


High resolution coding of stochastic
processes

Steffen Dereich

Technische Universitat Berlin

dereich@math.tu-berlin.de

Coding of stochastic processes - 1



Introduction
omnoame |
2 Quantization
2 Entropy coding
2> Applications
2 Quantization in

E = R4

Functional signals

Random small deviations

Diffusions

An example

Given:
Problem:

IS small.
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ﬁ Quantization

Introduction Given: Random signal X (original) in some Banach space

2 An example

(B, - 1.
Im

2 Entropy coding
> Applications

. Minimize the average distortion

2 Quantization in
E = R4

Functional signals E [ ‘ | X _ X ‘ |p:| 1 /p

Random small deviations

Difusions among all discrete E-valued r.v. X (reconstructions) with

range(X)| < e”.

Parameters: r > 0 - rate,
p > 0 - moment.

Quantization error: D@ (r, p) = inf E[|| X — X ||?]/?.
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Introduction
2 An example
2 Quantization

2 Entropy coding

> Applications

2 Quantization in
E = R4

Functional signals

Random small deviations

Diffusions

Entropy coding

Given: Random signal X (original) in some Banach space

(B, - 1)-

Aim: Minimize the average distortion

E[|X — X||P]'/P
among all discrete E-valued r.v. X (reconstructions) with

ZP #)1log(1/P(X =) <

Parameters: r > 0 - rate,

p > 0 - moment.
Entropy coding error: D) (r, p) = inf E[|| X — X||P]'/>.
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Introduction

2 An example
2 Quantization

2 Entropy coding

> Applications
2 Quantization in

E = R4

Functional signals

Random small deviations

Diffusions

Entropy coding

Given: Random signal X (original) in some Banach space

(B, - 1)-

Aim: Minimize the average distortion

E[]lX — X |7}/

among all discrete E-valued r.v. X (reconstructions) with

ZP #)1log(1/P(X =) <

Parameters: r > 0 - rate,

p > 0 - moment.
Entropy coding error: D) (r, p) = inf E[|| X — X||P]'/>.

Relation: D) (r, p) < D@ (7, p)
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Introduction

2 An example

2 Quantization

2 Entropy coding

> Applications

2 Quantization in
E = R4

Functional signals

Random small deviations

Diffusions

Applications

e Digitizing analog signals (Pulse-Code-Modulation)

e Variance reduction for Monte-Carlo schemes (Luschgy,

Pagés, Printems)

e lower bounds for certain approximation quantities (D,

Mualler-Gronbach, Ritter)
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Introduction

2 An example

> Quantization

2 Entropy coding
> Applications

Functional signals

Random small deviations

Diffusions

Quantization in £ = R“

e Research started in the 50th (motivated by
Pulse-Code-Modulation)

e high resolution problem adressed by Zador '63, Bucklew and
Wise '82, Graf and Luschgy '00 (LNM 1730)

e high resolution formula for absolutely continuous u := L£(X)
under a concentration assumption:

1/p

(67“)—1/d7 r — 00
Ld/(d+p) (Rd)

d
D (r,p) ~ k(E,p) Hd—;‘

e heuristics: good high resolution codebooks look locally like a
good codebook for the uniform distribution with a particular

point density depending on the density -4

e problem: optimal codebooks for the uniform distribution on
0,1)? hard to find
— Euclidean space, d = 2 = honeycomb structure
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Introduction

Functional signals
2 Gaussian originals
> Conclusions

Random small deviations

Diffusions

Gaussian originals

Notation:
e F separable Banach space (e.g. £ = C|0, 1])

e 1, centered Gaussian measure on E
e X r.v.with £(X)=p

Theorem: (Fehringer ‘00, DFMS °03, D °03)
Under a mild technical assumption on ¢, one has for all p > 0:

o~ (r) S D (r,p) < DD (r,p) 207 (r/2), r— o0
where
p(e) = —logu(B(0,¢)) = —logP(||X| <) (¢ >0)

Small ball function
References: Li and Shao (2001): Gaussian processes:
iInequalities, small ball probabilities and applications.
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ﬁ Conclusions

Introduction (] X p— W Wlener process In C[O, 1].

