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Trapped modes in physics

Trapped modes are modes of oscillation which occur (in an unbounded domain)
at discrete frequencies and consist of motion which is restricted to some localized
region of the considered medium near some perturbation.

Water wave theory:

Water waves in perturbed water channels

Acoustic theory:

Acoustic resonances in waveguides with obstacles

Quantum mechanics:

Bound states in bent, twisted and coupled waveguides

Electromagnetism:

Trapped modes in twisted and coupled waveguides

Trapped modes correspond to (embedded) eigenvalues for systems with conti-
nuous spectrum.
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Trapped modes in mathematics - a tale of two dimensions

Models for trapped modes show usually mixed dimensions:

a global dimension - often 1 (wires) or 2 (layers)

a local dimension d

The global dimension determines the low energy behaviour:

The Schrödinger operator −∆− αV (x) in L2(Rd) has for
∫
V dx > 0 has in the

limit of α → +0 one negative eigenvalue −λ1(α) satisfying

√
λ1(α) = α

2

∫
V dx+ o(α) for d = 1 ,

1

lnλ−1(α)
= α

4π

∫
V dx+ o(α) for d = 2 .

The local dimension determines the high energy behaviour:

Weyl type asymptotics for large α → +∞.
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Trapped modes in elasticity
Consider a semi-strip

Ω = [0,+∞)× J with J = (−π/2,+π/2) .

Note that −∆ on this domain has no eigenvalues, neither in the Dirichlet nor in
the Neumann case.

If you pass to linear elasticity with zero Poisson coefficient

A = −∆⊗ 1− grad div on L2(Ω,C2) � u =

(
u1(x1, x2)
u2(x1, x2)

)

with stress-free boundary conditions (corresponds to the scalar Neumann case)

∂u1
∂x2

+ ∂u2
∂x1

= 0
∂u2
∂x2

= 0
for x2 = ±π

2
and

∂u1
∂x2

+ ∂u2
∂x1

= 0
∂u1
∂x1

= 0
for x1 = 0 ,

then A has at least one positive eigenvalue embedded into the continuous
spectrum.
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Shaw (1956): experiments on edge resonance in circular barium titanate disks
many attempts to explain edge resonance by approximative analysis or numerical

methods
Roitberg, Vassiliev and W (1998): first rigorous proof for the existence of

trapped modes in the elastic semi-strip
Holst, Vassiliev (2000): Edge resonance in an elastic semi-infinite cylinder
Gridin, Adamou, Craster (2005): Trapped modes in bent elastic rods and in

curved elastic plates
Zernov, Pichugin, Kaplunov (2006): Eigenvalue of a semi-infinite elastic plate

Main difference between elasticity and other physical systems:

Water wave theory, Acoustics, Quantum mechanics, Electromagnetism:

trapped modes = eigenvalues of the Laplace operator (scalar)

Elasticity theory:

trapped modes = eigenvalues of the elastostatic operator (matrix)
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Three Model Problems

Elastic strip with local perturbation of material properties

G2 = R× J, J = (−π
2 ,

π
2)

Elastic plate with local perturbation of material properties
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G3 = R2 × J

Elastic plate with perturbation by a hole
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G3\Ω, Ω = Ω0 × J, Ω0 ⊂ R2

General properties:

isotropic, linear elastic medium unperturbed part has homogeneous material
zero Poisson’s ratio stress-free boundaries
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The (unperturbed) elasticity operator

Consider the elastostatic operator with stress-free (Neumann-type) boundary
conditions:

A0u = −div σ(u), u ∈ H2(Gd;C
d), d = 2, 3,

σ(u)n∂Gd
= 0, on ∂Gd.

Here we use

σ(u) = 2µε(u) + λTr(ε(u))I is the stress matrix,

ε(u) =
1

2

(
(∇u) + (∇u)T

)
is the strain matrix,

λ =
Eν

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
are the Lamé constants.
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Special Case: Zero Poisson Coefficient

We put E = 2 and ν = 0 and study the self-adjoint operator

A0 = −∆⊗ I − grad div in L2(Gd;C
d)

associated with the Hermitian form

a0[u, v] = 2

∫
Gd

〈ε(u), ε(v)〉
Cd×d dx, u, v ∈ H1(Gd;C

d).

where

ε(u) =
1

2

(
(∇u) + (∇u)T

)
.
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The Case of Local Changes of Material Coefficients: Additive
perturbations of Young’s Modulus

Let f ∈ L∞(Gd) be

compactly supported,
independent of xd-coordinate and
0 ≤ f(x) ≤ 1 (but sometimes also just f(x) ≤ 1).

