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FBSDE
Let Wt be a Wiener process, de�ned on a probability space
(Ω,F , P ), Ft be its natural �ltration. Consider a FBSDE

Xt = x+

t∫
0

b(s,Xs, Ys)ds+

t∫
0

σ(s,Xs, Ys)dWs,

Yt = g(XT ) +

T∫
t

f(s,Xs, Ys, Zs)ds−
T∫
t

ZsdWs.

(1)

YT = g(XT ) ∈ L2(Ft).

If b, σ, f, g are deterministic and Lipschitz continuous functions,
there exist Ft�adapted processes (Xt, Yt, Zt) satisfying (1), such
that

E[ sup
06t6T

| Yt|2 +

T∫
0

| Zs|2 ds] <∞.



Nonlinear PDE

If u(t, x) is a classical solution to
ut +

1

2
trace(σσ∗(t, x, u)uxx)+

+ uxb(t, x, u) + f(t, x, u, uxσ(t, x, u)) = 0,

u(T, x) = g(x).

(2)

then Yt = u(t,Xt), Zt = v(t,Xt)
4
= ux(t,Xt)σ(t,Xt, u(t,Xt)),

solve (1). At the other hand one can use (1) to construct less
regular solution to (2).



Discretization

A natural time discretization of equation (1) is
Xn
i+1

4
= Xn

i + b(ti, X
n
i , Y

n
i )h+ σ(ti, X

n
i , Y

n
i )∆Wi+1,

Zni
4
=

1

h
Eti{Y n

i+1∆Wi+1},

Y n
i
4
= Eti{Y n

i+1 + f(ti, X
n
i , Y

n
i+1, Ẑ

n
i )h}.

(3)

Here Xn
0
4
= x, Y n

n
4
= g(Xn

n ), h
4
= T

n and ti
4
= ih, i = 0, 1, ..., n, and

∆Wi+1
4
= Wti+1 −Wti . Et denotes the conditional expectation

E{·|Ft}.



Wt simulation

Set

Wn
ti :=

√
h

i∑
j=1

εnj ,

where {εnj }nj=1 are
{1,−1}�valued i.i.d. with

P{εnj = 1} = P{εnj = −1} =
0.5.



Numerical examples

Consider a simple case
dXt = dWt,

dYt = (Yt · Zt)dt+ ZtdWt, YT = cos(WT ),

y(t) = U(t, x) solves the Cauchy problem for the Burgers equation

∂U

∂t
+ U

∂U

∂x
=

1

2

∂2U

∂x2
, U(T, x) = cos(x).



Explicit solution of Burgers equation

U(t, x) =

∞∫
−∞

(x−θ)
τ exp(−G(τ, x, θ))dθ

∞∫
−∞

exp(−G(τ, x, θ))dθ

,

where

G(τ, x, θ) =
(x− θ)2

2τ
+

θ∫
0

ϕ(y)dy, ϕ(y) = U(T, y), τ = T − t.



Explicit solution give us Y0 = U(0, 0) = 0.5564803023, and (3)
with di�erent value n give

n 100 500 2000 4000

Y n
0 0.55588 0.55636 0.55645 0.55647

Figure: The solution surface with one trajectory, n = 500



Reference

Peng, S. and Xu, M. Numerical algorithms for 1-d backward
stochastic di�erential equations: Convergence and simulations.
Date posted: 28 Nov 2006; Last revised: 23 Sep 2009. URL:
http://arxiv.org/abs/math/0611864

Bender, C. and Zhang, J. (2008). Time discretization and
markovian iteration for coupled FBSDEs. Ann. Appl. Probab.
18 143 � 144.


