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The supersymmetric vacua of
gauge theory

(possibly, in finite volume)

are the eigenstates of A
quantum integrable system
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T he corres pona/enCe

The supersymmetric vacua of
gauge theory
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gquantfum
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are the eigenstates of A
quantum integrable system




7T he corres pona/enCLe

The « twisted chiral ring » operafors

0.,0,0,..,0

n

map o quantum Hamiltonians

H,H, H;, ..., H



More prec/s e
Corres pona/enCLe

The vacuum expectation values of
the twisted chiral ring operators

Ex(A) = (Al Ok [ A)

map to the energies and other
eigenvalues on the integrable side

Hj Wy = Ep(\) W,



For example,
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For example,
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With the N=4q susy softly
broken down 2o N=2
Ay Z‘/?e 58/78/‘/‘C
twisted mass Zerrrs

et — (&




/g e/y//na/ el on
N=2 Saperéy/y/mef ry 1n Ceoo
dinensions: /.agrangians

7T here are two Z‘ypeS of S pec/a/
Potential Cerms:
7 Ae F—Zerms
And the Teioisted F=term,ms



( e/y//na/ el on
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: /.agranﬁians

Fa ayeZ‘—-I/ /opoa/ os and theta Zerrs
T =1r+60/27.

6/\/3 an examp/ e of
the Ceoisted s aperpofeni i/ cOap/ "’73



( e»f//na/er OoON
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: Lagrangians

72«)/15 led s é(perpoz( ential Zerr»s

i

= / 42y (\/ﬁﬁ?’(g)( D —ivpy) + 21-;-1;-’”(5)X+A_) + h.c.



( e,/y//na/er OoON
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: Lagrangians

7 eoisted mass term»ms

L—~— = /(149 tr (‘I’li"r X Idcﬂlmrspace(ﬁ)

Imass

B

V — i6.0_
- Backgroana/ veclor Ffield For 5/ oba/ Symmelry



( e»f//na/er OoON
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: Lagrangians

CL Zhe oro//‘nary mass lerms

Lorass = Z / d?6 -ﬂ:f..ff (;);Q? + h.c.,
i

A)///ch are JL(S Z Zhe s aperpofenf/‘d/ lerms



Unbroken global symmetries

Allow The deforsriadions A}/ ZAe

Twisted masses



Unbroken global symmetries

allocww The deforsrialions Ay ZAe

Twisted masses

Alvarez-Gaume, Freedman
Gates, Hull, Rocek
Hanany-Hori



Unbroken global
symmeftries,
not the R-symmetry

a//oew lhe swus y —'preé e/‘\//nﬁ
deformalions Ay Z /e

Twisted masses



Twisted masses

Bacégroana/ veclor flelds For 5/ obal Syrmelry

L—~— = /d49 tr ((I’TEE; X Idcﬂlmrslﬂace@)

Imass

where V' =m@,6_, m acts in a flavour space, and, to preserve susy:

i, ] = 0
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General strategy
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General strategy
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Weeg = ZTJ_"RJF (0 +my)(log (o +mys)—1)+ 2mit Tro
f
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General strategy

COMPL(Z‘Q
the effective

twisted super-potential
on the Cout/ omf Al‘anC/l

Wesg = z Trr, (0 +my)(log (o +my)—1)+ 27t Iro
f

Plus the rnon —perfarédf We Ccorreclions
£ Zhe Z‘/?eory 1S Secret/ (v d>2



Vacua of the gauge theory

For G = U(N)

o — diag (01,...,0N)

OWog
@{Tm‘

=XNi—i+2(N+1)

Dite o ?aanfizaf/on of the gauge £/ et

N, €74



A ¢ ypz‘ca/ edep/ e

Freld content

Gartge group: G=U(N) o — diag (01,...,0N)
Madder chiral »ultiplets:
| 4?// jornt leoisted mass M
Nt fundamenta/s .. PIGSS s
Nf antli ~fundamerdals ... »mass my




ELFfective Ceorsted

Superpctential

Nf (Ui + mf) (log (O'z' + mf) — 1) +
N#(—0i +my) (log(—oi +mz) —1) +

Z(ai—0j+M)(10g(O'i—0j+M)—1)

+(N7 — Ny)logA ) "o



E?aaz‘/‘oné For vacua




Non-anora/ous ) W Finle case



Non-anora/ous ) W Finle case

Can be related 2o Zhe
5{9/)7@ model/ on T*GI‘(N, L)

The twisted chiral ring

equivariant quantum cohomology



Non-anora/ous ) W Finle case

KedefTne:



