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The Anderson model in the localized regime

On ¢%(Z%), we consider the Anderson model
@ —A s the standard discrete Laplacian,
e m, is the orthogonal projector on Jy,

o the random variables (wy) yezd are non
trivial, i.i.d. bounded and admit a
bounded density.
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Well known : there exists a set, say / C R, such that, in 7, the spectrum of Hy, is
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On ¢%(Z%), we consider the Anderson model o 1 0 - - 0
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bounded density.

Well known : there exists a set, say / C R, such that, in 7, the spectrum of Hy, is
localized.

Pick E€land LeN. Let A=Ay = [-L,L]"NZ% C Z¢ and Hy(A) = Hy (per.
BO).
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1
Integrated density of states: N(E) = A¥im N max{j; Ej(®,A) < N}.
—yo0

Density of states V(E) = N'(E). m
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Local level statistics near E:

N
E(g’E7 0)71\) = Z 5§j(E,w,A)(§) where g](E7 (D,A) = |A| V<E) (E](qu> - E)
j=1
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Assume that the dimension d = 1.When |A| — oo, the point processes E(Ey, ®,A)
and Z(Ej, ®,A) converge weakly respectively to two independent Poisson processes
on R with intensity the Lebesgue measure. That is, for Uy C R and U_ C R compact
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Theorem (Ge-KI1,K1)
Pick Ey € I and Ej, € I such that |Ey — E{)| > 2d, V(Ey) > 0 and v(E}) > 0.
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Theorem (Ge-KI1,K1)

Pick Ey € I and Ej, € I such that |Ey — E{)| > 2d, V(Ey) > 0 and v(E}) > 0.

When |A| — oo, the point processes E(Eo, @, A) and E(E|, ®,A) converge weakly
respectively to two independent Poisson processes on R with intensity the Lebesgue
measure.
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The decorrelation lemmas

Lemma (K1)

For the discrete Anderson model , fix o € (0,1), B € (1/2,1) and {Ey,Ey} C I s.t.
|E0 = E(/)| > 2d,
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Ey # E|, for any ¢ > 0, there exists C > 0 such that, for L > 3 and cL* < ¢ < L%/,
the result of the previous theorem holds.

Another decorrelation estimate: the Minami estimate

Theorem (Min, GV, BHS, CGK)
ForJ C K, one has
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Basic idea of the proof of decorrelation lemmas
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Basic idea of the proof of decorrelation lemmas

LetJ, = Eg+ L 9(—1,1) and J; = E, + L(—1,1).
By Minami’s estimate

P (#{o(Ho(A¢)) NJL] > 2 or #{o(Ho(Ar)) NJ}) > 2) < C(¢/L)*

m

F. Klopp (Université Paris 13) Decorrelation estimates Euler Institute, St Petersburg 7116




Basic idea of the proof of decorrelation lemmas
LetJ, = Eg+ L 9(—1,1) and J; = E, + L(—1,1).
By Minami’s estimate
P (#{o(Ho(A¢)) NJL] > 2 or #{o(Ho(Ar)) NJ}) > 2) < C(¢/L)*
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If Py =P (#{o(Ho(A¢)) NJL] = 1,#[0(Hw(A¢)) NJ7] = 1), suffices to show that
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Let Ej(®) and Ey () be the eigenvalues resp. in Jz and J; .
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Basic idea of the proof of decorrelation lemmas

LetJ, = Eg+ L 9(—1,1) and J; = E, + L(—1,1).
By Minami’s estimate

P (#{o(Ho(A¢)) NJL] > 2 or #{o(Ho(Ar)) NJ}) > 2) < C(¢/L)*

If Py =P (#{o(Ho(A¢)) NJL] = 1,#[0(Hw(A¢)) NJ7] = 1), suffices to show that

Py < C(¢/L)*e00eL)F

Let Ej(®) and Ey () be the eigenvalues resp. in Jz and J; .
Need to show that they don’t vary “synchronously”.
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Basic idea of the proof of decorrelation lemmas

