1. Statistical estimation problem.
Data: observation: X
Possible distribution P € P

A priori data:
P ={P}={F0c O}
A posteriori data:

X.

The problem: F:0© — &,

find (estimate)

F(6).



Estimators
F=F(X)
The quality of estimator F
Ey I(F(6), F) = R(6)

Examples:

Example 1. Xq,..., Xy
id f(x;0)

a) Parametric case: 6 € © C R¢
E@|§ — 9|2 = %

b) Nonparametric case: 6(x)



Example 2.
X : dX (t) = 0(t)dt + edw(t)

0(t) =0(t,z), z€GCRF
w(t) = w(t, x)

o) Parametric case
0(t) = f(t;01,...,04)
Eyl0 — 6|? < £2d

B) Nonparametric case



2. How to construct estimators in

the nonparametric case?
Data: X, {P,,0 € ©}.
© is a metric space.

Estimate 6. The risk function is

R(6) = Ey p(6,0)
Let
. @ —-T

where T is an "estimable” set (finite, finite
dimensional etc)

Suppose that

sup diam{o " tp(8)} < 6.
0



If

0= 1(p),
the error is determined by
E dist(@, ¢(0)) ()
and
diam (o~ 1p(0)) ()

(x) is a probability problem, (xx) is a problem
of approximation theory.

Here widths enter.



For example,

inf sup diam(o 1¢(0)),

T, 9cO©
T is a compact, dimT < n, is the n-th Alek-
sandroff width.

Suppose that © C B - Banach space. Take
T C B. If T is finite, Kolmogorov's e-entropy
naturally enters.



If T'"= L, is an n-dimensional linear manifold,
Kolmogorov n-width enters

inf sup [[0 — o(0)|
Lnagp 9
and the whole error is

inf[Ep||¢ — ¢(0)]| +sup [|0 — o (0)]]

Examples. Observation
du(t) = 0(t)dt + ¢ dw(t)
0(t) =0(t,x) =0(t, xz1,...,2q)

VNSHS



Likelihood function

. dPy
1(0) = |nd—PO(u)

T T
1 1 5
= < [<o@,du(®) > —— [ lo(®)ds
0 0
Here

<01(8),62(t) >= [01(t2)0(t; 2)do
G

b
/< £, dw(t) >=1imY" < f(t), w(tipr)—w(t;) >



Let M C L,{[0,T] x G},

(M, p) — a metric space,

$b: ©— M.
The problem: estimate ®(0).

Define

w(d) = sup{p(®(01), P(02)) : [|61 — O] < 4}

®* —is the maximum likelihood estimator (MLE).
Then

sup Pp{p(PZ, ®(0)) > 2w(30)}

€ 1 52
<y/=exp=Cs(0) — .
\E p{z 5(0) 1652}




Example. The same problem

du(t) = 0(t)dt + edw(t)

Approximation by linear manifolds L,, of dim n.
Kolmogorov's n-width enter:

dn(®) = infsup inf ||0 —
7(®) =ipfsup inf |6 —y|

T heorem .

e 0
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Proof. 11,...,Yn basis in Ly,

0 — > (0,995 < (1 +7v)dn
1

Estimator for a; = (0,%;) is
T
/< Vi, dw(t) >= a;
0

07 =) ajb;
mn

Egl|0F — 0]1* < >_ Elaj — a}|* + (1 + v)°d5 .
1

]
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Lower bounds.

1. Shannon’'s capacity:

du = 0dt + sdw

but now 6 is a random field independent on w

Ce(©) = sup I(u, 0)
c©

[ Shannon’'s information is

e =E{in T8 enl

1
C(H) < —— sup E||6]|?
2e29coO
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T heorem .

inf sup Py{p(®*, () > 6}
* 0

. C(O)+1
Cos(®(©)) -1

-~

2. Bernstein’s widths.
Let > C B.

bn(X) = sup {r: rONM,4; C X}
Mn—l—l

T heorem .

inf sup Ey||0: — 0|
0= 9

, tanh bn(6)
> 2 inf (1 — )su ; > 1
© T p{n evn+ 1 }
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Classes of smooth functions:
0(t;xz) = 0(x)
= [0, 1]

O(xq,...,xg) — periodic

Let P(z) = P(21,...,24) be a polynomial.

WL {0: |P(D)flo < 1}
1 0 1 0
where D = (Zaxl R Zaxd>

1. P(z) = (ch ﬁ])

_ 2k
A:(©) = infsup E|f — 0]y < e2F5+1
o 0
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2. P(z) = zfl L ng

Letﬁzﬁlz...:5l<ﬁl+1<---<Bd
B(-1)
20 1
A(O) = e2FFI (In—)MH |
E

An example of density estimation.
X150y Xn, X] S (%79’[)

0(x) density with respect top.
Let K(x,y) on X x X

[ K@) K (2, 2)du(@) = Ky, 2)

be a reproducing kernel.
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HK) ={f €Ly f(y) = [K(@y)f(@)du
KN, 8) = {K : |K(2,2)]|3 <N}
The (N, 3)-width
In(©,8) = inf Sl;p];g;[ 10 — |

Example 1. dimH = N

N
K(z,y) =) ¢i(@)p;(y), K eX(N,1).
1

Example 2. The Dirichlet kernels.
sin v; yj)
where k is the dlmen5|on of x=,y.

Dy(z,y) = kH

ON(©,00) < infsupEy(0)

where &, is the best approximation error by
entire functions of order v.
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Theorem . Let §(N) = infg>o0n(©,8). Then

N
|gf supE9||9 0-||° < inf (45N+ - (1 + sup ||9||2>>
£ n 0

Example: let

0(z) = [ ODa0ar

2 m)d

( ) K
['hen

mesK 1

inf sup Epll0 — 0:]|2 ~ .
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