) = CQ™>T(2)C~!: monodromy
gkagk(l/x) — _gk’agk’(x)a (1727374) — (2717473)

e Global charges: ang. momenta Ji, Js, J3,energy E,
spins S1, 53, fix £ — oo (or x — 0) asymptotics:

5o - ﬁl(x):—%(J1—|—J2—J3)%—I—..., etc.
AdS® ﬁl(x):%(E—FSl—Sg)%—l—..., etc.

e Energy F of state < dimension of operator in SYM.
e Local charges: fixed by asymptotics § = (x+1) — O:
A(eFl) — 2672(P £ «P)

and the Virasoro conditions: str(P 4 *P)% =0

e Onacut Cj;: pi(z)—p;(x) = p(rs)+plx_) = 27n.

e From Q(oc0) = 2(0) = I and the z — 1/x symmetry,
for the total momentum on S°:

0 0
p1,2(0) = —p3.4(0) = / dp1,2 = —/ dps.4 = 2mTm

oo 0. @)

pr(0) = f:o dpi, = 0 - no time windings on AdS5.



Riemann surface
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SYM: operators as spin chains

e Dilatation operator D = D© 4+ AD®@ 4 X\2D® 1
(A= Ng? - 't Hooft coupling):

O(z/A) = ALO(z) = AP (1 + Alog AD® . ) O(z)

e Conf. dimensions A = A0 + AA®R) 4 \2AW 4.
are eigenvalues of “hamiltonian” D (“time” ~ logA).

A

e [ computed by by perturbation theory
(point splitting and renormalization) for some
sectors [Lipatov'97, Minahan,Zarembo '02| and for
superconformal group PSU(2,2|4) (all operators of
SYM) [Beisert,Staudacher’03].



Bethe Ansatz and " thermodynamical”
limit of long operators

e Example: Bethe eq. for XXX chain:

U, + L " sy, 44
P 2 _H P q 2

i - i
Up — 3 =1 Up —Uqg ™3

e Thermodynamical limit: many, but rearely changing
fields under trace: L — o00; roots are big: uz(f) ~ L:

I, /=== NN HLLLINANN N

e Take log of both parts and expand in 1/u ~ 1/L

J1 J1
1 1 "1 1 S|
2mn + — = — +0 | =
Up Lq:1 Up — Ugq qu::l(up—uq)3
1 d
o 2 4 L — ][ y p(y)
X c, Y

Riemann-Hilbert problem for the density of roots p(x)!
Solved by hyperelliptic curve [Reshetikhin,Smirnov’'83].



33"

Bethe ansatz for 1-loop SYM

(5"

K . )
( uy + ZV) ﬁ 1—1 wy) —ug) + §M;
ul(?j) B % J j'=1 q=1 ulgj) - USJ‘7 ) - %Mj,j’
(7,0)#(3"5q)

(= ) ()

—1 | +2 -1 0

— 1 42 -1 : V7 = 1

1 42| -1 o0

=,

—1 0 +1
\ Eaes
e Global charges: determined by excitation numbers
of 7 flavors (nodes of the psu(2,2|4) Dynkin diagram):
e NN

Q@uuu@@

O0< K1 < Ko< K3<Ky> K5 2> > K7 > 0,

e Vacuum with K; = 0 represents the state tr Z~.

e Local conserved charges

ZK4 ( 1 . 1 )
p=1 (uz(;l)_%)r—l (u](;l)_%)r—l

e cyclicity of trace (zero total momentum): Q1 = 27m

(A/SWQ)Qz

|

e 1-loop anomalous dimension: 0F =



Stacks (bound states of roots of
different flavors)

e "Standard” procedure for the thermodynamical limit
does not give the complete result.

e Stacks are bound states of close roots of a few
adjacent flavors: u$) — u¥ T ~ O(LY).

e Electrostatic analogy:

- bosonic roots 7 = 1, 3,4, 5,7 of same flavor repulse
- fermionic roots 5 = 2,6 do not feel each other

- any roots of adjacent flavors attract, the reason for
formation of stacks |

- roots of the middle node ug‘724) are locked by the
overall " potential” V'(u) ~ 1/u + 2mny.

o Stacks containing ul’=" form momentum and
"energy” carrying states. Other states are "auxiliary”.

e Riemann surface with 8 sheets (alge. curve): roots
of j'th flavor form cuts connecting the (5 — 1)’s and
the j's sheets. Stacks connect non-adjacent sheets.