\/acaa of 5@4{9@ f/’}eo/‘y

(/\z‘f'ZS)L_ /\z—)\j‘f"l,

/\z-—z's j;éi/\i_)\j_i



\/acaa of 5@4{9@ f/’}eo/‘y

/\z‘f’ZS L /\z—)\j‘f"l, +
(/\z-—z's) _gxi—Aj—ixe

t=1r+
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éaaﬁe Z‘/leory - S p/n C/ld/n

Tdentical o
Zhe Belh e
e?aaf/oné £for
spin s XXX

/\z‘i'ZS L_ /\z—)\3+z ¢
/\7;—’1:8 i)\i—/\j—iXB

JF

Magnez‘

Lith Ceorsted
504(/70/@)}/
conditions



éaaﬁe Z‘/leory - S p/n C/ld/n

L
652&(33 f/?eo/‘y
vacua - H = Z Opn ® Opt1
elsenSZ‘dfeS of the n=1

S Pl‘/‘) %a/)?// Zonian
(ranster—radrix)



T able of dualities

XXX 5;/;7 charn ( /\/>
d=2 N-
SUl 2 AN d=z NE2
L SP/n\S C/W /‘d/
N excitaddions 2% Z‘/p/ el's:
I dcg//.oz‘hZ‘

L fundamentals
A +is L: Ai — \j +i
(/\i_is) Jl;Ii/\i—)\j—’i / anf/‘—fé(ha/.




Higher dimensional theories

Consider a a/-“-.?-hé 3@4(3@ Z‘/leory
tith N=2 d=2 SaperSyMMefry

For example, N=1,2 d=4 wou/d do



Higher dimensional theories

Vieced as 2he N=2 d=2 Z‘/’/eo/‘y e
has a g/ obal Symmetry group:

Poincare(k)



Higher dimensional theories

One has S everal poS S /‘A// lies £or
Zhe Censted masses,
corres pona//nﬁ lo the

abelian subalgebras in Poincare(k)



Higher dimensional theories

One has several POSS 1bilities For
Zhe Censted masses,
abelian subalgebras in Poincare(k)

Translations in R!
Rotations in R¥!



Higher dimensional theories

7773 resu/ Z‘/‘nﬁ lheories are:
Translations in R!: compactification on T!

Rotations in R¥1:
the theory in the Q-background



T able of duwalities

XXZ spin chan
Sl 2)

L spins

N excitations

LN d=3 A=2

Co»zpdczil‘//’ea/ on Q c/‘rc/e

(sinh (A + is*y))L B H sinh (A; — A; +i7)

sinh (A\; — is7) i sinh (A\; — A; — %)

Chiral multiplets:
| adjoint

L Fundamentals

L anti —Fund.



T able of duwalities

XYZ spin chan LN d=4 A&
7.4 2>, L = 2N Compactified on a
S P" NS 2-Corus = elliptic curve €
‘ ‘ Chiral meltiplets:
N excitalions | adjoint
. L = 2N fundamentals
H:ZJxaﬁ@JoﬁH+Jy0§{®ag+1+Jza;®afz+1 L = 2N andi~Fund.

n=1

Masses = wilson loops
of the flavour group



T able of duwalities

77 s remd/‘(aé/ e 2Ahat Che 5/9//7 chan has
prec/’s = % those 3enera/ 1zations:
radional (XXX) 5 fr{gonomafﬁc (XX2) and e// 1otiC (XY 2)
that can be madched to the 2, 3, and 4 dirr cases.

L
H = Z JzoE @or 1+ Jyol oy + J0l Q04

n=1

Jy=14ksn®2n, J,=1—Fksn®2y, J,=cn2qdn2y



T able of duwalities

Yang-Yang cowunting function =
effective Ceonrsted S L(perpoZ‘ enZ‘/CZ/



T able of duwalities

Corrniett "’7\9 L lZonians expans ron of
transter madrix) =

Che Cwisted chiral r/‘nﬁ 3&/7@/‘@2‘ ors, e g-

O,,=Tr oM



T able of duwalities

Gaage Z‘/?eory theta dnﬁ/ e ( COmp/ exifTed)

1S mapped o Che spin chan Chela ang/ e
(Zeoisted Ao&(na/dry Conditions)




A @eéra/c Bethe Ansatz

Faddeev et al.