Functional signals
> Gaussian originals

—<D(e)( p) < D9 (r,p) <

\/ ~ ’ r— OO
Random small deviations \/7—/.
bifusions e X 2-dimensional Brownian sheet in C(|0, 1]?):
1
D@ (r.p) ~ DD (1. p) ~ (log1)¥% =, 1 — o

N
0’5 N
u‘ﬁ\ \\

N> o
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Introduction

Functional signals

Random small deviations

2 Asymptotic properties

2 Proof of the SLT - 1

2 Proof of the SLT - 2

2 Connection to quantization

2 Proof of the connection
2> RSBP’s (Wiener process)

Diffusions

Random small deviations

Quantization error of random codebooks:

DW(r.p) = E[_min X = Y| e

where X, Y1, Yo, ... i.i.d. with £(X) = p.

Random small ball function:

le(X(w)) = —logu(B(X(w),e)) (> 0).

+
0

Reference: D, Lifshits '05
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ﬁ Random small deviations

Introduction Quantization error of random codebooks:

Functional signals

Random small deviations D(R) (’r’, p) = E[E[ 1miri J ||X T Yal‘XH 1/p7
i=1... |er

2 Asymptotic properties
2 Proof of the SLT - 1

Proofof the SLT -2 where X, Y1, Yo, ... i.i.d. with £(X) = p.

2 Connection to quantization

2 Proof of the connection

DRSBP's (Wiener process) Random small ball function:

le(X (W) = —log p(B(X(w),e)) (> 0).

+
0

Reference: D, Lifshits '05
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Asymptotic properties

mvoductn Problem: Connection of ¢.(X) and ¢(¢) = £.(0).

Functional signals

Random small deviations

2 Random small deviations
2 Proof of the SLT - 1

2 Proof of the SLT - 2

2 Connection to quantization
2 Proof of the connection

O RSBP’s (Wiener process)

Diffusions
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ﬁ Asymptotic properties

mvoductn Problem: Connection of ¢.(X) and ¢(¢) = £.(0).

Functional signals

Theorem:

Random small deviations

2 Random small deviations
(¢) (X) (e/2) |

> Proof of the SLT - 1 pe S 65 X 5 290 £/2 ) € O,a.s.
2 Proof of the SLT - 2

2 Connection to quantization

2 Proof of the connection

O RSBP’s (Wiener process)

Diffusions

Coding of stochastic processes - 10




ﬁ Asymptotic properties

mvoductn Problem: Connection of ¢.(X) and ¢(¢) = £.(0).

Functional signals

Theorem:

Random small deviations

2 Random small deviations

2 Asymptotic properties (8) < g ( X ) < 2 (8/2) £ \L O a.s
D Proof of the SLT - 1 SO — ~E ~ 90 9 y CLeide
2 Proof of the SLT - 2

2 Connection to quantization

2 Proof of the connection

S RSBP' (Wiener process) Problem: Concentration properties of /.(X) for small € > 0.

Diffusions
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ﬁ Asymptotic properties

mvoductn Problem: Connection of ¢.(X) and ¢(¢) = £.(0).

Functional signals

Theorem:

Random small deviations

2 Random small deviations

2 Asymptotic properties (8) < g ( X ) < 2 (8/2) £ \L O a.s
D Proof of the SLT - 1 SO — ~E ~ 90 9 y CLeide
2 Proof of the SLT - 2

2 Connection to quantization

2 Proof of the connection

S RSBP' (Wiener process) Problem: Concentration properties of /.(X) for small € > 0.
o Theorem:
(X
lim «(X) =1, a.s.
el0 QOR(ES)

for
® vr(e) =m. = median of /.(X) or

e vr(e) = E[l:(X)]
(Asymptotic equipartition property)
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ﬁ Asymptotic properties

mvoductn Problem: Connection of ¢.(X) and ¢(¢) = £.(0).