LetJ, = Eg+ L 9(—1,1) and J; = E, + L(—1,1).
By Minami’s estimate

P (#{o(Ho(A¢)) NJL] > 2 or #{o(Ho(Ar)) NJ}) > 2) < C(¢/L)*

If Py =P (#{0(Ho(Ar)) NJL] = 1,#[0(He(Ar)) NJ7] = 1), suffices to show that

Py < C(¢/L)*e00eL)F

Let Ej(®) and Ey () be the eigenvalues resp. in Jz and J; .
Need to show that they don’t vary “synchronously”.

of
? “fﬁd g
LA
r
3 Jy
Basic idea: find random variables (@, ®y) such that

v (0y,00) — (Ej(0),E()) be alocal diffeomorphism. m
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Problem: even if [Jacy| < I, one has

Proba < Z ZL*Zd = €4d/L2d.
ik vy

m

sité Paris 13) Decorrelation estimates Euler Institute, St Petersburg 8/16
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We need to reduce the volume of the cube A,.
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Problem: even if [Jacy| < I, one has

Proba < Z ZL*Zd = £4d/L2d.
ik vy
We need to reduce the volume of the cube A,.

Reduction to localization boxes:

This can be done using localization.

Lemma
There exists C > O such that for L sufficiently large

Py < C(¢/L)* 4 C(¢/0)* Py
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Problem: even if |Jacy| =< 1, one has

Proba < Z Z L2 < £4d/L2d.
ik vy
We need to reduce the volume of the cube A,.

Reduction to localization boxes:

This can be done using localization.

Lemma
There exists C > O such that for L sufficiently large

Py < C(¢/L)* 4 C(¢/0)* Py
where

o Pi:=P(#[o(Ho(A7)) NJL] = #[o(Ho(A7)) NT;] = 1)
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Problem: even if |Jacy| =< 1, one has
Proba< Y Y L2 < /12,
jk vy
We need to reduce the volume of the cube Ay.
Reduction to localization boxes:

This can be done using localization.

Lemma
There exists C > O such that for L sufficiently large

Py < C(€/L)* + C(¢/)" P,
where
o Py :=P(#[0(Ho(A;)) NJL] = #[o(Ho(A7))NT}] = 1)
o Ixlogl, Jo=Jp+[-L4L™% and J, =J,+[-L7¢ L
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Proba< Y Y L2 < /12,
ik vy

We need to reduce the volume of the cube Ay.
Reduction to localization boxes:

This can be done using localization.

Lemma
There exists C > O such that for L sufficiently large

Py < C(¢/L)* 4 C(¢/0)* Py
where

o Py :=P(#[0(Ho(A;)) NJL] = #[o(Ho(A7))NT}] = 1)
o Ixlogl, Jo=Jp+[-L4L™% and J, =J,+[-L7¢ L

v

Idea of proof: if e.v. distinct loc. centers, use Wegner and spacial independm
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Problem: even if |Jacy| =< 1, one has

Proba< Y Y L2 < /12,
ik vy

We need to reduce the volume of the cube Ay.
Reduction to localization boxes:

This can be done using localization.

Lemma
There exists C > O such that for L sufficiently large

Py < C(¢/L)* 4 C(¢/0)* Py
where

o Py :=P(#[0(Ho(A;)) NJL] = #[o(Ho(A7))NT}] = 1)
o Ixlogl, Jo=Jp+[-L4L™% and J, =J,+[-L7¢ L

v

Idea of proof: if e.v. distinct loc. centers, use Wegner and spacial independm

As localization boxes of size ¢, remains to estimate P;.
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.
@ E(o) being simple, @ — E(®) and the ass. eigenvect. ® — ¢ (o) analytic;
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.

