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Introduction 1

Some Problems on
Asymptotic Expansions

Edgeworth Expansion

P(T ≤ x) = Gf(x)

+
1

n

k∑
j=0

bjGf+2j(x) + R2(x)

= Gf(x) −
1

n
a(x)gf(x) + R2(x)

Cornish-Fisher Expansion

P(T ≤ t(u)) = Gf(u) = 1 − α

t(u) = u +
1

n
a(u) + R̃2(u)



Introduction 2

(i) How to find asymptotic expansions

(ii) How to establish validity

R2(x) = O(n−2)

(iii) How to find error bounds

(1) Order estimate; R2(x) = O(n−2)

∃n0, c s.t. |R2(x)| ≤ cn−2 for n ≥ n0

(n0, c; unknown)

(2) Berry-Esseen type bounds

with known constant c

|R2(x)| ≤ ch(θ)n−2 for all n

(h()̇ – known function)



Introduction 3

Berry-Esseen Bound

Sum of i.i.d. variables

Let:

X1, X2, · · · , Xn ∼ i .i .d .X

E(X) = 0 E(X2) = 1 E(|X|3) = ρ < ∞

Let Yn = n−1/2∑n
j=1 Xj

Then for any x and n = 1,2, · · ·
|P(Yn ≤ x) − Φ(x)| ≤ cρ√

n

c – absolute constant

c ≤ 0.7655



Introduction 4

t-Statistic

Let:

X1, X2, · · · , Xn ∼ i .i .d .X

E(X) = 0 E(X2) = σ2 E(|X|3) = ρ < ∞

Let: Tn =
√

nX̄
σ̂ , n ≥ 2

σ̂2 = 1
n

∑n
j=1(Xj − X̄)2

Then for any x and n = 2,3, · · ·
there exists an absolute constant c such that

|P(Tn ≤ x) − Φ(x)| ≤ cρ√
n

Bentkus and Gôtze (1996)



Statistic 1

One-Way MANOVA

Model

y(i)
j = µ(i) + ε(i)

j (j = 1, · · · , Ni

i = 1, · · · , q + 1)

ε
(i)
j : Independent

E(ε(i)
j ) = 0, Var(ε(i)

j ) = Σ

Hypothesis Testing

H0 : µ(1) = · · · = µ(q+1)

vs

H1 : µ(i) �= µ(j) for some i, j

SS & SP Matrices

Sh =
q+1∑
i=1

Ni(ȳ
(i) − ȳ)(ȳ(i) − ȳ)′

Se =
q+1∑
i=1

Ni∑
j=1

(y(i)
j − ȳ(i))(y(i)

j − ȳ(i))′



Statistic 2

Multivariate Linear Model

Model

Y = XΘ + (ε1, . . . , εn)
′

ε1, . . . , εn ∼ i.i.d.

E[εj] = 0, Cov(εj) = Σ

Hypothesis Testing

H0 : CΘ = 0

SS & SP Matrices

Sh = Θ̂′C′{C(X ′X)−1C′}−1CΘ̂

Se = Y ′(In − X(X ′X)−1X ′)Y

Θ̂ = (X ′X)−1X ′Y



Statistic 3

Test Statistics

(i) TLR = −n log{|Se|/|Se + Sh|}

(ii) TLH = T2
0 = ntrShS−1

e

Se ∼ Wp(n,Σ) Sh ∼ Wp(q,Σ)

Se ⊥ Sh independent; Σ = I

The case p = 1

(i) TLR = n log
(
1 + 1

nT2
0

)

(ii) TLH = T2
0 =

(
1
nχ2

n

)−1
χ2

q



Result 1

Asymptotic Approximations for
P(TLR ≤ x) under Null Case

Asymptotic Expansion; Box (1949)

P(TLR ≤ x) = Gr(x) +
1

n

1∑
j=0

bjGr+2j(x)

+O(n−2)

= Gr(x) − x

2n
(q − p − 1)gr(x)