7776_2 S p/n chans are S olVed
a/geéra/ca/ hy wsing certan
operdZ‘ ors,

A(N), B()),C()), D(M)

oéeying exc//ange Commudalion
re/. alions



A @eéra/c Bethe Ansatz

Faddeev, Takhtajan,
Reshetikhin,
Jimbo, Drinfeld,

A(N),B(M),C(N),D(A) Sklyanin,

Lusztig

Yangian, quantum affine Uq(slz),
Elliptic quantum group, .....



A @eéra/c Bethe Ansatz

7 he ezgen\/ecforé , Bethe vectors, are
obtaned Ay @pp/ y/‘hg Chese operalors
Zo Che ( pSeé(a/o>\/dcaam.

Us = B(\)B(A2) ... B(Ay)Q



A @eéra/c Bethe Ansatz
vs GHUGE THEORY

FOI‘ ZA e Sp/n C/m/‘n 17 1S ral ara/ o £ix L =
tota/ n&(méer of S p/n\S

and consider various /\/ = excilalion /eve/. S

In Zhe gauge Z /7eory context N /s £ixed.



A @eéra/c Bethe Ansatz
vs STKING THEOKY

Yocwever, i£ he Z‘/?eory /S embedded

into S z‘r/ng Z‘/?eory Vil Arane
I‘ea/ /‘Zaz( /on

A en C/7an3/‘n3 N 1S ea Sy

Ar/ng n an extra brare.

One might use the constructions
of Witten'96, Hanany-Hori'02




A @eéra/c Bethe Ansatz
vs STKING THEOKY

THUS:

B(\) /s for BRANE!

/\ /s for /. ocalion ./
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=

\




/\/ on—/. oca/ operdforé £} IgoYVid,
doric r coalls

U(N) theory




Non—/ ocal operaZ‘ orS £rorr
doric r coalls

A

\/

i
space
U(N) theory

\
\/

U(N+1) theory

A

v,

B operator




Non—/ ocal operaZ‘ orS £rorr
doric r coalls

A

\/

i
space
U(N+1) theory

\
\/

U(N) theory

A

v,

C operator
S



Are these models

Zoo S pecia/ y OF Zhe
gautge Zheory/ /nz‘egaé/ e
/altice rode/

corres pona/enCe 1S
mMofre 3enera/ 4



Exlends Zo every
Spin group/supergroup,
S //n repres. entations,
1nhomogenerty,

W SSTrOpyY....

S.Shatashvili’s
lecture



So far we were dea/ //73
eorth & \/e/y» ?aanz‘am
SYstems:
2he Planck constant 1s
?L(dnffZed



5/9//76 were ha/f- -/nZ‘eﬂehS



The classical lirnt

wnnateral ?



More Fformally,

we Stuwdied Zhe Finmte—
dimensiona/ repreé enlations
of’

Spin algebras
(compact spin groups )



Carn e Cross over Zo
f/?e /‘nﬁ e —-a//‘menS /ona/
repre\f entadion Z‘/Ieory 4



Non —C’,OMPQC’,Z‘ S /9//7 3)‘0&(25 4



Many-body systerrs?

Continuous deﬂree\S
ofr £lreedorr?




Many-body systerrs

The mother: Calogero system

N
pcm—%Z?JrL,QZ'r i — 25:q)

1&_?

3,
A

pr = —ih



Many-body systerrs

Calogero-Moser-Sutherland system

N
pcm—%Z?JrL,QZ'r i — 25:q)

1&_?

3,
A

pr = —ih



Many-body systerns

Elliptic Calogero-Moser system

4 sinh? (z + 27n )

F.Calogero, ‘69-70



Many-body systers

The elliptic Calogero-Moser system
describes a system of identical particles
on a circle of radius

&



&/ //91‘/6’, Ca/ ogero ~Moser

A system of identical particles on a circle of
radius

&

subject to the pair-wise inferaction
potential, given by the elliptic

(double-periodic) function

1

Ulx;q)=U(—x;q) =
( ) 1) (—21q) Z sinh2 (_-3;—|— 2mn[3)

ne




&/ //91‘/6’, Ca/ ogero ~Moser

One is interested in the p-periodic
symmetric, L2-normalizable wavefunctions

WU(zy,....7oN)



&/ ipz‘ic Ca/ ogero ~Moser

B-periodic, symmetric, L2-normalizable
wavefunctions

W(xy,...,rN)

The spectrum is
infimte discrete



One Shouwt/d 332‘ an
infinte discrete s peCZ‘ré(M

U(x)

energy levels

4 <
QLL%
| o



Many-body systems

OL()‘ Md/‘n Cl/ d/‘m .
ZAe
infinte discrete s pecz(ré(/)’/
of’

¢ e /‘nfeﬁrdé/ e Ma/?y —'Aoa/y S yS Zent

7778 vacuea of ¢ e N=2 d=2 Z‘/?eo/‘y



Many-body systems

7T he vacwua of the N=2 d=2 Z‘/?eo/‘y,
Oéfd/‘neo/ Ay S aé/'ec@‘hﬁ ZA e N=2 d= 4/
77730/‘}/ Zo an 2 —-Aacégroana/ 'n R?



