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Random vector in normed space: X € (E, | -||)

Small ball (small deviation) probabilities:

P{||X] <e€}, e — 0.

Usually: X - sample path of a process, E - a
functional space C|[0, 1], Ly[0, 1] etc.

Connections:

e entropy of compact operators;

e quantization of random vectors;

e approximation of random processes ...



Typically:
P{|X||<e}~Celexp{-Ke 7}, -0,
or
log P {||X|| < e} ~ —Ke ™7, e — 0.

K - small ball constant, v - small ball rate.

Examples for Brownian motion:

4 2
P{ sup |[W(t)] < e} ~ —exp {—W—e_z}
s 3

te[0,1]

P {/01 W ()| dt < 52} ~ 4—\/(3exp {—és_z}
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Problem:

What can we say about

P {sup W (t)| < e}

teT
for arbitrary T C [0, 1] or about

1
P {/O W ()] u(dt) < sQ}

for arbitrary finite measure p on
[0,1] 7

The answer depends on entropy properties of
T and u, respectively.

Extension: other processes.



Fractional processes.

Fractional Brownian Motion(FBM),0 < H < 1.

WH(t)=/t

— 00

(- w12 - w7V aw )

Riemann-Liouville process (RL), 0 < H.

Heey — (M4 — oVE-1/2070 (o
R (t)—/o(t ) dW (u).

RL has no stationary increments but has three
advantages: well defined for H > 1, closed w.r.
to integration and has an extrapolation homo-
geneity.

Recently:

M.Lifshits and T.Simon found small ball rates
for WH and RH with respect to fairly gen-
eral self-similar norms. This includes the sup-
norm and L9-norm w.r.t. Lebesgue measure
but does not cover the case of general sets
and measures.



The sup-norm (g = o).

A result of W.Linde (2004). Let T C [0, 1].
Let Np(e) be the metric entropy of T, that
is the minimal number of intervals of length ¢
sufficient to cover T'. Then

Np(e) me™P

IS necessary and sufficient for

—log P {sup IRT ()| < 5} ~ e PIH
teT

Example: Let T = [0,1], H = 1/2, then RY =
W and g = 1. We get the small ball rate 2, in
accordance to the classical result.

For smaller sets, B is smaller, and the small
pall rate is smaller as well.



Mixed entropy of a measure.

Let 4 be a measure on [0,1], let H > 0 and
g € [1,00). Define a "magic number” r > 0 by

1/r:=H+41/q.

The normed mixed entropy numbers of u are
defined as follows:

- take an integer m > O;

- cover the interval [0,1] with any m closed
intervals Aj;, 1 <j <m.

- Mminimize over coverings:

m 1/r
ou(m) ;= inf (Z |Aj|Hm(Aj)"“/Q)

Example: p - Lebesgue measure, o,(m) = 1.
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Main result.

Notation: for positive functions f,g notation

f =g (resp. f = g) means limsup f/g < oo,
(resp. liminf f/g > 0). Let

1/q

1flau= | [ 1£(®)1n(an)

Theorem. Let u be a finite continuous mea-
sure on [0,1] and let R be the Riemann—
Liouville process of index H > 0. Then

(a). If ou(m) = m~Y (logm)P for some v > 0O
and B8 € R, then
—log P{||RH||qu < €} & e~/ HHV) | og |8/ (HAV)

(b). If op(m) X m™¥ (log m)P, then
—log P{||RH |4 < &} < e~V HAV) | 1og |8/ (HAV)

For O < H < 1, both assertions also hold for
the FBM B! instead of RY.



Application 1: fractal measure

For N > 2, take some positive weights pq1,...,pn
such that
N
> =1,
k=1

and N intervals with disjoint interiors [aq,b1], ...,
[an,by] in [0,1]. Let S : [0,1] — [ag,br] be
affine isomorphisms. The self—similar measure
w is defined by the equation

N
p=> pp [noS;'l.
k=1

On every interval [at, bi] it behaves like on [0, 1]
up to the numeric factor p, and, eventually, the
Space inversion.

Example: Cantor measure, N = 2.



