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Brunel

e Quantum Chromodynamics (QCD):
non-Abelian GT of quarks ¢ & gluons — n,p, 7, p. ..

e confinement + chiral symmetry breaking (  xSB): strong coupling

— Lattice GT,
— effective FT: chiral Perturbation Theory (xPT), RMT, ...

use cond-mat type concepts: o-model, resolvent

G. Akemann 2/14



Brunel

e Quantum Chromodynamics (QCD):
non-Abelian GT of quarks ¢ & gluons — n,p, 7, p. ..

e confinement + chiral symmetry breaking (  xSB): strong coupling
— Lattice GT,
— effective FT: chiral Perturbation Theory (xPT), RMT, ...

use cond-mat type concepts: o-model, resolvent

e "sign” Problem : chem. potential x density | 4T

— Euclidian QCD-action complex
Lattice approach = config . weight with Boltzmann breaks down!
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Quantum Chromodynamics (QCD):
non-Abelian GT of quarks ¢ & gluons — n,p, 7, p. ..

confinement + chiral symmetry breaking ( xSB): strong coupling
— Lattice GT,
— effective FT: chiral Perturbation Theory (xPT), RMT, ...

use cond-mat type concepts: o-model, resolvent

"sign” Problem : chem. potential x density | +u) T

— Euclidian QCD-action complex
Lattice approach = config . weight with Boltzmann breaks down!

Random Matrix Theory (RMT) approach:

— variety of predictions depending on (UW) & F for p # 0
— controlled approx. = finte-Volume limit of xYPT
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Chiral Symmetry Breaking

e chiral symmetry of kinetic term ¥ D:

wup
U=| Ydown | —-UT, UeU(N;)

—independently for ¥, = 5(1 4 ;)

e broken:
SUL(Nf) X SUR(Nf) — SU(Nf)

— explicitly: quark masses U MUp + UpMU7,
— spontaneously: vev 0 # (UW)
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Chiral Symmetry Breaking

e chiral symmetry of kinetic term WD V:

wup
U=| Ydown | —-UT, UeU(N;)

—independently for ¥, = 5(1 4 ;)

e broken:
SUL(Nf) X SUR(Nf) — SU(Nf)

— explicitly: quark masses U MUp + UpMU7,

— spontaneously: vev |0 # (V) = %plb(O) Banks-Casher

— study spectral properties



From QCD to effective Field Theory uBNr.v”EE!?!

o effective FT: Goldstone bosons  1/L < A (in box V' = L%) [weinberg]

o Pions U(z) = Upexp|i§(x)/F| € SU(Ny)
Z,pT = fSU(Nf)[dU( z)] exp[— [ dzTr L(U, 0U)] | o-model of QCD

L.O. Lagrangian £ = $ F?0UdUT + (W) M (U + UT)
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o effective FT: Goldstone bosons  1/L < A (in box V' = L%) [weinberg]

o Pions U(z) = Upexp|i§(x)/F| € SU(Ny)
Z,pT = fSU(Nf)[dU( z)] exp[— [ dzTr L(U, 0U)] | o-model of QCD

L.O. Lagrangian £ = $ F?0UdUT + (W) M (U + UT)

e Zero-dim limit: [Gasser, Leutwyler 87; Leutwyler, Smilga 92]

unphysical: |m, ~ & < +| = (m2V)~! = O(1) Uy dominates

€

L —Lww\wTr( MU+U] (el
Z XPT :fU(Nf)dUodet[Uo] e 2 (V) ( (Uo 0)) X f[dg]e [d 2(35)2
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o effective FT: Goldstone bosons  1/L < A (in box V' = L%) [weinberg]

o Pions U(z) = Upexp|i§(x)/F| € SU(Ny)
Z,pT = fSU(Nf)[dU( z)] exp[— [ dzTr L(U, 0U)] | o-model of QCD

L.O. Lagrangian £ = $ F?0UdUT + (W) M (U + UT)

e Zero-dim limit: [Gasser, Leutwyler 87; Leutwyler, Smilga 92]

unphysical: |m, ~ 4 < 1| = (m2V)~! = O(1) Uy dominates
2 <1 T

€

— L@V Tr( MUo+U] [ del
Z XPT — fU(Nf)dUodet[Uo]Ve 2 (V) ( (Uo+ 0)) X f[dg]e [d %(85)2

e same for baryonic chem. potential ji,,, = ptqown; different for isospin

det[ i 1Iu+z 1(m;)]

e [dUj equal large- N RMT | Z = NG [Halasz,Verbaarschot 94]