Functional signals

Theorem:

Random small deviations

2 Random small deviations

O Asymptotic properties (8/\/5) < E ( X ) < 2 (8/2) IS l O a.s
> Proof of the SLT - 1 v ~ “E ~ 4P ? y e
2 Proof of the SLT - 2

2 Connection to quantization

2 Proof of the connection

S RSBP' (Wiener process) Problem: Concentration properties of /.(X) for small € > 0.
o Theorem:
(X
lim «(X) =1, a.s.
el0 QOR(ES)
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™  rProofofthesLT-1

Introduction 1 St Step.
Functonal sgnal e V. := B(0,¢e) + 3\/p(e) K (enlarged ball (Talagrand))

Random small deviations

2 Random small deviations o ,U;(‘/;:C) S eXp{—(p(g)} (‘/'8 IS a typlca/ Set)

2 Asymptotic properties

. (B(z,2¢)) = =5.5¢(¢)
O Proof of the SLT -2 L e ‘/vs :> logu B ZC’ 28 - 5 5 <p €
2 Connection to quantization
2 Proof of the connection
O RSBP’s (Wiener process)

Diffusions
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™  rProofofthesLT-1

Introduction 1 St Step.
Functonal sgnal e V. := B(0,¢e) + 3\/p(e) K (enlarged ball (Talagrand))

Random small deviations

2 Random small deviations o ,U;(‘/;:C) S eXp{—(p(g)} (‘/'8 IS a typlca/ Set)

2 Asymptotic properties

ez cV. = logu(B(x,2)) > —5.5p(e)

O Proof of the SLT - 2
2 Connection to quantization

ey 2N S1ED
o U(x):=logu(B(x,2¢)), for some fixed small € > 0

e heH, z,x+heV. = |¥(x+h)—V(z)] <8 /pe)|h|,
(H,,-Lipschitz continuous)

Diffusions
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W  rroofofthesLT-2

Introduction 3rd Step_
Functional signals Y to ShOW |£2€( ) —_ ng‘ = O(QO(E)) a.S.

Random small deviations

2 Random small deviations () ]P)(|£2€( m28‘ > 8\/ < ILL VC + eXp( (T — 7“5)2/2)

2 Asymptotic properties

2 Proof of the SLT - 1 (’I" > ’I“g) Where hmglo 7"‘5 = O
> Connection to quantization (COncentl'athn prnClp/e (LedOUX))

2 Proof of the connection

5RSBP’s (Wiener process) e Application of the Borel-Cantelli Lemma for some
Diffusions /”'(8) — 0( @(8))
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ﬁ Connection to quantization

Introduction Theorem: For all ¢ > 0 one has
Functional signals
Random small deviations D(R) (’r7 q) ~ Qp;zl (’r), r — OCQ.

2 Random small deviations
2 Asymptotic properties
2 Proof of the SLT - 1

e equivalence of all moments

2 Proof of the connection

5 RSBP' (Winer process) e min;—; || ||X — Y;| is concentrated around ¢ 3" (r)

Diffusions

Open problem: Is the equivalence of moments property valid
for the quantization error for Gaussian underlyings?
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ﬁ Proof of the connection

Introduction Abridge n = |e" | and assume that p = 1. Note that for x € £

Functional signals

o0
Random small deviations E[ mlIl HZE — YLH] — / IED( mln H,flj — YLH 2 t) dt
0

2 Random small deviations

2 Asymptotic properties 1=1 geeey Tl 1=1 yeeey Tl
2 Proof of the SLT - 1 fo'e)
O Proof of the SLT - 2

n
2 Connection to quantization p— ( 1 — IP)( ‘ | €T — Yl ‘ ’ < t) dt
0~ - y
O RSBP’s (Wiener process)

~exp(—nP(||lx—Y1||<t))
Diffusions
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ﬁ Proof of the connection

Introduction Abridge n = |e" | and assume that p = 1. Note that for x € £

Functional signals

o0
Random small deviations E[ mlIl HZE — YLH] — / IED( mln H,flj — YLH 2 t) dt
0

2 Random small deviations . 1 . 1
2 Asymptotic properties t=1,...,m 1=1,....,n

2 Proof of the SLT - 1 o0
2 Proof of the SLT - 2

n
2 Connection to quantization — ( ]. - IP)( ‘ | €r — Yl ‘ ’ < t) dt
0 N ~ <
O RSBP’s (Wi

s (Wiener process) %exp(—nP(||:c—Y1||<t))
Diffusions

and

exp(—nP(|lz — V1| <?) ~ exp{—exp(r — l:(z))}.
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Introduction

