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Given: r.v. X with values in a separable Banach space
(X, 1| - 1) and E([|X]]) < oc.

Llet FF={f:X — R| fisLip(1) - continuous}

Quadrature problem: Approximate

S(f) = E(f(X)), [eF,

based on finitely many functional evaluations.

Here, in particular, weak approximation of sdes:

(X - 1) = (C([0,1]), 1] - [loo)
dX; = a(t, X;) dt + o(t, X;) dW,, te0,1].
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General relations to quantization

Deterministic algorithms
det. : q.
SSt: All mappings S : F' — R
based on n (adaptive) functional evaluations

Worst case error;
e(S) = sup |S(f) — S(f)|, Ses®
fEF

n-th minimal error:

N

ef = inf e(9)

n ~
Se s

Quantization

Approximate X by ((X) with

p € P, ={p: X — X|pmeasurable, |o(X)| < n}

Error:

q(p) = E[|X — o(X)|

n-th quantization error:

an = inf q()



Theorem

Vn e N: e* =g,

n

( Smolyak 1965; Bakhvalov 1971;
Kantorovich, Rubinstein 1958; Gray et al. 1975)

Good quantizers ¢ € ®,, yield good algorithms = Saet

oy S°(f)=S(foy), fEF
e(S%) = q().

det
Resultson e, g,

for compact or finite-dimensional spaces X:

See, e.g.
Novak 1988; Graf, Luschgy 2000;
Wasilkowski, Wozniakowski 2000, 2001

for function spaces X:
Wasilkowski, Wozniakowski 1996

Since 2000: Dereich, Fehringer, Luschgy, Matoussi,
Pagés, Scheutzow, ...



Randomized algorithms
Si2": All randomized algorithms based on
n adaptive functional evaluations
Worst case error:
Q Q 2\1/2 @
e(S) = sup (E[S(f) = S(/)*)"/?, Sesy

feF

n-th minimal error:

e™ = inf ¢(S)
Se s

Theorem Dereich, M-G, Ritter 2005

VneN: e > 1/2-n*? - sup (gs—1 — qx)
k>2n

Corollary
If q,, is regular varying with negative index then

ran —1/2

Remark
For dim(X) < oo this bound is sharp in many cases,
e.g., for X uniformly distributed on X = [0, 1]¢:

ran
e X n

—1/2—1/d



Results for SDEs

Now: (X 1D = (C([0, 1)), [ - lloo).
X, = a(X,) dt + o(X,) dW,,
Xo =29 € R.

Assumptions

(i)  a is Lipschitz continuous
(i) o € C*(R) with bounded derivatives

(i) o(xg) #0

Dereich 2003: €% = q,, ~ c(wg,a,0) - (Inn)~1/2
Thus: Deterministic algorithms are inappropriate

for the class of all Lip(1)-functionals

Theorem Dereich, M-G, Ritter 2005

n~2. (lnn)_3/2 < e n~2. (lnn)_l/2

Lower bound: Bakhvalovs trick

Upper bound: Classical Monte-Carlo with
variance reduction by quantization



Classical Monte-Carlo:

with X1,...,X,, iid. as X. Unfeasible!

Model of computation

Assumptions so far include:

e Perfect generator for random elements in X for any

Borel probability measure
e Oracle provides functional evaluations f(x) for every
x € X at the same finite cost
More realistic:
e Perfect generator for random numbers in |0, 1]

e Oracle provides functional evaluations f(x) for every x
in a fixed finite-dimensional subspace of X.
Cost of one call depends on dimension of subspace

Hereby: Improved lower bound



Algorithms with functional evaluation in a subspace

~

X: finite-dimensional subspace of X
e.g., piecewise linear functions with
k equidistant nodes

~

SE"(X):  All randomized algorithms based on
n adaptive functional evaluations in X

Error and cost of S € S™(X):

e(S) = sup (E|S(f) — S(f)*)*/?

feF

cost(S) = n - dim(X)

Key quantities

Forn,k € N let

~

e = inf{e(S) | S € S™(X), dm(X) = k}

Minimal error for given cost bound /V:

g = inf "
N n k<N n,k



Theorem Dereich, M-G, Ritter 2005

g = N7VA . (In N)—3/4

Sketch of Proof: Recall

~

e, = inf{e(S) | S € S™(X), dim(X) = k}

~

Since SP"(X) C S

i%f emk = En n~?. (Inn)=3/2

Relation to average Kolmogorov widths

infel", = inf FEdist(X,X) - k172
n dim(X)=~k
Hence
gran — inf eran
N nk< N n,k

= inf max(n~'/?. (Inn)"3/2 k=12
n-k<N



Upper bound by Monte-Carlo with Euler

)?(k’): Piecewise linear interpolation of Euler scheme
with stepsize 1/k.

Let )?fk), e ,)@S’“) i.i.d. as )?(k), and define
Z fXM),  feF.

with k=< NY2.(InN)Y¥2 n =< N¥2/(InN)Y2
Then

COS’[(S\N) =N A €(§N) < N—1/4 . (ln N)1/4

Recall: €y = N4, (In N)—3/4

Corollary
Up to logarithms, Monte-Carlo with Euler is optimal for

integration of Lip(1)-functionals.
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