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Introduction 1

Some Problems on
Asymptotic Expansions

Edgeworth Expansion

P(TSQZ) — Gf(ﬂ?)
1k
-+ - b;G p42;(z) + Ro(x)

—0

.

J
= G(2) ~ ~a(2)gs() + Ro(a)

Cornish-Fisher Expansion
P(T <t(u)) = Gy(u)=1-a
1 -
t(u) = u—+ ;a(u) + Ro(u)



Introduction 2
(i) How to find asymptotic expansions
(ii) How to establish validity
Ry(x) = O(n™2)
(iii) How to find error bounds
(1) Order estimate; Ro(z) = O(n—2)

Ing, ¢ s.t. |Ro(x)| < en™2 for n > ng
(ng, ¢; unknown)

(2) Berry-Esseen type bounds
with known constant c

|Ro ()| < ch(8)n=2 for all n
(h() — known function)



Introduction 3
Berry-Esseen Bound

Sum of i.i.d. variables

Let:
X1,Xo0,--, Xy ~1.0.d.X

E(X)=0 E(X°) =1 E(X]°)=p< x
Let Yo =n"1/2¥"_) X,
Then forany x and n=1,2,---

P(Yn < z) — d(z)| < f

¢ — absolute constant

c < 0.7655



Introduction 4

t-Statistic

Let:
X1,X0,- -, Xy ~1.1.d.X

E(X)=0 E(X?) =0° E(X]3) =p<o0

Let: T, =YX ;>0

o -
52 = %Z?’:l(Xj - X)Q

Then for any x and n = 2,3, ---
there exists an absolute constant ¢ such that

P(Ty < z) — d(z)| < =

Jn

Bentkus and Gotze (1996)



Statistic 1

One-Way MANOVA

Model

(Z)_“(Z)_I_&:(Z) (]: ]-77N’L
i=1,---,q+1)

€§i) - Independent
E(ef”) =0, Var(ef?) ==

Hypothesis Testing

VS
Hy : pD = p0) for some i, j

SS & SP Matrices

q+1 .
S, = ZN@@ 9@ — )
q-l-l N;

Se = Y z<y — D)y — gDy

1=1 5=



Statistic 2

Multivariate Linear Model

Model

€1,...,En ~ 1.1.d.
Ele;] =0, Cov(g;) =X

Hypothesis Testing

Ho:CO =0

SS & SP Matrices
s, =o&c{cx'x)"tch1tcé
Se =Y'(In— X(X'X)"1X")Y
6 =(X'X)"1XxY



Statistic 3

Test Statistics
(i) Trpr= —nlog{|Se|/|Se + Sp|}
(i) Trg = T8 =ntrS,S 1

Se ~ Wp(n, ) Sy~ Wp(q, %)
Se L S;, independent; > =1

The casep=1

(i) Trr=nlog (1 + %Tg)

y -1
(i) Ty =T = (1x2) X2



Result 1

Asymptotic Approximations for
P(Trpr < x) under Null Case

Asymptotic Expansion; Box (1949)

;1
P(Trr<z) = Gr(x)+ - Y biGryoi(x)
7=0

+0O(n~2)

Gr(2) = 5~(q = p = Vgr(a)

+0(n"?)
r = pq
bop = r(g—p—1)/4
by = —r(g—p—1)/4



Result 2

Asymptotic Approximations for
P(T¢ < z) under Null Case

Asymptotic Expansion; Siotani (1956)

1 2
P(TZ <z) = Gr(z)+ = N biGrgoj(z)
j=0

+0(n"2)

Gr(x)

+%{q —p—1—(¢+p+ 1)z}tgr(x)

+0O(n™2)
bo = r(gq—p—1)/4, by = —-rq/2,
bo = r(g+p+1)/4, r=pq



Result 3

Error Bound for Asymptotic
Expansions of P(T¢ < x)

UFS (2003)

