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• Quantum Chromodynamics (QCD):

non-Abelian GT of quarks ψ & gluons → n, p, π, ρ . . .

• confinement + chiral symmetry breaking ( χSB): strong coupling

– Lattice GT,

– effective FT: chiral Perturbation Theory (χPT), RMT, . . .

use cond-mat type concepts: σ-model, resolvent
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• Quantum Chromodynamics (QCD):

non-Abelian GT of quarks ψ & gluons → n, p, π, ρ . . .

• confinement + chiral symmetry breaking ( χSB): strong coupling

– Lattice GT,

– effective FT: chiral Perturbation Theory (χPT), RMT, . . .

use cond-mat type concepts: σ-model, resolvent

• ”sign” Problem : chem. potential × density +µψ†ψ

→ Euclidian QCD-action complex

Lattice approach = config . weight with Boltzmann breaks down!

• Random Matrix Theory (RMT) approach:

– variety of predictions depending on 〈Ψ̄Ψ〉 & F for µ 6= 0

– controlled approx. = finte-Volume limit of χPT
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• chiral symmetry of kinetic term Ψ̄ /DΨ:

Ψ =







ψup

ψdown
...






→ UΨ , U ∈ U(Nf )

– independently for ΨL/R = 1
2(1 ± γ5)Ψ

• broken:

SUL(Nf ) × SUR(Nf ) → SU(Nf )

– explicitly: quark masses Ψ̄LMΨR + Ψ̄RMΨL

– spontaneously: vev 0 6= 〈Ψ̄Ψ〉
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
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
→ UΨ , U ∈ U(Nf )

– independently for ΨL/R = 1
2(1 ± γ5)Ψ

• broken:

SUL(Nf ) × SUR(Nf ) → SU(Nf )

– explicitly: quark masses Ψ̄LMΨR + Ψ̄RMΨL

– spontaneously: vev 0 6= 〈Ψ̄Ψ〉 = V
π ρ /D(0) Banks-Casher

→ study spectral properties
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• effective FT: Goldstone bosons 1/L≪ Λ (in box V = L4) [Weinberg]

• Pions U(x) = U0 exp[iξ(x)/F ] ∈ SU(Nf )

ZχPT ≡
∫

SU(Nf )[dU(x)] exp[−
∫

dxTr L(U, ∂U)] σ-model of QCD

L.O. Lagrangian L = 1
4F

2∂U∂U † + 1
2〈Ψ̄Ψ〉M

(

U + U †
)
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• Zero-dim limit: [Gasser, Leutwyler 87; Leutwyler, Smilga 92]

unphysical: mπ ∼ 1
L2 ≪ 1

L ⇒ (m2
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• same for baryonic chem. potential µup = µdown; different for isospin

•
∫

dU0 equal large- N RMT Z =
det[mi−1

j Iν+i−1(mj)]

∆(m) [Halasz,Verbaarschot 94]



Effective Field Theory with chemical potential

G. Akemann 5/14

ZεχPT(µ) =
∫

dU0 det[U0]
νe

− 1

2
〈Ψ̄Ψ〉V Tr

(

M(U0+U†
0
)
)

+ 1

4
V F 2µ2Tr[Σ3,U0][Σ3,U†

0
]

• µ-dependence for isospin µup/down = ±µ:

covariant derivative ∂ → ∂ + µ[Σ3, ·]
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Z(Nf = 2) =
∫ 1
0 dtt exp[−2t2V F 2µ2] Iν(〈Ψ̄Ψ〉V mt)2

• general result Z(Nf ) ∼ det[
∫

IνIν . . . Iν ]/∆∆

[Splittorff, Verbaarschot 03; Fyodorov, Vernizzi, G.A. 04]

• generalised group integral

ZεχPT(µ) =
∫

dU0 det[U0]
νe

− 1

2
〈Ψ̄Ψ〉V Tr

(

M(U0+U†
0
)
)

+
∑

K aKTr
(

[Σ3,U0][Σ3,U†
0
]

)K

[Verbaarschot 05; Basile, Lellouch, G.A. 08]
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ZMM ≡
∫

dWN×(N+ν) det





0 iW

iW † 0





Nf

e−NTr W †W

[Shuryak, Verbaarschot 93]

• block matrix has same global symmetry as QCD-Dirac operator /D

{ /D, γ5} = 0, and ν exact zero-eigenvalues

• diagonalise /D =

(

0 iW
iW † 0

)

, find spectral properties & Z
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• block matrix has same global symmetry as QCD-Dirac operator /D