@ E(w) being simple, @ — E(®) and the ass. eigenvect. @ — @(®) analytic;
© 9o, E(0) = (1y9(),p()) = 0 hence |VoE()|| = 1;
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.

Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;

(@)
Q Ju,E(0) = (my¢ (@), p(@)) = 0 hence [[VoE(@)]|x =1;
Q HessoE(®) = ((hyg))yp
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.

Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;

(@
Q Ju,E(0) = (my¢ (@), p(@)) = 0 hence [[VoE(@)]|x =1;

Q HesspE(0) = ((hyg))yp. hyp = —2Re((Ho(A;) —E(0)) ' yy(0), v (o))
where
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.

Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;

(@
Q Ju,E(0) = (my¢ (@), p(@)) = 0 hence [[VoE(@)]|x =1;

Q HesspE(0) = ((hyg))yp. hyp = —2Re((Ho(A;) —E(0)) ' yy(0), v (o))
where

> vy =(0) 19 (0),
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Analysis on a localization box

Let @ — E(w) be the e.v of Hy(Ap) in Jp.
Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;
Q 9y E(0) = (myp(®),9(®)) > 0; hence [[VoE(@)[p = 1;
o I;Eiifé)E(w) = ((hyﬁ))y,ﬁ’ hyp = —2Re((Ho (A7) _E(w))71V/Y(w)vV’B(w)>

- vy = (@) 7,0(0).
» II(w) is the orthogonal projector on the orthogonal to @().
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Analysis on a localization box

Let @ — E(w) be the e.v of Hy(Ap) in Jp.
Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;
Q 9y E(0) = (myp(®),9(®)) > 0; hence [[VoE(@)[p = 1;
o I;Eiifé)E(w) = ((hyﬁ))y,ﬁ’ hyp = —2Re((Ho (A7) _E(a’))AV’Y(w)v‘VB(w»

> vy =T(0)19(0),
» II(w) is the orthogonal projector on the orthogonal to @().

Lemma
|HessoE@D e < Tt (B, o Ha A (E@) }
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Analysis on a localization box

Let @ — E(w) be the e.v of Hy(Ap) in Jp.
Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;
Q 9y E(0) = (myp(®),9(®)) > 0; hence [[VoE(@)[p = 1;
o I;Eiifé)E(w) = ((hyﬁ))y,ﬁ» hyp = —2Re((Ho (A7) _E(w))71‘VY(w)v‘VB(w)>

- vy = (@) 7,0(0).
» II(w) is the orthogonal projector on the orthogonal to @().

Lemma
|HessoE@D e < Tt (B, o Ha A (E@) }

Hence, by Minami’s estimate

Lemma
Fore € (4L~ 1), one has P; < Cel* L4 4+ P,
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Analysis on a localization box

Let @ — E(w) be the e.v of Hy(Ap) in Jp.
Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;
Q 9y E(0) = (myp(®),9(®)) > 0; hence [[VoE(@)[p = 1;
o I;Eiifé)E(w) = ((hyﬁ))y,ﬁ» hyp = —2Re((Ho (A7) _E(w))71‘VY(w)v‘VB(w)>

- vy = (@) 7,0(0).
» II(w) is the orthogonal projector on the orthogonal to @().

Lemma
|HessoE@D e < Tt (B, o Ha A (E@) }

Hence, by Minami’s estimate

Lemma
For g € (4L 1), one has P; < Cel*' L4 4+ Pg where Pe = P(Qq(¢))
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Analysis on a localization box
Let @ — E(w) be the e.v of Hy(Ap) in Jp.
Q E(w) being simple, ® — E(®) and the ass. eigenvect. @ — ¢(®) analytic;
Q 9y E(0) = (myp(®),¢(w)) > 0 hence [[VoE(@)[|p =1;
o HESSwE((D) = ((hy))y.p.  hyp = —2Re((Ho (A7) — E(0))” yy(@), yp (o))
where

> vy =T(0)19(0),
» II(w) is the orthogonal projector on the orthogonal to @().