e A stack of three flavors:

X
$u)
XX

u(F+D)

DO
$u(-D
£

e Dictionary between stacks and fields of SYM:

. X X X X X X X -
u® w58 8 D,;Z
p2 x ¢ x € X X X ¢ X -
W@ %25555 .............. HEE DQQZ___ .....................
X X ¢ ¢ ¢ ¢ X X X X X _— 2]
u® L1583 I I SRS
/)( C x ( ¢ ¢ ¢ ¢ g 3 < x € x € = P4
N S £ S TS S S S
X KX ¢ X £ ¢ ¢ X X X (S S
u®) Dyi 9 9Py W@is swzi s s s s RER
-~ X X X XX X ¢ ¢ ¢ ¢ = Pe
() ST ssss ........... B I It
pr X X X L 5 € ¢ X X
u(™ g !pzis 5'1/11 D,; 2y yD,; 2
ps  _— X X X X X X X _—
e Formation of cuts from strings of stacks:
X X XX X X ”—” P e Pk
) ) §
xg xgxg(gxg xg m ‘ Pk+1
‘ C
X '7;;‘;'7 Pk+2
9900 6 ()
T Ccee ¢ i




Strings of stacks

e Macroscopic strings of stacks form linear supports
(cuts Cx; on a Riemann surface) with density pgi(u).
Resolvent a stack centered at u(*) ~ L

Ky,

1 d
Gri(u) =) :/C LIONSPIPIET
kl

(k1) v—u
=1 Up ~—ul

e 8 quasi-momenta: pi(u) = 5= + 2?21 Gri(u),

where Gip(u) = —Gri(u), ma2rs = —1, 3456 = 1;
er = (+1,+1,+1,+1,-1,—-1,—-1,—1).

e Bethe equations: a stack makes a tour around the
chain, its scattering phase after interaction with all
other stacks is 27n, due to the periodicity:

]jl(u) —p(k(u) = 27mkl,a, for u € Ckl,w

Equivalent to eqgs. for the string: f’gBkz dp = 27Nk 4



Local and Global Charges

e Define the sum of momentum carrying resolvents

4 8
Gmom(u) = Zkzl Zl:5 Gri(u)
e Trace cyclicity: Gmom(0) = 2mm
e 1-loop anomalous dimension: §F = =3~ G’ (0)

872 L

e Local conserved charges:

Gmom(u) = Z;i1(Lu)r_1Qr
e Global charges from asymptotics pi(u) at u = oo:

50(6)2 ﬁl(u) :ﬁ(+J1—|—J2—J3)—|—...

50(2,4): pr(u) = —5 (+E+ 51— S2) + ...



Curve of SYM: Comparison to String

e The curve for y(u) = u?p’(u) is similar to the one
for AdSs x S5, but there are some differences.

e By analogy with SYM define for string:

~

“filling fractions”: Ko = —35: §4 dx (1 - %) by, ()
”l@’fbgth”-’ mL — 2;4:1 ’I:Lajv(a

e Frolov-Tseytlin (FT) limit for the string sigma model:

VA/L — 0 and rescale u = %x. Then the string
pole term is same as in SYM:

U 1

Yy

u? — \/(1672L%) wu
e Half of the cuts stay finite and their z <= 1/2z-mirrors
move to u = 0 and can be neglected.
e Energy, zero mom. condition, definition of filling
fractions and of length coincide with SYM in FT limit.

The algebraic curves of string on AdSs x S5 and of the
N = 4 SYM coincide in this limit by the appropriate
identification of parameters, i.e. they probably describe
the same state (AdS/CFT correspondence at 1-loop).



Conclusions

e Full explicit solution of classical string on AdS5 x S°
and for operators in 1-loop N = 4 SYM in terms of
their algebraic curves. Fermions included.

e Equivalence of AdS/CFT curves in 1-loop/FT limit.

e Probably, equivalence at 2 loops as well (known in
S0O(6), SL(2) and SU(2|1) sectors).

e Discrepancy at > 3 loops. Possible reason: non-
commutativity of 1 << A << L? and A << 1 << L?
limits in the full theory?

Prospects

e Find an integrable model incorporating the full
quantum theory of the string sigma model. The
A — 0 limit should reproduce one-loop SYM results.

Hopefully it amounts to the exact solution of N/ = 4
SYM at large N.