+O(n−2)

r = pq

b0 = r (q − p − 1)/4

b1 = −r (q − p − 1)/4



Result 2

Asymptotic Approximations for
P(T2

0 ≤ x) under Null Case

Asymptotic Expansion; Siotani (1956)

P(T2
0 ≤ x) = Gr(x) +

1

n

2∑
j=0

bjGr+2j(x)

+O(n−2)

= Gr(x)

+
x

2n
{q − p − 1 − (q + p + 1)x}gr(x)

+O(n−2)

b0 = r (q − p − 1)/4, b1 = −r q/2,

b2 = r (q + p + 1)/4, r = pq



Result 3

Error Bound for Asymptotic
Expansions of P(T2

0 ≤ x)

UFS (2003)

|P(T2
0 ≤ x) − Gr(x)| ≤ 1

2n
p(p + 1)ν−1,2,p

ν−1,2,p = η−1,2 +
1

2
(p − 1)ξ−1,1η−1,1

gr(x) = {2r/2Γ(r/2)}−1 exp(−x/2)xr/2−1

b−1,1(x) = −1

2
(x − r)

b−1,2(x) = −1

4
{x2 − 2rx + r(r − 2)}

ξ−1,1 =
∫ ∞
−∞

|b−1,1(x)g(x)|dx

ξ−1,2 =
1

2

∫ ∞
−∞

|b−1,2(x)g(x)|dx

η−1,1 = ξ−1,1 + 2

η−1,2 = {
√

ξ−1,2 +
√

2 + ξ−1,1}2



Result 4

Values of ν−1,2,p(λ) in gamma case

p
δ λ 1 2 3 4
−1 0.5 4.574 5.175 5.776 6.377

1.0 5.711 6.718 7.724 8.731
1.5 6.691 8.044 9.397 10.750
2.0 7.608 9.277 10.946 12.615
2.5 8.469 10.434 12.399 14.364
3.0 9.286 11.534 13.782 16.030
3.5 10.069 12.589 15.109 17.630
4.0 10.825 13.609 16.394 19.178



Result 5

Error Bound for Asymptotic
Expansions of P(T2

0 ≤ x)

|P(T2
0 ≤ x) − Gr(x) − r

4n
{(q − p − 1)Gr(x)

−2qGr+2(x) + (q + p + 1)Gr+4(x)}|

≤ r

48n2
(|h1| + |h2| + 48q)

+
1

2n2
p(2p2 + 5p + 5)min{η−1,4,p, ν−1,4,p}

ηδ,4,p =

⎧⎪⎨
⎪⎩V

1/4
δ,k,p +

⎛
⎝2 + p

3∑
j=1

Vδ,j,p

⎞
⎠

1/4
⎫⎪⎬
⎪⎭

4



Result 6

Coefficients

Vδ,1,p = ξδ,1

Vδ,2,p = ξδ,2 +
1

2
(p − 1)ξ2δ,1

Vδ,3,p = ξδ,3 + (p − 1)ξδ,1ξδ,2 +
1

6
(p − 1)(p − 2)ξ3δ,1

Vδ,4,p = ξδ,4 +
1

2
ξ2δ,2 + (p − 1)ξδ,1ξδ,3

+
1

2
(p − 1)(p − 2)ξ2δ,1ξδ,2

+
1

24
(p − 1)(p − 2)(p − 3)ξ4δ,1



Result 7

Error Bound for Asymptotic
Expansions of P(TLR ≤ x)

FU (2003)

|P(TLR ≤ x) − Gr(x)|

≤ 1

n
{B−1,2,p + C−1,2,p + D1}

B−1,2,p = ν−1,2,p

{
1 +

1

12n
(p − 1)(2p − 7)

}

C−1,2,p =
r

4
(p − 1)

D1 =
r

4

[
(4 + |q − 2|)

{
1 − n−1q

}−(q+2)/2

+(q + 2)
{
1 − n−1(q + 2)