Lemma
|HessoE@D e < Tt (B, o Ha A (E@) }

Hence, by Minami’s estimate

Lemma
Fore € (4L 1), one has P; < Cel* L4 + P, where Pe = P(Qo(€)) and
0(Hy(Ap)NJL ={E(®)} = 6(Heu(A;)) N (E - Ce,E+Ce),
QO(8>:{w; (Fo(A) 132 = {E(@)} = o(Ha(A) N( >}

o(Ha (A7) NT, = {E (@)} = 0(Ho(A7) N (E — Ce,E' + Ce)
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To estimate the Jac(y), need to show that V,E(®) and V,E'(®) not colinear
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To estimate the Jac(y), need to show that V,E(®) and V,E'(®) not colinear as

Lemma

Pick (u,v) € (RT)?" such that ||u); = ||v||; = 1.
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To estimate the Jac(y), need to show that V,E(®) and V,E'(®) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max :{ i"; > o llu—vli.
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To estimate the Jac(y), need to show that V,E(®) and V,E'(®) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ ;‘]’: > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
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To estimate the Jac(y), need to show that V,E(®) and V,E'(®) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ ;‘]’: > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.

The fundamental estimate:
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ 1‘]’: > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
The fundamental estimate:

Lemma

Q@ In any dimension d:

4
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ 1‘]’: > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.

The fundamental estimate:

Lemma
@ In any dimension d: for AE > 2d,
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ 1‘]’: > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
The fundamental estimate:

Lemma

@ In any dimension d: for AE > 2d, if the random variables (0y)yep are bounded
by K,
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ :,f > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
The fundamental estimate:

Lemma

@ In any dimension d: for AE > 2d, if the random variables (0y)yep are bounded
by K, for Ej(®) and Ex(w) are simple eigenvalues of Hy(ArL)
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:{ :,f > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
The fundamental estimate:

Lemma

@ In any dimension d: for AE > 2d, if the random variables (0y)yep are bounded
by K, for Ej(®) and Ex(w) are simple eigenvalues of Hy(Ar) such that

|Ex(0) — Ej(@)| > AE,

4
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
: 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’:j :;f > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
The fundamental estimate:

Lemma

@ In any dimension d: for AE > 2d, if the random variables (0y)yep are bounded
by K, for Ej(®) and Ex(w) are simple eigenvalues of Hy(Ar) such that

AE—2d _
[Ex(©) — Ej(©)| > AE, one has |Vo(Ej(®) — E(0))]l2 2 ==L/

4
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To estimate the Jac(y), need to show that VyE(®) and V,E' (@) not colinear as

Lemma

2
. 1
Pick (u,v) € (R*)™ such that |l = ]}y = 1. Then max ’Z LV‘]’: > o llu—vli.

Difficulty : gradient may be colinear e.g. for @ = 0.
The fundamental estimate:

Lemma

@ In any dimension d: for AE > 2d, if the random variables (0y)yep are bounded

by K, for Ej(®) and Ex(w) are simple eigenvalues of Hy(Ar) such that
AE —2d

[E(®) — E(0)| > AE, one has [[Vio(E(0) ~ Ec(@))]lo > “ 201742,

@ indimension 1: fix E < E' and B > 1/2; let P denote the probability that there
exists Ej(®) and Ex(®), simple eigenvalues of Hy(Ar) such that
|Ex(0) — E|+ |Ej(0) — E'| < e and such that

Ve (Ej(@) — Ex(@)) 1 < e ;

. _c12B
then, there exists ¢ > 0 such that P<e as
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Completing the proof of the decorrelation lemma

m
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y ]P’(Qg’{ (e))+P,
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y ]P’(Qg’z (€)) + P, where

° Qg:yl(é') =Qu(e)N {a); |JY,)/(E((D),E/((D))| > e,gﬁ};