Functional signals

Random small deviations

2 Random small deviations
2 Asymptotic properties

2 Proof of the SLT - 1

O Proof of the SLT - 2

2 Connection to quantization

2 Proof of the connection

O RSBP’s (Wiener process)

Diffusions

Proof of the connection

Abridge n = |e”| and assume that p = 1. Note that for x € F

1=1,...,n 1=1,...,n

E[ min Hx—ml]:/ P( min |z — Y| > ¢)dt
0

:/ (1—P(|z Vi < )" dt
O o _J/

N

~exp(—nP(|lz—Y1[/<?))

and
exp(—nP(|lz — V1| <?) ~ exp{—exp(r — l:(z))}.
Therefore,
El min |z —Y;||] = E,_l(:zj)(r).

1=1,...,n
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ﬁ RSBP’s (Wiener process)

Introduction

Functional signals

Random small deviations Ap/m ﬂ“w/\/

W A W
2 Random small deviations W WWV Yy WAWAW
2 Asymptotic properties
2 Proof of the SLT - 1
O Proof of the SLT - 2
2 Connection to quantization

2 Proof of the connection
2> RSBP’s (Wiener process)

Diffusions FOF E — C[O, 1] Or E — Lp [O, 1] It IS true that

1

(W) ~ Ky 2 € 10, a.s.,
for an appropriate constant x, > 0.

® Koo - CONStantin (21, 8]
e )\ - principal eigenvalue of the Dirichletproblem on the unit
discof R (d=1 = A\ = 7?/8)

9

05225
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ﬁ Fractional Brownian motion

introduction e X fractional Brownian motion with Hurst index H € (0,1)
Functonal signats e E=C[0,1] or E = L?[0,1] = dx > 0s.th. forallg >0

Random small deviations

D (r,q) ~ D' (r,q) ~ k—
> Coding diffusions r
2 Main result -
B = LP[0, 1] (D, Scheutzow "05)
E = CJ[0, 1] . . . .
>Coding soheme e estimates for x if X is Wiener process
ekt conity of X - E=C[0,1] = re T,
O Garsia, Rodemich,
Dgzgsjlyog(t)igr:)problem T E — L2 [07 ]‘] :> R = g
2 Enlargement of filtration . 2
semanw X o known for all H if E = L2[0, 1].

Coding of stochastic processes - 16




Introduction

Functional signals

Random small deviations

Diffusions

2 Fractional Brownian motion

2 Coding diffusions

2 Main result -
E = LPJo, 1]
> Main result -
E = C[0, 1]
2 Coding scheme
2 Entropy numbers
D Hélder continuity of X
2 Garsia, Rodemich,
Rumsey (70/71)
> Rate allocation problem

2 Enlargement of filtration
2 Representation for X

Coding diffusions

Notation:

e drift coefficient: b : RY x [0, 00) — R
e diffusion coefficient: o : R? x [0,00) — R (scalar)
o W = (W,)>0 d-dim. Wiener process
e X solution of the SDE
X, = /ta(Xt,t) AW, + /t b(Xy,t) dt,  t>0.
0 ~—— 0 >—~—

=:0¢ =:by

Assumption: 33 € (0,1], L < oo s.th. Vz, 2’ € R4V, ' € [0, 1]:

b )] < Lila] + 1)
o, t) — o2/, )] < Lllw — /| + |z — /| + |t — /)],
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Introduction

Functional signals

Random small deviations

Diffusions

2 Fractional Brownian motion
2 Coding diffusions
2 Main result -

E = LPJ0, 1]
> Main result -

E = C[0, 1]
2 Coding scheme

2 Entropy numbers

D Hélder continuity of X

O Garsia, Rodemich,
Rumsey (70/71)