}−(q+4)/2
]



Result 8

Error Bound for Asymptotic
Expansions of P(TLR ≤ x)

|P(TLR ≤ x) − Gr(x)

− r

4n
(q − p − 1){Gr(x) − Gr+2(x)}|

≤ 1

n2

{
B−1,4,p + C−1,4,p

+D2 + D3}



Outline 1

An Expression for T2
0 (= TLH)

T2
0 = ntr(U ′U)S−1

e

= ntr(H ′U ′UH)(H ′SeH)−1

U = (uij); uij ∼ i.i.d.N(0,1)

= X1 + . . . + Xp

X = (X1, . . . , Xp)′

(i) Xi = SiZi, i = 1, . . . , p

(ii) Z1, . . . , Zp ∼ i.i.d.χ2
q

(iii) Si = Y −1
i (i = 1, . . . , p)

Y1 > . . . > Yp > 0;

the characteristic roots of W

nW ∼ Wp(n, Ip)



Outline 2

An Expression for TLR

TLR = n logΛ

= n log
p∏

j=1

Vj

Vj ∼ Be

(
1

2
(n − j + 1),

1

2
q

)

=
p∑

i=1

n log(1 + Xi/n)

X = (X1, . . . , Xp)′

(i) Xi = SiZi, i = 1, . . . , p

(ii)Z1, . . . , Zp ∼ i.i.d.χ2
q

(iii) Si = Y −1
i (i = 1, . . . , p)

nYi ∼ χ2
mi

, mi = n − (i − 1)



Outline 3

Multivariate Scale Mixture

X = (X1, . . . , Xp)
′ Xi = SiZi, i = 1, . . . , p

(i) Z1, . . . , Zp ∼ i.i.d.

(ii) Si > 0 ⊥Zi, i = 1, . . . , p

Approximation for the density f(x) of X;

f̂(x) = gδ,k,p(x)

Error Bound:

|P(X ∈ A) −
∫
A

gδ,k,p(x)dx|

≤ cδ,k,p

p∑
i=1

E[|Yi − 1|k]

Yi = S−1
i k = 2,4



Outline 4

Approximation Formulas

P(T ∈ A) = Qδ,k,p(A) =
∫
A

gδ,k,p(x)dx

Q−1,2,p(A) = Q
(0)
−1,2,p(A) + Q

(1)
−1,2,p(A)

Q−1,4,p(A) = Q−1,2,p(A) + Q
(2)
−1,4,p(A)

+ Q
(3)
−1,4,p(A)

(1) The Case T2
0 :

A = {(x1, . . . , xp) ∈ Rp :

x1 + . . . + xp ≤ x}

(2) The Case TLR:

A = Ã

= {(x1, . . . , xp) ∈ Rp :
p∑

i=1

n log(1 + xi/n) ≤ x}



Outline 5

Reduction When A Is Symmetric

Qδ,k,p(A) =
∫
A

gδ,k,p(x)dx =
k−1∑
j=0

Q(j)(A)

Q(0)(A) =
∫
A gp(x)dx

For j ≥ 1;

Q(j)(A) =
∑
(j)

1

j1! . . . jp!

×
∫
A

bδ,j1(x1) . . . bδ,jp(xp)gp(x)dx

×E
[
(Y1 − 1)j1 . . . (Yp − 1)jp

]
.

Q(1)(A) =
∫
A

bδ,1(x1)gp(x)dx × trV

Q(2)(A) =
1

2

∫
A

bδ,2(x1)gp(x)dx × trV 2

+
∫
A

bδ,1(x1)bδ,1(x2)gp(x)dx

×{(trV )2 − trV 2}
V = S − I S = diag(S1, . . . , Sp)



Univariate Scale Mixture 1

L1-Norm Error Bound-Univariate

X = SZ S > 0 ⊥Z, S = Y δρ

Let g be density function of Z

Then density function of X:

f(x) = E[Y −δρg(xY −δρ)]