1
P(T§ <2) = Gr(@)| < —plp+ D12,

1
V_12p = 77—1,2-|-5(p—1)5—1,177—1,1

gr(z) = {27/2r(r/2)} 7 exp(~xz/2)z"/?"!
b_11(x) = —%(az —r)
b_12(x) = —%{xQ —2rz +r(r—2)}

§11 = /O:O b_1.1(x)g(x)|dx

1 [roo
t12 = 5/ Poap@e@)lds
— 0
n-11 = &§-11+2

n-12 = {\/€—1,2+\/2+£—1,1}2




Result 4

Values of v_j 5 ,()\) in gamma case

p

) A 1 2 3 4

-1 05| 4574 5175 b.776 6.377
1.0 5.711 6.718 7.724 8.731
1.5 6.691 8.044 9.397 10.750
20| 7.608 9.277r 10.946 12.615
2.5 | 8.469 10.434 12.399 14.364
3.0 9.286 11.534 13.782 16.030
3.5 10.069 12.589 15.109 17.630
4.0 110.825 13.609 16.394 19.178




Result 5

Error Bound for Asymptotic
Expansions of P(T¢ < x)

P(TE <o) = Gr(@) =, —{(g—p ~ 1)Cr(x)

—2¢Grao(z) + (¢ +p+ 1)Gry4(x)}

/ra

<
— 48n2

(|h1| + |h2o| + 48q)

1 .
5 5p(2p% + 5p + 5) min{n_1.4,,7-1,4,)

3 1/4\4
15,4,p — {V(;%jg + (2 +p Z Vd,j,p) }

1=1



Result 6

Coefficients

Vsip 5.1

Vsop = &2+ %(p — 1)&5,
Visy = &3+ @- Dtz + - Do- 2,
Vsap = &sa+ %&3,2 + (P —1)&.1853

o0 - Do - 216

+2i4(p -1 -2)(p - 3)&5 4



Result 7

Error Bound for Asymptotic
Expansions of P(T rp < x)

FU (2003)

IP(Trp < x) — Gr(x)|

1
< E{B—l,Q,p + C(—1,2,p + Dl}

B {1 + o1 7)}
_ — —_— — —
1,2,p 1,2,p 191 p p

T
C_12p= Z(p - 1)

Dy ="|@+1g-2) {1-n"lq}
}—(q+4)/2]

—(g+2)/2

+@+2){1-n"Hg+2)



Result 8

Error Bound for Asymptotic
Expansions of P(T rp < x)

|P(TLR ; 33) - GT(w)
= 2 (= p = D{Gr(2) = Grya(@)}]

1
S ? {B_1a47p —I_ 0_174729

+D5 + D3}



Outline 1

An Expression for T§(= Trp)

T8 = ntr(U'U)S; !
ntr(H'U'UH)(H'S.H) ™!

U= (ui;); u; ~1.4i.d.N(O,1)
= X;14+...+X,

X:(Xl,,Xp)/
() X;=25Z;, t=1,...,p
(i) Z1,...,2Zp ~idd.xg
(i) S;=v, tG=1,...,p)

the characteristic roots of W
nW ~ Wy(n, Ip)



Outline 2

An Expression for Ty p

nlog A

p
= nlog [ V;
j=1

Vi ~ Be (%(n—j+ 1>,%q)

=
=y
[

p
= Y nlog(l+ X;/n)
i=1

X: (X]_,,Xp)/
(I) Xz:SZZZ7 i:].,...,p
(iNZ1,..., Zp ~iid.x3

(i) S;=Y, '@ =1,...,p)
nY;,NX’Iana mzzn—(z—l)



Outline 3

Multivariate Scale Mixture

X =(Xq1,...,Xp) X;=8Z;,i=1,...,p

(II) S; >0 1L Z,c=1,...,p

Approximation for the density f(x) of X;
f(x) = g5 p(x)

Error Bound:

P(X €A)— /Aga,k,p(w)dfl?l

p
<cspp > ElY;— 17
i=1

Y, =81 k=24

7



Outline 4

Approximation Formulas

P(T € A) = Qakpm) = |, gsnp(@)da

Q-12,(A) =Q%Y 5 (D) + %, (4)

Q_1,4,p<A> Q : 20 +QF 4 (4)
SPNEY

2.
(1) The Case 1§5:

= {(z1,...,2p) € RP:

(2) The Case Ty p:

A

= {(z1,...,x2p) € RP:
p

> nlog(l+ z;/n) <z}

A



Outline 5

Reduction When A Is Symmetric

k—1

Qokp(A) = [ gsnp(@)dz =3 QU(A)

j=0

Q) (A) = [, gp(z)da
For 7 > 1;

QW) = X

< [ By (@1) by, (2p)gp(@)da
< E [(Yl — 1)1 (Y, — 1)9'19] .

1

Q(l)(A) = /Abé,l(xl)gp(w)dw X trV
1
Q(z)(A) — 5[4b5,2($1)gp($)d$ X tI’V2

+ /A55,1(901)55,1(ﬂlfz)gp(il?)diB
><{(trV)2 — ter}

V=S—-1 S=diag(S1,...,Sp)



Univariate Scale Mixture 1

Li-Norm Error Bound-Univariate
X=S5Z S>0L12Z S=Y9
Let g be density function of Z

Then density function of X:
f(z) = E[Y~%Pg(zY ")
Functions by ;:
&I
Oyl
Approximation for y=Pg(zy%P):

(v™%Cay™) | _, = bs;(x)g(x)

k=1 4 |
gs.k(z,y) = g(z) + ﬁba,j(w)g(w)(y — 1)
=1J"

J
Approximation for f(x);

95 1k(x) = Elgs p(z,Y)]



Univariate Scale Mixture 2

Main Result

P(X € 4)— [ gsp(@)de

1 k
27751<E[|Y— 1]"]
e k—1 1/kY K
ns.k = Eak (2 + > 55,3’)
=1
1
&5 = ﬁHch,j(w)g(x)Hl

= [ hsi@a@)ds



Multivariate Scale Mixture 1

Multivariate Scale Mixture

X =(X1,...,.Xp) X;=8;Zj,i=1,...,p

(II) S; >0 1L Z,,t1=1,...,p

Transformation;

;=87 s=%1 p=1,1/2

The Conditional Density of X
given Y; :yi,i: 1,....p

1 g(xyl p) 5pg($yp5p)

g&km(w)

Oy1

y1=...=yp=1]

bégl(wl) bé,jp(xp)gp(w)

k—1
=E {gp(w) + Zji, ((Yl Y A
j=1""

) -0 _ _
x y1 " g(@1y1 ") - .y, Pg(zpy, °F)

= gp(x) + ZZ

=G’
xE [(Y1— 1) ... (Y, — 1)Jp]

p

)



Multivariate Scale Mixture 2

Main Result (I)

P(X € 4)— [ gsxp(a)da
1

p
< g O ENYV - 14,
1=1

N51p =21 Vs1,p
For kK > 2

" b1 1/kY %
M5k = 4 Vo rp + (2 TP Z V5,j,p> )

=1

(p—1)!
J

V5,1,p — 65,1
1
Vo, = 55,2+§(p— 1)55,1



Multivariate Scale Mixture 3

Main Result (II)

P(X € 4)— [ g5 p(a)da

p
vsp 2 ENY; — 117,
i=1

<

N |+~

For kK > 2;

k—1
1
Vskp =P (Ua,k +(@-1) > V&,kq,plﬁ(s,q>

q=0
For k > 1;
Vs1p =Ms1> Vsko=20
Vs k1 = M.k
Vsip — 7161

1
Vsop = M52+ 5(19 — 1)&s51m5.1

N5,1p = Vs1p N62p = V52p