> Rate allocation problem

2 Enlargement of filtration
2 Representation for X

Main result - £ = 7|0, 1]

o« £ =170,1],p>1

Theorem: Jx, € R, with

1
DD (r,p|W) ~ Ky, NG
and one has

1/p 1
D' (r,p|X) S Kp]E[||U-||I£2p/(p+2)[o,1]} g W?

where
(0t)t>0 = (0(X¢,t))e>0-

e similar results valid for the pathwise interpolation problem
(Hofmann, Muller-Gronbach, Ritter '01, Muller-Gronbach ’03)
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ﬁ Main result - £ = C|0, 1]

Introduction () E p— C[O, 1]

Functional signals

Theorem: dx, € R with

Random small deviations

Diffusions ( )
 Fractional Brownian motion D q (/ra ‘ W) ~ K
2 Coding diffusions Y q (©.@)

2 Main result -
E = LPJo, 1]

"B = elo, 1] and one has forall ¢ > 1
2 Coding scheme

2 Entropy numbers

D Holder continuity of X D(Q) (/r.’ q|X) ~ I{’OO E |:HO- Hq ]

b
7

1/q 1
O Garsia, Rodemich, L2 [0,1]

Y
Rumsey (70/71) \/F

> Rate allocation problem

2 Enlargement of filtration Wh e re

2 Representation for X

(0t)t>0 = (0(X¢,t))e>o0-

Coding of stochastic processes - 19




ﬁ Coding scheme

Introduction Representation for X (Doob-Meyer decomposition, time
Functional signals Ch ang e)
Random small deviations Xt — At + ‘/‘[/v,r(t)7
zigS:;EZEaI Brownian motion Wh e re

oding diffusions t . . .
B o Ay = [ b(Xs,s)ds - process with bounded variation

E = LPJ0, 1]
et o (Wt) - d-dimensional Wiener process

2 Entropy numbers

D Hélder continuity of X

O Garsia, Rodemich,
Rumsey (70/71)

> Rate allocation problem

= [ o2 s) ds - time change.

2 Enlargement of filtration
2 Representation for X
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ﬁ Coding scheme

Introduction Representation for X (Doob-Meyer decomposition, time
Functional signals Ch ang e)
Random small deviations Xt — At + ‘/‘[/v,r(t)7

Diffusions

S Fractional Brownian motion Wh ere

2 Coding diffusions

S Min esut - o A = fo (X, s) ds - process with bounded variation

E = LPJo, 1]

DMain resut - (Wt) - d-dimensional Wiener process

E = C[0, 1]

> Coding scheme
= Jy 0’

2 Entropy numbers

D Hélder continuity of X

> Garsia, Rodemich,
Rumsey (70/71)

> Rate allocation problem COd | ng SCheme.

2 Enlargement of filtration

o X e approximate (A;) by (4,) and (r(t)) by (7(t))
(negligible complexity)

e approximate (Wy);co,7(1) bY (Wt>t€[0,%(1)]
(dominates complexity)

s) ds - time change.

e Reconstruction: X; = A; + Wiy
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Introduction

Functional signals

Random small deviations

Diffusions

2 Fractional Brownian motion
2 Coding diffusions
2 Main result -
E = LPJo, 1]
> Main result -
E = C[0, 1]
> Coding scheme

2 Entropy numbers

D Hélder continuity of X

O Garsia, Rodemich,
Rumsey (70/71)

> Rate allocation problem

2 Enlargement of filtration
2 Representation for X

Coding scheme

Representation for X (Doob-Meyer decomposition, time
change):
Xy = Ay + Wr,
where
o Ay = [} b(X,,s)ds - process with bounded variation

o (Wt) - d-dimensional Wiener process
= [ o2 s) ds - time change.