\4

m
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y P(ng (€)) + P, where
_iB
o Q7 () = Q(e)N {co; 1y (E(@),E (0))] > e };

\4

I E(®) I

4
oy E'(©)

E(®)
E'(o)

s

o Jyy(E(0),E(0)) = ‘

m
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y P(ng (€)) + P, where
_iB
o Q7 () = Q(e)N {co; 1y (E(@),E (0))] > e };

v
dw, E(®) dy, E(®)
(@) =" y .
® Jyy(E(@).E(@) = ‘awa’(w) O E' ()|
@ in dimension 1, we have P, < Ce—<* ,

m
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y P(ng (€)) + P, where
_iB
o Q7 () = Q(e)N {co; 1y (E(@),E (0))] > e };

\4

I E(®) I

4
oy E'(©)

. . el
@ in dimension 1, we have P, < Ce ot B, thus, P, < L=,

E(®)
E'(o)

s

o Jyy(E(0),E(0)) = ‘
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Completing the proof of the decorrelation lemma

One now has P <Y, .y P(ng (g)) + P, where
_iB
o Q7 () = Q(e)N {co; 1y (E(@),E (0))] > e };

\4

(9wa () do y
@ in dimension 1, we have P, < Ce_CZZB , thus, P, < L~24;

@ in dimension d, as by assumption AE > 2d, one has P, = 0.

E(®)
E'(o)

s

o Jyy(E(0),E(0)) = ‘
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y P(Qg’z (€)) + P, where
_iB
o Qf7(e) = Qole) N {@: 10y y (E(0),E' (@) 2 ¢ |5

\4

(9wa () do y
@ in dimension 1, we have P, < Ce_CZZB, thus, P, < L=,

@ in dimension d, as by assumption AE > 2d, one has P, = 0.

E(®)
E'(o)

s

o Jyy(E(0),E(0)) = ‘

The estimate of Jacobian and picking £ =< L=47V*! yields

PO} (e)) < CL .
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Completing the proof of the decorrelation lemma

One now has Pe <Y,y P(Qg’z (€)) + P, where
, . _B).
o Qf7(e) = Qole) N {@: 10y y (E(0),E' (@) 2 ¢ |5
8wa,(a)) 8%,
do,E'(®) awf
@ in dimension 1, we have P, < Ce_CZZB, thus, P, < L=,

@ in dimension d, as by assumption AE > 2d, one has P, = 0.

E(®)
E'(o)

s

o Jyy(E(0),E(0)) = ‘

The estimate of Jacobian and picking £ =< L=47V*! yields
P(QY (e)) < cL .
Summing over (y,Y) € A%, we obtain

P, < cL- 641713

Proof is complete. m
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The proof of the fundamental estimate: case 1

Ej(w) and Ex(w) simple evs of H,(Ar) such that |Ex(®) — Ej(@)| > AE > 2d.

m
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The proof of the fundamental estimate: case 1

Ej(w) and Ex(w) simple evs of H,(Ar) such that |Ex(®) — Ej(@)| > AE > 2d.

Then, ® — Ej(®) and ® — Ei(®) are real analytic functions.
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The proof of the fundamental estimate: case 1

Ej(w) and E (@) simple evs of Hy(Ay) such that |[Ex (@) — Ej(w)| > AE > 2d.
Then, ® — Ej(®) and ® — Ei(®) are real analytic functions.

Let o — ¢;(w) and ® — @ () be normalized eigenvec. ass. resp. to E;(®) and
Ek((l))
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The proof of the fundamental estimate: case 1

Ej(w) and E(w) simple evs of H,(Az) such that |[Ex(w) — Ej(w)| > AE > 2d.
Then, ® — Ej(®) and ® — Ei(®) are real analytic functions.