Functions bδ,j:

∂j

∂yj

(
y−δρg(xy−δρ)

) ∣∣∣
y=1

= bδ,j(x)g(x)

Approximation for y−δρg(xy−δρ);

gδ,k(x, y) = g(x) +
k−1∑
j=1

1

j!
bδ,j(x)g(x)(y − 1)j

Approximation for f(x);

gδ,k(x) = E[gδ,k(x, Y )]



Univariate Scale Mixture 2

Main Result

|P(X ∈ A) −
∫
A

gδ,k(x)dx|

≤ 1

2
ηδ,kE[|Y − 1|k]

ηδ,k =

⎧⎪⎨
⎪⎩ξ

1/k
δ,k +

⎛
⎝2 +

k−1∑
j=1

ξδ,j

⎞
⎠

1/k
⎫⎪⎬
⎪⎭

k

ξδ,j =
1

j!

∥∥∥bδ,j(x)g(x)
∥∥∥
1

=
1

j!

∫ ∞
−∞

|bδ,j(x)g(x)|dx



Multivariate Scale Mixture 1

Multivariate Scale Mixture

X = (X1, . . . , Xp)
′ Xi = SiZi, i = 1, . . . , p

(i) Z1, . . . , Zp ∼ i.i.d.
(ii) Si > 0 ⊥Zi, i = 1, . . . , p

Transformation;

Yi = S
δ/ρ
i δ = ±1 ρ = 1,1/2

The Conditional Density of X
given Yi = yi, i = 1, . . . , p

y
−δρ
1 g(xy

−δρ
1 ) . . . y−δρ

p g(xy−δρ
p )

gδ,k,p(x)

= E

⎡
⎣gp(x) +

k−1∑
j=1

1

j!

(
(Y1 − 1)

∂

∂y1
+ . . . + (Yp − 1)

∂

∂yp

)j

× y−δρ
1 g(x1y

−δρ
1 ) . . . y−δρ

p g(xpy
−δρ
p )

∣∣∣
y1=...=yp=1

]

= gp(x) +
k−1∑
j=1

∑
(j)

1

j1! . . . jp!
bδ,j1

(x1) . . . bδ,jp
(xp)gp(x)

×E
[
(Y1 − 1)j1 . . . (Yp − 1)jp

]



Multivariate Scale Mixture 2

Main Result (I)

|P(X ∈ A) −
∫
A

gδ,k,p(x)dx|

≤ 1

2
ηδ,k,p

p∑
i=1

E[|Yi − 1|k].

ηδ,1,p = 2 + Vδ,1,p

For k ≥ 2

ηδ,k,p =

⎧⎪⎨
⎪⎩V

1/k
δ,k,p +

⎛
⎝2 + p

k−1∑
j=1

Vδ,j,p

⎞
⎠

1/k
⎫⎪⎬
⎪⎭

k

,

Vδ,j,p =
∑
[j]

(p − 1)!

i1! . . . im!
ξδ,j1 . . . ξδ,jp,

Vδ,1,p = ξδ,1

Vδ,2,p = ξδ,2 +
1

2
(p − 1)ξ2δ,1



Multivariate Scale Mixture 3

Main Result (II)

|P(X ∈ A) −
∫
A

gδ,k,p(x)dx|

≤ 1

2
νδ,k,p

p∑
i=1

E[|Yi − 1|k].

For k ≥ 2;

νδ,k,p = p−1

⎛
⎝ηδ,k + (p − 1)

k−1∑
q=0

νδ,k−q,p−1ξδ,q

⎞
⎠

For k ≥ 1;

νδ,1,p = ηδ,1, νδ,k,0 = 0

νδ,k,1 = ηδ,k

νδ,1,p = ηδ,1,

νδ,2,p = ηδ,2 +
1

2
(p − 1)ξδ,1ηδ,1

ηδ,1,p = νδ,1,p ηδ,2,p ≥ νδ,2,p


