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{W(t); t > 0}: one-dimensional standard
Brownian motion.

{L(t,z); t > 0, x € R}: local time.

0@

/Otf(W(s)) ds = / J@L(ta) do

0= ey = [0

considered in the sense of Cauchy’s principal
value, i.e.,

d
Y(t) ;= lim i
5—>O‘|‘ 0] W(S)

HW(s)| 2 e} =

0 X
Last integral is almost surely absolutely con-

vergent for all ¢ > O.

{Y(t),t > 0}: principal value of Brownian
local time.



In general:
t  ds o L(t,x)
/ =/ dx.
0 (W(s))« —o0 ¢

We consider only o = 1.

Y (at)

Scaling: a

has the same law as Y ().

Question: what (asymptotic) properties of
W are inherited by Y7

Y has almost surely continuous sample path.

Exact distribution: Biane and Yor (1987)

P(Y(1) €dzx)
dx o

= % i (—1)*exp (—(zk + 1>2x2> .
T k=0
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Gaussian tail:

P(Y(1) > z) ~exp (—é) , Z — 00.

Further results:
Fitzsimmons—Getoor (1992)
Bertoin (1995)

Yamada (1996)
Boufoussi—Eddahbi—Kamont (1997)

Yor (ed.): Exponential functionals and princi-
pal values related to Brownian motion (1997)

Ait Ouahra—Eddahbi (2001)



LIL: Hu=Shi (1997)

Y (T
lim sup (T) = /8, a.s.
T—o00 \/Tlog log T’

Functional LIL: Csaki—Fdldes—Shi (2003)

Y (xT)
{\/8Tlog log T’

O§x§1}
T>3

is almost surely relatively compact in C]0, 1]
with limit set equal to

S:= {recfo,1]: f(0) =0,
f is absolutely continuous and

1
| (f@)?de < 1.



Chung type small deviation: Hu (2000)
c1 €xp (-C—g) <
<

< P(sup |Y(s)| <z)<czexp (—%) :
0<s<1 Z
where the best constants are unknown.

One-sided sup: Hu (2000)

0121/2 < P(sup Y(s) <z2)< 0221/2.
0<s<1

Consequence: Chung’'s LIL, Hirsch type re-
sult.

Question: functional LIL with rate:
For f €S, [3 f'2 <1 is it true that

€2
crexp|{——75) <
z

< P(sup |[Y(s)—f(s)]<z)<
0<s<1

(-2)
§C3exp — 5
z

with some constants ¢; 7



Increments
Csaki—Csorg6—Foldes—Shi (2000)

Under
log (T’
i 9(T/ar) _ -
T—oo loglogT
we have almost surely

1(T
lim (1 ar) = 2,
T—oo \ Japlog(T/ar)

where

I(T,a7p) = sup sup |Y(t+s)—Y (1)
0<t<T—ap 0<s<ar
Modulus of continuity:
iy SUP0<t<1 SUP0<s<h Y(t+s)—-Y()| 5

h—0 Jh1og(1/h)
almost surely.

Y



Wen, Jiwei (2002):

. I1(T) .

lim sup = = 2,

T—oo \/t(log L + 2l0glogt)
almost surely, where

I1(T) = sup sup |Y(s)—Y(s—1)|.
0<t<T t<s<T

lim sup (T, ar) <2
=00 \/aT(Iog “g;T + 2loglogay)

almost surely. If ap is onto, then limsup = 2.

Y




New results
Csaki—Hu (2005):

Theorem 1

I(T, aT) _ \/g

lim sup
I'=o0 \/aT<Iog T/aT—I—IogIogT)

almost surely.

If ap >T(ogT)™%, o< 2, then

T'— o0 arm

almost surely (K4 is unknown).

log log T
Iiminf\/ 299 (T, ap) = K7,

If ap <T(logT)™%, o> 2, then

(T
liminf (T ar)
T—oo | Japlog(T/ar)

almost surely (K5 is partly known).

= Ko,



Theorem 2 Let

J(T, ar) = inf sup |Y(t+s)—Y ()|
(Tar) = _inf = sup [Y(t+s)-Y ()

We have
T'loglog T’
iminf YL109109T ;0 oy = Ky,
T'— o0 aT

almost surely. If ap/T — 0, T — oo, then

K3z =1/V2.

If 0 < IlmT_>OO(aT/T) = p <1, then

J(T
lim sup (1’ ar) = pV/8,
T—oo 110glogT

almost surely.

If limp_,o, ar(loglogT)2/T = 0, then

VT
lim sup J(T,ar) = Ka,
T—oo ary/loglogT

almost surely (K4 is unknown).




Small deviation estimates

5
P(T,1) <2) < o5t

4 exp(—cT(1=r)/2,=(1+48)22/8y

k,0 arbitrary, ¢ = ¢(9).

P(I(T, 1) < 2) > \j—lTexp (-2%) (1)

2
P(J(T,1) <z) < Crexp (‘2(1(:- 5;2,22T> T

C26
+C1exp (—4(1 n 5)2Z2> +

2
—|— exp <C3 _ 042 eC5/Z2>

22 T
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A short proof of (1). We use the following
properties.

LLast zero before 1:

=sup{t: t<1, W(t) = 0}.

B(s) = V(59)

,0<s<1

IS a Brownian bridge,

(W (g +s(1—g))
v1—g

is a Brownian meander, g, B,m are indepen-

dent.

m(s) = ,0<s<1

Biane-Yor (1987):

I dv
P</O (o) <z|m(1)=0> =

o) 20 _k222 _
> (1 —k“z%)exp 5

k=—o0




P(I(T,1) < z) >

> P (Y* <Zwa)>2 1<|21;T(W(u) > i)

where

Y*= sup |Y(s)].
0<s<1

It follows that

P(I(T,1) < z) > ——P <Y

VT W=7,

z
— 4’
Moreover,

4
P(Y* <Zw@) > —) >
4 Z

N z z 4
P(Y(@ <YW -Y@< WD 27) >
EP(79<22)7
where

Y*(g9) = Sup 1Y (s)l.
0<s<g

12



We can proceed as follows:

P (Y*(g) < §|g < z2> = const.

P(Y() =) < 5w@) > Ty < 22) >

> P /1 Wz o) 2
- > —,m -
0 m(v) — 8 /1 — 22

Using the inequality

1 dv z
P(/O m(v)sym(l):x)z

1 dv z
zp(/o o §§|m<1)=0>,

we finally obtain (1).
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