For β ∈ (0,∞) (scaling) and α ∈ (0, 1) (coupling) we consider

Aα,βu = −div (1− αfβ)(∇u+ (∇u)T ) in L2(Gd;C
d), fβ := f

( ·
β

)
,

with stress-free boundary conditions. This corresponds to

aα,β[u, v] = 2

∫
Gd

(1− αfβ)〈ε(u), ε(v)〉Cd×d dx, u, v ∈ H1(Gd;C
d).
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Symmetries

We consider the following subspaces of L2(R× J ;C2)

H1 := {u ∈ L2(R× J ;C2) | u1 symmetric in x2, u2 antisymmetric in x2}
H4 := {u ∈ H1 | u1(x1, ·) ⊥ 1 in L2(J ;C) for a.e. x1 ∈ R}

The subspaces H4 and H⊥
4 reduce Aα,β and A0. We consider

A
(4)
α,β := Aα,β|D(Aα,β)∩H4

, A
(4)
0 := A0|D(A0)∩H4

.

While σ(A0) = [0,+∞) we have for the reduced operator σ(A
(4)
0 ) = [Λ,+∞) for

a certain Λ > 0.

Let us discuss this more in detail for the unperturbed strip:
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Separation of Variables for d = 2

Apply the unitary Fourier transform Φ : H4 → H4 in x1-direction to

A
(4)
0 = −∆− grad div = −

(
2∂x1x1 + ∂x2x2 ∂x1x2

∂x1x2 ∂x1x1 + 2∂x2x2

)

∂x2u2 = 0, ∂x2u1 + ∂x1u2 = 0 for x2 = ±π

2
,

and consider for ξ ∈ R and û = Φu

A(4)(ξ) := (ΦA
(4)
0 Φ∗)(ξ) =

( −∂2
2 + 2ξ2 −iξ∂2
−iξ∂2 −2∂2

2 + ξ2

)
,

(∂x2û2)|x2=π/2 = (∂x2û1 + iξû2)|x2=π/2 = 0.

The symmetries in x2-direction are preserved. For fixed ξ this Sturm-Liouville
system has the (ordered) eigenvalues λj(ξ) which depend continuously in ξ:
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lowest three eigenvalue branches

of A(4)(ξ)

and 2|ξ|2 for comparison

global minimum of λ1(ξ) at

κ ≈ 0.64, Λ ≈ 1.88

minimum is non-degenerated

λ1(κ + ε) = Λ + q2ε2 +O(ε3)

for ε → 0 with q ≈ 0.84.
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Results for Additive Perturbations for d = 2

For ξ = ±κ we have two waves of minimal energy Λ:

−(∆ + grad div )wξ = Λwξ, wξ(x) =

(
iξd1(x2)
d2(x2)

)
eiξx1,

A local change of the material coefficients does not change the essential spec-
trum. Hence σ(A

(4)
α,β) = σ(A

(4)
0 ) = [Λ,+∞).

Each of the two minimal waves can give rise to a weak coupling eigenvalue for
A

(4)
α,β and hence for Aα,β below Λ.

The weak coupling analysis (small α - small changes of the material parameter)
follows [Simon 72] for the weak coupling bound state of a 1d Schrödinger operator;
here we have a 1d-PDO with the symbol λ1(ξ) with an additive perturbation:
Clemens Förster and Timo Weidl, St. Petersburg in July 2010 13



Universität Stuttgart Institut für Analysis, Dynamik und Modellierung

∫
Adµ

Weak coupling asymptotic formulae for d = 2

µj(β) = βΛ

∫
R

f(x1)dx1 + (−1)jβθ

∣∣∣∣
∫
R

e2iκβx1f(x1)dx1

∣∣∣∣ , j = 1, 2,

θ = 1.816478± 10−6 is explicitely given in terms of the minimal waves

We fix β > 0.

If µ1 > 0 and µ2 > 0, then for all sufficiently small positive α the spectrum of
A

(4)
α,β below Λ consists of two eigenvalues and for j = 1, 2 we have

νj(α, β) = Λ− α2

4q2
µ2
j(β) + o(α2) as α → 0 (1)

If µ1 > 0 and µ2 < 0, then then for all sufficiently small positive α the spectrum
of A

(4)
α,β below Λ consists of one eigenvalue ν1(α, β), satisfying (1) for j = 1.

If µ1 < 0 and µ2 < 0, then then A
(4)
α,β does not have spectrum below Λ for all

sufficiently small positive α.
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Separation of Variables and Spectral Minimum for d = 3

|ξ| = κ

ξ2

ξ1

λ1(ξ)

Let Φ be the unitary Fourier trans-
form in (x1, x2)-coordinates and

A(4)(ξ) := (ΦA
(4)
0 Φ∗)(ξ), ξ ∈ R2.

The lowest branch λ1(ξ) of the
3×3 Sturm-Liouville system is the
rotation of the 2D minimal branch

We have infinitely many minimal
waves, one for each ξ ∈ R2 with
|ξ| = κ:

−(∆+ grad div )wξ = Λwξ, wξ(x) =


 iξ1d1(x3)

iξ2d1(x3)
d2(x3)


 e

iξ·

 x1

x2



, x ∈ R

2× J.
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Results for Additive Perturbations for d = 3

Let 0 ≤ f(x) ≤ 1: the additive perturbation is negatively definite; β = 1.