The Q-background

The N=2 d=4
Z‘/?eory n The 9, —-Aacé 3/‘04(/70’ 11 R?2



The Q2-background

circle of
circumference

L

RXS'




The €2-background

rotation

by the angle
Rotation
eL .

In space

circle of . . d

circumference 1S accompanle

L by an R-symmetry

rotation

RXS'




The C2-background:
Lagrangian of the theory

L -> 0 limit gives back the 4d theory
tr HFAHE + tr (DA@ _ LVFA) x* (DAE — :i?FA) -+
+tr][6, 0] + ey Dad — 17D ad + 1y - Fa|?

For pare /\/ =2



The C2-background:
Lagrangian of the theory

tr||Fall” + tr (Dad — tvFa) % (Dad — i37Fa) +

+t1||[¢, @] + tv Dacd — 7D acd + vy 7 F ]

V =¢ [3326:{:3 — 333@1:2}

V =¢ [ﬂjgﬁma — 333@:]:2}



The C2-background:
Lagrangian of the theory

V =¢ [332(93?3 — mgfﬁmz}

V=220, — 2°0,2]

( olcdlion in oo dirensions



The theory in the €2-background

Looks two dinensiona/
in Che infrared:
localizalion at

Che Kcosric S Z‘Hng?)

X2=33=0)



The theory in the €2-background

7T he oo dinrensiona/ Z‘/’leory
as N=2 d=2 susy
17 Aas an
effective Ceoisted

S L(perpoZ‘enZ‘/d/



The theory in the €2-background

T he effective deorsted
S aperpofenf/d/

ﬁ?eﬁ(ah ., ANE; T, M)



The theory in the €2-background

The effective twisted superpotential
rrreff
W (a1, ...,an;e;7,m)

The special coordinates
0; = @; on the moduli space .of vacua of
the original four dimensional
=2 theory



The effective twisted superpotential

Weff(aflp - - AN EST, (‘Yn’)

Computed by the instanton
Partition function

Z(a,e1,82; M, T)



The effective twisted superpotential

LT’;I‘J/‘E‘“ffa W ANETIT. M)
Z(a,e1,epim, ) 35T

as €o — ()



The effective twisted superpotential
leads to the vacuum equations

OW (a
exp 3(1(' ) S |



The effective twisted superpotential
leads to the vacuum equations

OW (a
exp 3(5 ) — 1

LifT Zhe 4d vac et n
Deﬁenerdcy !



The effective twisted superpotential
leads to the vacuum equations

OW (a)

P00 T 1

7776 Solwtions are 1S o/ aled:
Discrele S pecfram



The effective twisted superpotential
leads to the vacuum equations

OW (a
P 3(5 ) B 1

LAt ractor SW curves>



An interesting
possibility
for the brane world
scenarios



The effective twisted superpotential
has one-loop perturbative
and all-order instanton corrections

ﬁ?eff( ) _ IITpETt + Z qn[l[ o IHEt

n=1



For example, for the N=2" theory
(adjoint hypermultiplet with mass m)

Cf)Wpert(&)
exp Sa. —
e H S(a; —aj)
J 71
P(=) (1 -2
T T EE T




Bethe equations
Factorized S-matrix

T (—*m—l—:z:) T (1 1)

S(x) = ==
[ ( 3 ) L (1 I E)

777/‘5 1S Che Ceoo -—-Aoa/y scat’ er/ng
Ih hyperéo/ 1 Ca/ ogero — SL(Z‘/’ler/ ana/



Bethe equations
Factorized S-matrix

.

o) (1

-

F(_@_’)F(llx

1 7 oo —-Aoa/y

sinh” () poZ‘enZ‘/d/



Bethe equations
Factorized S-matrix

(=) (1 2)

2

P T (1)

2

S(x) =

Harish-Chandra, Gindikin-Karpelevich,
Olshanetsky-Perelomov, Heckmann,
final result: Opdam



