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SDEs with Additive Fractional Noise '

a:[0,1] x R— R drift coefficient,

o:[0,1] - R diffusion coefficient,
xo € R initial value,
BH(t),t €10,1] fractional Brownian motion with Hurst parameter H € (3, 1).

(SDE)  dX(t) = a(t, X (¢))dt + o(t)dB" (¢)
X(O) = X0

Pathwise Riemann-Stieltjes integral equation.

Lyons (1994); Lin (1995); Klingenhofer, Zahle (1999); Mikosch, Norvaisa (2000);
Ruzmaikina (2000); Nualart, Rascanu (2002); Nourdin (2004); ...

Existence and uniqueness under standard assumptions.



Numerical Schemes '

Problem. Approximation of X (1) based on evaluations of B** at n points,

(%) B (t1), B" (t2), ..., B" (tn).
Error criterion. Mean square error:

e2(X(1)) = (E|X(1) = X (1)[*)"2.

In this talk:

e Analysis of equidistant Wagner-Platen-type approximation scheme.

e Comparison with minimal error for approximation schemes based on ():

e2(n) = inf{ea( E( X (1) | BY (t;),i=1,...,n)):0<t; < ...

Assumptions.
(A1) a € C**([0,1] x R) with bounded derivatives,
A2) o € C*(]0,1]).



An Integration Problem I
Special case.

a=0,0=id: X(l):xo+f01tdBH(t).

Equidistant Euler approximation:

Equidistant trapezoidal approximation:

ex(Xn (1)) ~ VI¢(=2H)| - n~ /271,

Integration problems for B* with deterministic weight functions:

e Stein (1995), Benhenni (1998): stationary processes with local behaviour like BH,
® |stas (1997, 2003): multi-fractional Brownian motion, non-Gaussian processes.

e Ritter (2000).



‘ Wagner-Platen-type Scheme I

Equidistant discretization: A :=1/n,
tj = ] . A,
A;B™ = B (tj+1) — B" (),
a(tj) = (o(tj) + o(tj+1))/2:

)?TIL/VPt(O) = Zo,
XP 1) = X0 (t5) + alty, XVP () - A+ 3(ty) - A;BY

(a4 aag) (15, X, 7 (1)) - A?

N — N —

'5-(tj)a’$(tj7)?ypt(tj))'AjBH'Aa ]:O,

Error: ea(X,V7H(1)) = (E|X (1) — X7 (1)]?)/2.

Exact rate of convergence? Asymptotic constant?

5




Theorem 1. (N. (2005))

ex(RIP(1) ~ ICC2E] - (fBIM WP ),
where
(: Riemann Zeta function,
M(t) = o(t) exp( [, as (1, X (1)) dr), t€0,1],

Malliavin derivative of X (1).

Remarks.
e Related to integration problem for B with random weight M.

e Non-equidistant discretizations:
() same exact rate of convergence,

(i) asymptotic constant depending on the discretization.



‘Lower Bounds'

Minimal error.

ea(n) = inf{ea( E(X (1) |BY(t:),i=1,...,n)):0<t; <...<t, <1}

Theorem 2. (N. (2005))
ea(n) < e2( X, (1)) < n /2 H,

if E M’ (t) # Oforall t € [0, 1].

Remarks.
e \Wagner-Platen-type scheme order optimal.

e Additional assumption of Theorem 2 satisfied, e.g., for autonomous equations with
monotone drift.

3/2
e Knownfor H = 1/2 (1t6-SDE): e2(n) = \/% : (fol(E |./\/l’(t)]2)1/3) n~

Cameron, Clark (1980); Cambanis, Hu (1996); Mller-Gronbach (2004).



So far: equations with additive noise.
. L _ e . —1/2—H
e Minimal error for approximation of X (1): e2(n) <n .
e \Wagner-Platen-type scheme order optimal.

e Malliavin derivative of X(l): key quantity for upper and lower bounds.

Equations with non-additive noise.

dX(t) = a(X())dt + o(X(t))dB" (1),  X(0) = xo.

Proposition 1. (N. (2005))

ex(n) < n 12 H,

ifa,oc € Cf (R),inf,er o(x) > 0 and Malliavin derivative of X (1) "regular”.

Open Problem.
e Upper bound in Proposition 1: conditional expectation.

e Implementable optimal approximation schemes?



Further Results '

In this talk: approximation of X at¢ = 1.

Global approximation of X on [0, 1].
Mean square L>- error: e3(X) = (E fol X (¢) — X (¢)]? dt)"/2.

Here:
vi ol sz -n”" = ea(n) 3 (VTr2/6) - vu - llollysay) -n T,

if o > 0.

e Upper bound: Euler scheme with discretization related to local smoothness of the

solution and piecewise linear interpolation (Seleznjev (2000)).

e Key for lower bound: strong asymptotics of the eigenvalues of the Karhunen-Loéve
expansion of B H (Bronski (2003); Nazarov, Nikitin (2003); Luschgy, Pages (2004)).
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