Need:
e estimates for the complexity of regular processes

e reqgularity statement for (7(¢)) (HOlder continuity of X)

e cope with dependencies:
rate allocation < Wiener process.
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ﬁ Entropy numbers

invocuctor e (F,| -||r) Banach space compactly embedded into (G, || - ||c)
F“”°“°”a's‘g”a"°‘. | e ¢,(F,G) =inf{e > 0:3xy,...,29n» € F s.th.
U7_, Ba(wi,e) D Br(0,1)}

Diffusions

2 Fractional Brownian motion (’n, 'th entI'Opy number)

2 Coding diffusions
2 Main result - ® . ( ) =< -« —
el A Ass.: e, (F,G) 2 n™“, n — oo
> Main result -
E = CJ0, 1]

S Coding scheme Lemma: \V/ﬁ > 2 > O 3 Constant C — C’(Z)7 ﬁ) Sth for a”

:)Héldercontinuity of X F-Valued prOCGSSe Z.

O Garsia, Rodemich,
Rumsey (70/71)
> Rate allocation problem 1

2 Enlargement of filtration D(q) (’]”|Z) || . ||G7p) S C ]:El:[||Z||];7:|1/]5

2 Representation for X 1 _|_ /r()é
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ﬁ Holder continuity of X

i t T
Introduction ® Mt — fO O_S dWS

Functional signals

- [f (1) —f(s)]
Random small deviations L d ‘f‘a L Sup0§3<t§1 |t_8|a

Diffusions

™ Lemma: Va € (0,1/2) ¥p > 2/(1 — 2a) 3C = C(p, a) s.th.
Dhgun:resgtb[o’ .

> Main result -

1
E = Clo, 1] E“M‘Z]SC/ Ellos|P] ds.
0

2 Coding scheme

2 Entropy numbers

> Garsia, Rodemich,
Rumsey (70/71)

> Rate allocation problem

2 Enlargement of filtration
2 Representation for X
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Introduction

Functional signals

Random small deviations

Diffusions

2 Fractional Brownian motion
2 Coding diffusions
2 Main result -
E = LPJo, 1]
> Main result -
E = CJo, 1]
2 Coding scheme
2 Entropy numbers
D Hélder continuity of X
O Garsia, Rodemich,
Rumsey (70/71)
> Rate allocation problem
2 Enlargement of filtration
2 Representation for X

Holder continuity of X

® l‘fiizzbﬁ;(fstj‘jyé

[f () —F(s)]

¢ |fla = SUPp<s<t<1

t—s|

Lemma: Va € (0,1/2) Vp > 2/(1 — 2a) 3C' = C(p, o) s.th.

E|M[7] < © / Ello, P ds.

Application to diffusions:

= [E[|0?|P] < oo for some e > 0 and every p € R,

= DO (r|r,|| - [lo,1,p) <

const

rite 1

forallr > 0
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ﬁ Garsia, Rodemich, Rumsey (70/71)

introducton Theorem: Vf € C[0,1] :

Functional signals

B |s—1|
Random small deviations |f(8) B f(t)‘ S 8v/0 \Ij_l (4B(f)) dp(f) (S,t ~ [O, 1])

Diffusions 52

2 Fractional Brownian motion
2 Coding diffusions

2 Main result - Where

E = LP[0, 1] 1 1
> Main result - — t
= 0,1 B(f) :2/ / \If(‘ﬂs) f(ﬂ)dsdt
:)Eoding scheme 0 0 p(’S — t‘)
2 Entropy numbers
D Hélder continuity of X and
Rumsey (70/71)
> Rate allocation problem
2 Representation for X ) p : [07 OO) — [O) OO) / W|th p(O) — O
e Choose: ¥ (z) = 22, p(x) = =" for some o,y > 0

2 Garsia, Rodemich,
e U:[0,00) — [0,00) bijectiv,
2 Enlargement of filtration
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ﬁ Garsia, Rodemich, Rumsey (70/71)

introducton Theorem: Vf € C[0,1] :

Functional signals

Random small deviations |f(8) - f(t)| S ConSt |S — t|_2/5—|_’YB(JE)1/(S (S,t E [O, ].])

