
Spaces

Ω ⊂⊂ R3, Γ := ∂Ω ∈ C∞,

Ωs := {x ∈ Ω |dist(x , Γ) < s},

Γs := {x ∈ Ω | dist(x , Γ) = s}, s ≥ 0.

Solenoidal vector fields:

J := {y ∈ ~L2(Ω) | div y = 0},

Js := ~L2 − clos {y ∈ J | supp y ⊂ Ωs ∪ Γ}, Js ↗

Ps – orthogonal projection on Js acting in J.
Tangential fields:

~L2,θ := {u ∈ ~L2(Ω) | u · ν = 0}.



M-transform

M : J → ~L2,θ.

My |Γs := Psy |Γs−0 , y ∈ J ∩ ~C∞(Ω).

Psy ∈ Js ⇒ (Psy) · ν |Γs−0= 0⇒ My ∈ ~L2,θ.

M is similar to Fourier transform F : ~L2(R3)→ ~L2(R3).

div y = 0 ⇒ 〈F [y ](k), k〉 = 0,

i.e. F maps solenoidal vector fields to fields tangential to spheres
centered at 0.
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Value of My on Γs depends on y |Γs . Hence, Jt is mapped to
~L2,θ(Ωt) – tangential fields supported in Ωt .



M-transform

For small enough t the constraint M : Jt → ~L2,θ(Ωt) is unitar.
”Small enough t” means that Γs (s < t) are smooth and
diffeomorphic to Γ.
For arbitrary s surfaces Γs may have singularities, even the
boundedness of M becomes non-trivial.
Assumption:

Γs ∈ Lip, a.e. s ∈ (0, smax).

(no assumptions concerning Lipschitz constants of Γs).

My = yθ − ν × curl

∫ T

0
(χsy − Psy) ds.

My |Γs = yθ − (∇ϕs
y )θ |Γs−0 .



M-transform

Theorem
M is partially isometric and

RanM = ~L2,θ.

(⇔ M∗ is isometric).

The intertwining property:

MPs = χsM.

Let Ps
sing be a singular part of Ps .

Ps
singJ ⊂ KerM.



KerM

Ps may have infinitely dimensional discontinuities:

dim(Pξ+0 − Pξ) =∞ ⇒ dimKerM =∞.



The Maxwell System

ε, µ ∈ C∞(Ω), ε, µ > 0.

e(·, t), h(·, t) – electric and magnetic fields in Ω.

et = ε−1curl h, ht = −µ−1curl e in Ω× (0,T )

e|t=0 = 0, h|t=0 = 0 in Ω

eθ = f in Γ× [0,T ]

f is a smooth control on Γ× [0,T ],
f (·, t) – tangential vector field on Γ,
f = 0 near Γ× {t = 0}

⇒ ef , hf – smooth classical solution in Ω× [0,T ].

ef (·, t) ∈ Jε, hf (·, t) ∈ Jµ.



Inverse Problem

c = (εµ)−1/2 determines an optic metric |dx |2/c2 in Ω. The
electromagnetic waves cover the subdomain ΩT ⊂ Ω:

Ωs := {x ∈ Ω |distc (x , Γ) < s}, s > 0.

The response operator:

RT : f 7→ −ν × hf |Γ×[0,T ] .

Due to finiteness of speed of wave propagation RT depends on
values of ε, µ only in ΩT/2.
Time-optimal setup of the IP:

Theorem
The data

{RT , c |Γ,
∂c

∂ν
|Γ}

determines c in ΩT/2 uniquely.
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