€

The full superpotential
of N=2" theory leads to the vacuum
equations

Momentum phase shift

e H S(a; —aj) X 1+4¢ Z H rational(a;, a, ag, m(m+¢), ) + ...
JF1 k#i £k

Two-body scatterin . : .
Y g The finite size corrections

q=exp (-Np)




The main slogan this year

Four dinensional

3&&33 lAcories

g Ve rSe Zo Zhe
Instanton corrected

Bet he 4 nsatz
e?adf/‘oné



The main slogan this year

aka the
Bet Ae 4 NnSat z
o1t A
Che Finmtle Size effectds






~D/‘CZ‘/‘OI‘)QI‘}/

E// /‘fZ‘/‘C
M & > N=2% Z‘/’leory

sysz‘em



~D/‘CZ‘/‘OI‘)QI‘}/

classical
Eliptic — e— ;’d N=2®
C /V/ /’heol‘y

sysz‘em




~D/‘CZ‘/‘OI‘)QI‘}/

c/ aAS S /‘Cd/
=K
Cliptic ——  99N=2
C /V/ Z‘/’/eol‘y
sysz‘em

Donagi-Witten, Martinec-Warner,
Gorsky-Nekrasov



~D/‘CZ‘/‘OI‘)QI‘}/

?aanfam gd N=2%
E// /pZ‘/‘c € > 777¢_o,ory
CM Zrn ZAhe
SYS Zernt 9, —Adcléﬁl‘oana/

NN-Shatashvili



~D/‘CZ‘/‘OI‘)QI‘}/

7 he 7 Ae gacge

( COM/O/ exifred) (

5y5z‘em
S/Ze [3

? C ol p/ /‘/73 T



‘D/‘CZ(/‘OHQ/‘}/

7 he 7 he
Planc £ € > Q-back 3/‘0&(/70/
constart para/y/eZ‘ e,
€




~D/‘CZ‘/‘OI‘)QI‘}/

The corres pondende
Extlends o ot ~er
/nfeﬁrdé/ e S y(‘ ens:

7 oda ) re/advistic SyS lerms,

Perhaps all \+1 iJFTs



Classical Limit: back to 4d
In the linut e — 0

W (a;g) ~ F(E:a) S

7778 prepoZ‘ enZ‘/d/ f(a) of’
ZAhe /oo —-energy efFective
Z‘//}eory 10 4d



The Classical Limit: back to 4d

7 he pre/?oZ‘ ential f(a) of
Zhe /o —-energy effective
Z‘//}eory
1S 30\/ernea/ Ay a
classical (holomorphic)
inteqrable system

Gorsky-Krichever-Marshakov-Mironov-Morozov
Donagi-Witten’95



Classical Limit: back to 4d

Liowville Zor/ =
Je QCOA/‘QI?\S ( PrimsS > of ¢ e
Se/‘éerg —titten curves



Classical Limit: back to 4d

. 1 1
a’ = — pdq, ap; = — pdq
Y A; T B.



The Classical Limit: back to 4d

1

, 1
a' = — dq. ap,;, = — d
" T 2n A.f.p O o jétp !

7T e redundast sSet of

/e action \/ar/aé/ cS




The Classical Limit: back to 4d

oF
da’

ap,; —

Enters p/‘epoZ‘enZ‘/‘a/ Fa)



Classica/ /nfegraé/ e S yS Zernr
VS
uantur /nZ‘egraé/ e SYS Zent

Thad s [V Zenr 1S ?adnf/‘Zea/
eohen
¢/ e gage Z‘/}eory 1S S é(éjecf
Zo
Zhe Q —-Aacégroana/



CONCLUSTONS

Baxter equation
Bethe ansatz
GAUGE THEORY




CONCLUSTONS

We Aave Found a s Z‘r/‘,é/‘nﬁ cConnection
betioeen Che vacua of Che N=2
Zheories and Che e{gehSZ‘df es of

Z e ?é(d/?fé(/y/ /nz(egrdé/ e SYS lems,

AOZ/? a.)/Z(/[ {; n/‘Z(e dna/ /‘nﬁ h/‘Z(e
nimber of a/eﬁree\s of Freedor,

Ff nte Si1Ze effecds etc.



CONCLUSTONS

7776_2 Conneclion 1S fruwilfu/ For AOZ(/I
3&4(3@ lheorists and Belhe peop/ e



WISHFUL
CONCLUSTONS

TZ woould be nice 2o /it
/s connection

further o s fr/ng/ M Z‘/’Ieo/‘y
ConsStructions,

e 3 . M5 Ardneé qupp/nﬁ CUIrvVeS
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