Diffusions

2 Fractional Brownian motion Wh e re

2 Coding diffusions 1 1 )
2 Main result - - t
B = LP[0, 1] B(f) ::/ / |f(8) ];( )| ds dt
o Jo s —t[o7

> Main result -

E = C[0, 1]
2 Coding scheme
2 Entropy numbers
D Holder continuity of X (Sobolev embeddlng)
> Garsia, Rodemich,

Rumsey (70/71)
> Rate allocation problem

2 Enlargement of filtration
2 Representation for X
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Introduction

Functional signals

Random small deviations

Diffusions

2 Fractional Brownian motion
2 Coding diffusions
2 Main result -
E = LPJo, 1]
> Main result -
E = CJo, 1]
2 Coding scheme
2 Entropy numbers
D Hélder continuity of X
> Garsia, Rodemich,
Rumsey (70/71)
> Rate allocation problem
2 Enlargement of filtration
2 Representation for X

Garsia, Rodemich, Rumsey (70/71)

Theorem: Vf < C|0,1]:

1f(s) — f(t)| < const |s — t| "2/ 0TV B(f)1/°

Loflrig) 5
s - [ [ LOIOF

(s,t €10,1])

where

Application:
e Choose appropriate values §,v > 0 suchthat « = —2/§ + ~

e Control the moments of the random variable B(M)
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ﬁ Rate allocation problem

nvedcir Problem: A good reconstruction (W,) for (1;) depends on the
LSO time change (7(t))

Random small deviations

S semamae~ 1€CHNIQUE:

et e break the path (W;);c(0,-(1) into pieces

Mzamzesgt[:ol’]” e assign to each part an optimal rate for coding

2 Coding scheme

Entropy numbers
2 Holde ooty of X Problem: Interdependence between
O Garsia, Rodemich,

Rumsey (70/71)

rate allocation «—— Wiener process

2 Enlargement of filtration
2 Representation for X
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ﬁ Enlargement of filtration

Introducton |dea: rate allocation is an initial enlargement of filtration:

Functional signals

o (F)V)filtration generated by the Wiener process

Random small deviations

zig?:ci:?iﬁal Brownian motion ¢ ‘ ‘ f | ‘ H = H Z_J; ‘ ‘ L2 [O’OO) ( Cameron-Martln norm)

5 Goding cifusons e G discreter.v., G; = FV v o(G) initial enlargement of F

2 Main result -
E = LPJo, 1]
> Main result -
E = C[0, 1]
2 Coding scheme
2 Entropy numbers
D Hélder continuity of X
2 Garsia, Rodemich,
Rumsey (70/71)
> Rate allocation problem

2 Enlargement of filtration

2 Representation for X
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ﬁ Enlargement of filtration

Introducton |dea: rate allocation is an initial enlargement of filtration:

Functional signals

o (F}V)filtration generated by the Wiener process W

Random small deviations

s o | fll3¢:= |G|l 2[0,0) (Cameron-Martin norm)

2;‘;?;"1331;“’”5 e (G discrete r.v., G; = FV v o(G) initial enlargement of FV
D“Zamzesg*[;)fol’]l] Theorem: 3G;-Wiener process (W,), G;-adapted process (A;):
5 Coting schams

5 o ooty of X Wy =W, + Ay,

O Garsia, Rodemich,
Rumsey (70/71)
> Rate allocation problem a n d

112
E[||All3] < C(p) H(G),

2 Representation for X

where
HP(G) = pS (log(1/p5))".

Ref.: Jacod, Yor ('85). Grossissements de filirations: exemples
et applications, (LNM 1118); Ankirchner, Imkeller, D ("05)
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ﬁ Representation for X

Introduction Theorem: vp Z 1 EI prOCeSseS (Xt(r))! ()%t(r))’ (Wt(r)) and (%t(r))

Functional signals
s.th.

Random small deviations

X =X )+W%(2)(.)

Diffusions

2 Fractional Brownian motion

> Coding diffusions and

2 Main result -
1

el @35>0 E[| XM = X0 VP = 0(G870)

2 Main result -
E = C[0, 1]

S e 3y € (0,1): log |range()£((7"),7°(7"))\ = O(r"),
D Hélder continuity of X

> Garss, R o (W) is a Wiener process (independent of 7())

Rumsey (70/71)
> Rate allocation problem

2 Enlargement of filtration ® E[HT - %H [071]] — O

2 Representation for X
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