Effective Field Theory with chemical potential

Brunel

Z&‘XPT(M) = de() det[U()]Ve

—21 <\IJ\IJ>VTr<M(Uo+Ug)) +1 VF2u2Tr(S3,U0][Za,U{]

e p-dependence for ISOSPIN (i, /down = T

covariant derivative 0 — 0 + |3, -]
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Effective Field Theory with chemical potential

—Lou\wTr( M(Uy+U! Ly F2,2Trss, U] (2 ,UT
ngpT(M) — de()det[Uo]Ve 2 (V) < (Uo+ 0))+4 p= 23,00 [33,U ]

e u-dependence for ISOSPIN fi,, /qown = T4
covariant derivative 0 — 0 + pu[Xs, ]

e example 2 flavours : >3 =diag(1,-1)

Z(Ny=2)= fol dtt exp[—2t2V F? ;2] L, (00 Vmt)?

e generalresult Z(Ny) ~det[[ [,1,...1,]/AA

[Splittorff, Verbaarschot 03; Fyodorov, Vernizzi, G.A. 04]
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Effective Field Theory with chemical potential

—Lou\wTr( M(Uy+U! Ly F2,2Trss, U] (2 ,UT
ngpT(M) — de()det[Uo]Ve 2 (V) < (Uo+ 0))+4 p= 23,00 [33,U ]

e u-dependence for ISOSPIN fi,, /qown = T4
covariant derivative 0 — 0 + pu[Xs, ]

e example 2 flavours : >3 =diag(1,-1)

Z(Ny=2)= fol dtt exp[—2t2V F? ;2] L, (00 Vmt)?

e generalresult Z(Ny) ~det[[ [,1,...1,]/AA

[Splittorff, Verbaarschot 03; Fyodorov, Vernizzi, G.A. 04]

e generalised group integral

K
B % <q,\1,>VTr(M(UO+Ug)> +> ap 1T ([23,U0] [23,U3])

ZEXPT(’M) = deO det[U()]Ve

[Verbaarschot 05; Basile, Lellouch, G.A. 08]
G. Akemann 5/14




The Matrix Model of QCD Brunel

ZvM = deNX(N+V) det e_NTr wiw

[Shuryak, Verbaarschot 93]

e block matrix has same global symmetry as QCD-Dirac operator D
{D,~5} = 0, and v exact zero-eigenvalues

. . 0 W . .
e diagonalise | D = ( w0 ) , find spectral properties & Z
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The Matrix Model of QCD Brunel

ZvM = deNX(N+V) det e_NTr wiw

[Shuryak, Verbaarschot 93]

e block matrix has same global symmetry as QCD-Dirac operator D
{D,~5} = 0, and v exact zero-eigenvalues

. . 0 W . .
e diagonalise | D = ( w0 ) , find spectral properties & Z

step 1. Grassmann det[D + m| = [ dV exp[¥[D + m|¥] — Gaul¥’

step 2. ¢* — Hubbard-Stratonovich : extra [ dQn,«n, — do [ di:

step 3. Saddle Point : | limy_oo 2 ~ [ dUg det[Uo]’/eNTrM(U0+U§)
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Example finite- N density

o p(A\) = (Tro(\2 — WWT))
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Example real density vs Lattice QCD UNIVERSITY
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WEST LONDON

density p(z) = £[Jo(z?) + J1(2?)]

1st eigenvalue p; (z) = Ze %"/

w
2

T = A\V{(0U)

_ data: [pamgaard et al.]
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The Matrix Model of finite density QCD

ZMM = /dWldWQ Hf

N m W —|—,LLfW2
7 det

W]+ W my

[Stephanov 96, Osborn 04]

e |pdf:

N
Zym ~ [¢ I dziw(zy) Hff(z2 +m?c) AN (2%)]?

e weight non-GauB: K, (a|z|?) exp[b(z? + 2*2)] [Osborn 04]
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The Matrix Model of finite density QCD Brunel

N m W —|—,ufW2

i
ZMM = /dWldWQ Hfi1 det o~ N TTW,; W)

W]+ W my

[Stephanov 96, Osborn 04]

o ipdf: | Zaras ~ [ TIN dzfw(en) [T} (22 +m3) |[An (%)% | € R

e weight non-GauB: K, (a|z|?) exp[b(z? + 2*2)] [Osborn 04]

e Solution: orthogonal Polynomials on C [G.A. 03, 05, + Osborn, Splittorff,
Verbaarschot 05]

— k-point function : | pg(z1,. .., 2x) = dety  k[Kn(25, 7))
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The Matrix Model of finite density QCD Brunel