{ /D, γ5} = 0, and ν exact zero-eigenvalues

• diagonalise /D =

(

0 iW
iW † 0

)

, find spectral properties & Z

step 1. Grassmann det[ /D +m] =
∫

dΨexp[Ψ̄[ /D +m]Ψ] → Gauß’

step 2. ψ4 → Hubbard-Stratonovich : extra
∫

dQNf×Nf
→ do

∫

dψ:

step 3. Saddle Point : limN→∞ZMM ∼
∫

dU0 det[U0]
νeNTrM(U0+U†

0
)
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• ρ(λ) = 〈Trδ(λ2 −WW †)〉
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2 [J0(x

2) + J1(x
2)]

1st eigenvalue p1(x) = x
2 e

−x2/4

x = λV 〈Ψ̄Ψ〉

data: [Damgaard et al.]
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ZMM ≡
∫

dW1dW2 Π
Nf

f=1 det





mf iW1 + µfW2

iW †
1 + µfW

†
2 mf



 e−NTrWjW †
j

[Stephanov 96, Osborn 04]

• jpdf : ZMM ∼
∫

C

∏N
k dz2

kw(zk)
∏Nf

f (z2 +m2
f ) |∆N (z2)|2 ∈ R

• weight non-Gauß: Kν(a|z|2) exp[b(z2 + z∗ 2)] [Osborn 04]
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j=0 Pj(z

2)Qj(u
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– k-point function : ρk(z1, . . . , zk) = det1,...,k[KN (zj, z
∗
l )]

– Kernel : (bi)-OP on C KN (z, u) = w(z)
1
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2

∑N−1
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• example Nf = 0: ρ(z) = KN (z, z∗)
N→∞−→ w(z)

∫ 1
0 dt e

−t2µ2 |Jν(tz)|2
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• density (left) [Bloch, Wettig 06], 1st eigenvalue (right) [+ G.A., Shifrin 07]
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• complex density for Nf = 1: real- (left) & imaginary part (right) [Osborn,

Splittorff, Verbaarschot, G.A. 05]

• verified for small volumes using reweighting [Wettig]
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• density from resolvent G(z) ≡ 〈 Tr 1

/D−z
〉 =

∫

dλρ /D(λ) 1
iλ−z

• µ = 0:

generate G(z) = ∂m〈 det[ /D−m]

det[ /D−z]
〉
∣

∣

∣

m=z
(z ∈ C regularises)
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〉 ≡ 〈 det[ /D(−µ)+z∗]

det[ /D(µ)−z] det[ /D(−µ)+z∗] + ε
〉

as /D(µ)† = ( /D + µγ0)
† = − /D + µγ0 = − /D(−µ)

– generating functional: extra Fermion/Boson pairs ±µ [Stephanov 96]

⇒ density depends of Baryon chem. potential , while Z does NOT

• sum rules from Z unchanged:
∑′

i
1
z2
i

= 1
4(Nf+ν)

• all densities from εχPT⇔ RMT [Damgaard, et al 98, Basile, G.A. 07]



Beyond RMT
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• expand U(x) to order O(ξ3) in

L = 1
4F

2∂U∂U † + 1
2〈Ψ̄Ψ〉M

(

U + U †
)

• 1-loop calculation: propagator [Hasenfratz, Leutwyler 90]

<< ξij(x)ξkl(y) >>= (δδ − 1
Nf
δδ)∆̄(x− y)

x=y−→ 1/
√
V
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〈Ψ̄Ψ〉eff = 〈Ψ̄Ψ〉
(
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−1

Nf F 2

)

∆̄(0) , Feff = F
(

1 − Nf

F 2 (∆̄(0) −
∫
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)

• scalar and current 2-point functions: (see also [Hansen 90, Damgaard et

al. 01])

– couple sources (like mass terms) & 1-loop

→ 〈Πa(x)Πa(0)〉 ∼ group factor × kinematic factor



Summary & Discussion
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• ∃ precise limit QCD→ RMT! (often RMT heuristic)

• breakdown of RMT approximation and corrections well understood

• vs num. Lattice QCD
√

, BUT extremely difficult for µ 6= 0

• Open Problems:

– relation RMT to other QCD-like theories less understood:

⊲ ortho., sympl. RMT correspond to different gauge group & rep

⊲ RMT’s
√

incl. µ 6= 0 (& Lattice)

⊲ Goldstone mfld 6= group: in σ model UUT with U ∈ U(Nf )

only equal mass Z known

– the QCD-sign problem
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