Infinitely many minimal waves will give rise to infinitely many bound states

We have to study weak coupling bound states for a PDO with the symbol
λ1(ξ) with a strongly degenerated minimum and some additive perturbation
An operator-theoretical framework for this type of problems has been given in
[Laptev, Safronov, Weidl 2002]

The limit of weak parameter changes and the accumulation rate of
eigenvalues:

Let νk(α) be the eigenvalues of A
(4)
α,1 below Λ in non-decreasing order. Let ζk(K)

be eigenvalues of a certain compact integral operator K in non-increasing order.
Then A

(4)
α,1 has infinitely many eigenvalues below Λ and

νk(α) = Λ− α2(Λπζk(K))2 + o(α2) as α → 0.

ln(Λ− νk(α)) = −2k ln k + o(k ln k) as k → ∞.
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Ideas of the proof

1. Step: Develop appropriate Birman-Schwinger principle

Let U = 1√
2
(∇+∇T )(A

(4)
0 )−

1
2 . The Birman-Schwinger operator is given by

Yα(τ) =

(
Λ− τ

A
(4)
0 − Λ + τ

)1
2

Vα

(
Λ− τ

A
(4)
0 − Λ+ τ

)1
2

,

Vα = U∗√αf(I − α
√
f UU∗√f)−1

√
αf U = αU∗fU + α2Xα(f),

1 = ζj(Yα(τ)), τ = Λ− νj(α), j ∈ N.

2. Step: Count eigenvalues and use Birman-Schwinger principle

Our problem transforms into

lim
τ→0

n−(Λ− τ,A
(4)
α )

w−1(τ)
= lim

τ→0

n+(1,Yα(τ))

w−1(τ)
= 1, w(t) = t−2t.
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3. Step Reduce Birman-Schwinger operator to the spectral minimum

ξ2

ξ1

λ1(ξ)

M0

Θ

Ξ

Reduce
(

Λ−τ

A
(4)
0 −Λ+τ

)1
2
U∗fU

(
Λ−τ

A
(4)
0 −Λ+τ

)1
2

to F ∗
[(

Λ−τ
λ2+τ

)
⊗K

]
F ⊕O

where Πc : spectral projection on λ1(Ξ)

F : ΠcL
2 → L2(Θ)⊗ L2(M0, dµ0)

lim
τ→0

n+(1,Yα(τ))

w−1(τ)
= lim

τ→0

n+(τ,K)

w−1(τ2)
, K := (FΠcU

∗fUF ∗)|λ=0.

4. Step: Estimate eigenvalues of reduced operator
An explicite computation for the reduced Birman-Schwinger operator K yields

lim
τ→0

n+(τ,K)

w−1(τ2)
= 1.
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Edge resonances in a punched Plate

Let Ω0 ⊂ R2 be a bounded Lipschitz domain and set Ω := Ω0 × J , J = (−π
2 ,

π
2).

Put G3 = R
2 × J and Ωc := G3\Ω as well as Γ := ∂Ω0 × J . Consider

AΩu = −div (∇u+ (∇u)T ) in L2(Ωc;C3),

AΩcu = −div (∇u+ (∇u)T ) in L2(Ω;C3) .

with stress-free boundary conditions. The corresponding Hermitian form is

aΩ[u, v] = 2

∫
G3\Ω

〈ε(u), ε(v)〉C3×3 dx, u, v ∈ H1(Ωc;C3),

aΩc[u, v] = 2

∫
G3\Ω

〈ε(u), ε(v)〉C3×3 dx, u, v ∈ H1(Ω;C3).
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AΓ = AΩ ⊕AΩc on L2(G3;C
3) and σ(AΓ) = σ(AΩ) ∪ σ(AΩc).

We study

the existence of infinitely eigenvalues below Λ > 0,
the accumulation of eigenvalues.

Since the spectrum of the elliptic second order operator AΩc on an bounded
domain is discrete and accumulates to infinity only, AΩc has only finitely many
eigenvalues below any finite threshold! Hence we can work with AΓ instead of
AΩ, that is A0 perturbed by stress-free boundary conditions at Γ.

The operator A
(4)
Γ has infinitely many eigenvalues νk below Λ. It holds

ln(Λ− νk) = −2k ln k + o(k ln k) as k → ∞.

A compactly supported perturbation of a differential operator with strongly
degenerated symbol yields exponential accumulation rates!
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Open Problems

Our results are just the starting point for the really interesting questions.

Embedded eigenvalues in the zero Poisson case turn into resonances if the
symmetries are broken. There should be a strong concentration of resonances
near the threshold Λ.

Experimental verification of these resonances. Note that the interesting fre-
quency range does not much depend on the scale of the local perturbation.

Numerical and analytical verification of the resonances. We need really 3d- and
multi-scale numerics.

Hidden cracks and enclosures.

New symmetries for non-zero Poisson coefficients in the spirit of the [Zernov,
Pichugin, Kaplunov 2006] result.

How do the eigenfunctions look like?

Dynamics for drilling or crack propagation?
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