Let f = g mean that f > g and f < g. We have

Theorem. Let N\ ;= b, —a; and let v > 0
be the unique solution of the equation

N /
PR ’ng =1
k=1
Then
ou(m) ~ m~ (/v =1/r)

hence

—logP {HRHHQ,M < &?} ~ e 1/ (/v =1/a)

Remark 1. The small ball rate does not de-
pend on the special choice of S.

Remark 2. For a fixed pu the small ball rate
depends on g, unlike for Lebesgue measure.
More precisely, there is no dependence on gq iff
A = pi, for some s >0, 1 <k < N.

Remark 3. Hilbert space case, ¢ = 2 (Nazarov).
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Application 2: random fractal measures

Subordinator A = (A(t))s>0: @ non—decreasing
process with homogeneous independent incre-
ments. Its Laplace exponent & 4 is defined by

Ee Az — o—t:®4(x) : t,x > 0.
Every subordinator A generates random mea-

sures by uw,([0,s]) = Leb ({t € [0,1] : A(t,w) < s}).

Theorem. For any H > 0 and any q € [1,00)
there exist constants cy,co> > 0 such that for
any A and almost all measures uy

H H
m <0 m) < m i
<¢gl<clm>) = Tps(m) (@g%czm))

Remark. Here the left and the right hand sides
are not necessary equivalent.
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Hence, for small ball probabilities, we have

Theorem. Let A be a subordinator such that

®p(z) ~ 2P (logz)®,  z— oo,

for certain 3 € (0,1] and x € R. If RY is an
RL—process, H > 0O, independent of A, then for
almost all w and each q € [1,00) we have

—log P {||IR"(A(,w)lq < e} me T |loge|” .

Example: symmetric stable process with inde-
pendent increments.
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Work in progress: multi-parametric case

We consider now W (t),t € R%, the fractional
Brownian function with d parameters, defined
by W(0) = 0 and

E|W(t) — W(s)|? = ||t — s||?H.

This is a natural extension of FBM. No rea-
sonable extension for RL process is known to
us.

Now the measure p is concentrated on a com-
pact subset of RZ. The entropy notions and
their properties are considerably more involved
in multi-dimensional setting.

Roughly speaking, we can give some entropy
bounds for small deviation probabilities but the
entropy notions used are, in general, different
in the lower and in the upper bound.

12



REFERENCES

W. V. Li, Small ball estimates for Gaussian Markov pro-
cesses under L,—norm, Stoch. Proc. Appl. 92 (2001)
87—102.

M.A. Lifshits, W. Linde, Approximation and entropy
numbers of Volterra operators with application to Brow-
nian motion, Memoirs Amer. Math. Soc. 745 (2002)
1-87.

M.A. Lifshits, W. Linde, Small deviations of weighted
fractional processes and average non—linear approxima-
tion, Trans. Amer. Math. Soc. (2005) 357, 2059—20709.

M.A. Lifshits, W. Linde and Z.Shi, Small deviations
of Riemann-Liouville processes in L,—norms with respect
to fractal measures. To appear in: J. London Math.
Soc. 2004+.

M. A. Lifshits, T. Simon, Small ball probabilities for
stable Riemann-Liouville processes, Ann. Inst. H. Poincaré
(2005) 41, 725-752.

13



W. Linde, Kolmogorov numbers of Riemann—Liouville
operators over small sets and applications to Gaussian
processes, J. Appr. Theory 128 (2004) 207—233.

W. Linde, Z. Shi, Evaluating the small deviation prob-
abilities for subordinated Lévy processes’, Stoch. Proc.
Appl. 113 (2004) 273—287.

A. I. Nazarov, Logarithmic asymptotics of small devia-
tions for some Gaussian processes in the L>—norm with
respect to a self-similar measure, Zap. Nauchn. Sem.
S.-Petersburg. Otdel. Mat. Inst. Steklov. (POMI) 311
(2004) 190—213.

M. Solomyak, E. Verbitsky, On a spectral problem re-
lated to self-similar measures, Bull. London Math. Soc.
27 (1995) 242-248.

14