ZMM = /dWldWQ Hfi1 det o~ NTW; W)
L 7JI/V1]L "|_,Uf‘/V2]L m ¢

[Stephanov 96, Osborn 04]

o ipdf: | Zaras ~ [ TIN dzfw(en) [T} (22 +m3) |[An (%)% | € R

e weight non-GauB: K, (a|z|?) exp[b(z? + 2*2)] [Osborn 04]

e Solution: orthogonal Polynomials on C [G.A. 03, 05, + Osborn, Splittorff,
Verbaarschot 05]

— k-point function : | pg(z1,. .., 2x) = dety  k[Kn(25, 7))

o example Ny =0: |p(z) = Kn(z,2") N—=co w(z) fOl dt 6—t2p2|Jy(tz)|2
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Example quenched density vs Lattice QCD UNIVERSITY

WEST LONDON

One—point density p)(1), forv= 0and pg=0.1 (@ =0.591)

The distribution of the first eigenvalue pj(A) for v= 0and px=0.1 (¢ =0.591

0 1 2 3 4 o e e e w
y "
e density (left) [Bloch, Wettig 06], 1St eigenvalue (right) [+ G.A., Shifrin 07]
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Example unquenched complex density Brunel

WEST LONDON

e complex density for Ny = 1: real- (left) & imaginary part (right) [Osborn,
Splittorff, Verbaarschot, G.A. 05]

e verified for small volumes using reweighting [wettig]
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Why u-dependent Density?

e density from resolvent G(z) = <Trzb1 ) = [dApp(N) 5=

—Z

o 1 =0:

generate | G(z) = O (z € C regularises)

det[ID—m)] > ‘
det[ID—2]

m=z
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Why p-dependent Density? Brunel

e density from resolvent G(z) = <Trlb1—z> = [dXp(N) 5=

o 1 =0:

generate | G(z) = O ‘j;tt[@__z] >‘ | (= € Cregularises)

e 1 =* 0: Hermitization needed in FT (not in RMT)

( det[D(—p)+2*] >
det[ID(p)—2] det[ID(—p)+2*] + €

as D(u)t = (D + pyo)" = =D + pyo = —D(—p)
— generating functional: extra Fermion/Boson pairs = [Stephanov 96]

1
< det[1D () —2] /

= density depends of Baryon chem. potential , while Z does NOT
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Why u-dependent Density?

e density from resolvent G(z) = <Trlb1 ) = [ dApp(N)

—Z

o 1 =0:

generate | G(z) = O ‘itt[@__z] >‘ | (= € Cregularises)

e 1 =* 0: Hermitization needed in FT (not in RMT)

( det[D(—p)+2*] >
det[ID(p)—2] det[ID(—p)+2*] + €

1
< det[1D () —2] /

as D(u)t = (D + pyo)" = =D + pyo = —D(—p)
— generating functional: extra Fermion/Boson pairs = [Stephanov 96]

= density depends of Baryon chem. potential , while Z does NOT

e sum rules from 2 unchanged: 3} % = 5y

e all densities from exPT<«< RMT [Damgaard, et al 98, Basile, G.A. 07]



Beyond RMT Brunel

e expand U(z) to order O(&?) in

L= 3F?0U0U" + 5(OU)M (U 4+ U")

e 1-loop calculation: propagator [Hasenfratz, Leutwyler 90]
<< &)k (y) >>= (00 — %55)5(37 —y) — 1/VV
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e 1-loop calculation: propagator [Hasenfratz, Leutwyler 90]
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= same group integral with renormalised couplings:  [Gasser, Leutwyler 87,
Basile, Lellouch, G.A. 08]
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Beyond RMT Brunel

e expand U(z) to order O(&?) in
L= 3F?0U0U" + 5(OU)M (U 4+ U")

e 1-loop calculation: propagator [Hasenfratz, Leutwyler 90]
<< &)k (y) >>= (00 — %55)5(37 —y) — 1/VV

= same group integral with renormalised couplings:  [Gasser, Leutwyler 87,
Basile, Lellouch, G.A. 08]

(00) gy = (00) (1= M )A0) . Fogy = F(1- M(A(0) - [ 94?))

e scalar and current 2-point functions: (see also [Hansen 90, Damgaard et
al. 01])

— couple sources (like mass terms) & 1-loop

— (I, (x)1I,(0)) ~ group factor x kinematic factor
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Summary & Discussion

e Jprecise limit QCD— RMT! (often RMT heuristic)
e breakdown of RMT approximation and corrections well understood

e Vs num. Lattice QCD,/, BUT extremely difficult for p £ 0

e Open Problems:

— relation RMT to other QCD-like theories less understood:

> ortho., sympl. RMT correspond to different gauge group & rep
> RMT’s / incl. u # 0 (& Lattice)

> Goldstone mfld # group: in ¢ model UU* with U € U(Ny)
only equal mass Z known

— the QCD-sign problem
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