Let o — ¢;(w) and ® — @ () be normalized eigenvec. ass. resp. to E;(®) and
Ek((l))

Differentiating the eigenvalue equation in @, one computes

@ - Vo (Ej(0) — E(0)) = (Vo 9j(0), 9(0)) = (Vopr(®), (@)
= Ej(0) - Ei(0) + (-A@i(0), 1 (0)) — (-Ag;(0), ;(@)).
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The proof of the fundamental estimate: case 1

Ej(w) and E(w) simple evs of H,(Az) such that |[Ex(w) — Ej(w)| > AE > 2d.
Then, ® — Ej(®) and ® — Ei(®) are real analytic functions.

Let o — ¢;(w) and ® — @ () be normalized eigenvec. ass. resp. to E;(®) and
Ek((l))

Differentiating the eigenvalue equation in @, one computes
®-Vo(Ej(0) - E(0)) = (Vo#j(0), ¢;(0)) = (Vopr (@), g (@)
= Ej(0) — Ex(0) + (-Ap(0), ¢ (0)) — (—Ag;(0), ¢;(@)).

S
’ AE —2d < |E{(0) ~ E(0)] —2d < |0- Vo (E{(0) — Ex(@))].

Hence,
AE —2d =

Vo (Ej(@) — E(@))]2 >
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The proof of the fundamental estimate: case 2

Let us now assume d = 1.

m
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The proof of the fundamental estimate: case 2

Let us now assume d = 1. We prove a weaker result.
Theorem

Fixv > 8.

(Université Paris 13)

Decorrelation estimates Euler Institute, St Petersburg 13/16



The proof of the fundamental estimate: case 2

Let us now assume d = 1. We prove a weaker result.
Theorem

Fix v > 8. For the discrete Anderson model in dimension 1,
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The proof of the fundamental estimate: case 2

Let us now assume d = 1. We prove a weaker result.

Theorem

Fix v > 8. For the discrete Anderson model in dimension 1, there exists A& of total
measure such that, for E—E' € A&,

m
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The proof of the fundamental estimate: case 2
Let us now assume d = 1. We prove a weaker result.

Theorem

Fix v > 8. For the discrete Anderson model in dimension 1, there exists A& of total
measure such that, for E—E' € A&, for L sufficiently large, if E;j(®) and Ex(®) are
simple eigenvalues of Hy(Ar) such that |Ex(®) — E| + |Ej(®w) —E'| < L™ then
Vo (Ej(@) = E(@))[1 = L7
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The proof of the fundamental estimate: case 2
Let us now assume d = 1. We prove a weaker result.
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Fix v > 8. For the discrete Anderson model in dimension 1, there exists A& of total
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One has [|Pg/ —Pe*[[, <L V> and  [|Q¢/ + Q9" |, <L /2.
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i 1 _ . 1 B
IPg/|I* = 5 +O(L V42 and || Q@Y ||? = J+ou vad/2y.
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This implies that &7 # 0 and 2 # 0.
To simplify the notation, from now on, we write u = ¢;. So ¢ = Pu— Qu+O(L™").

Plugging this into the eigenavalue equations yields

[—(PAQ + QAP) — AE|u =0(L™%)
[—(PAP+QAQ)+Vy—Elu =0

where AE=FE —EandE = (E+E')/2.
So
e AF is at a distance at most L~ to the spectrum of —(PAQ + QAP),

@ u is close to being an eigenvector associated to this eigenvalue,
@ u is also close to being in the kernel of —(PAP+ QAQ) + V, —E. m
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The operator PAQ + QAP:

—PAQ—0AP="Y (ly+1){rI+In{r+1)+ ¥ (r+ DA +In{r+1)
Y€0 P y€02

where 0¥ ={ye Z, y+1€ 2} C P andd2={yc 2, y+1€ ¥} C 2.
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The operator PAQ + QAP:
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One checks 07 #£0,and 0.2 A0 and 0¥ NJ2 = 0.
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Then

lo
—PAQ— QAP = — ) CIAC
=1

where C; is the projector C; = Z [7){7].
YEG;
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