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Suppose we observe the random process Y(t) on the fixed
finite interval [a, b]:

dY(t) = s(t)dt + dW(t) (1)

where s is the unknown function, W(t) is the standard Wiener
process.
The function s € L[Qa p and

oo

S = Z 9/(8)(,0/

=1

is its expansion in some orthonormal basis {¢;, j =1, 2, ...} of

the space L[2a7b].
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If 5,-, 1 <j < N are some estimators of §;(s), constructed on
observations (1) then the function

N ~
S = Z 0j0;,
j=1

is the estimator of the unknown function s.
This method of estimation was initiated by N. N. Centsov
(1962) with

b b
=y = [ G0av®) =o(s)+ [ i aw
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The estimator s is unbiased for the function
N
sn=Y_ 0i(s)e,
j=1

which is an orthoprojection of s on the subspace Ly, generated
by the piece {¢1,...,pn} of the orthonormal basis, and we
have to neglect the value of

on=Y_ 0j(s)y.

J=N+1
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We indicate a compact subset L C L[2a7b], the function s is
supposed to belong to.

The quality of the estimation procedure given by an estimator s,
can be naturally measured by the value of quadratic risk

[a,b]

R(s;L) =supE |[s— stz
sel

The minimax risk is

R* (L) =infR(3;L).
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The equality

b
=)+ =%, x5 = [ BB aw(e),

a

turns our problem into the equivalent problem of estimation of
the unknown vector

0 = (91,02,...) € /2
on the observations
Yi=0i+ex;, j=1,2,..., (2)

where xi,...,Xp,...areiid N(0,1) and e > 0 is known, 6 € ©,
where © is the compact subset of the space k.
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In this problem

R(5;6> :EggE H§—9

2
I
is the risk of an estimator @ of the vector # € © and
R.(©) =infR (5; e)
[}

is the minimax risk.

S. Reshetov Estimation of a Pseudo-Periodic Function Observed in the Statiol



We give the following example. Suppose the unknown function
seSB. 0Ly . . 8>1/27>0

S—{g(t)— doogke s > \@k\2(1+17k1)25gc}.

—oo<k<oo —oo<k<oo

Ibragimov and Has’'minskiy (1977, 1978) obtained the
asymptotic behavior of the minimax risk R* (S (3, 7, C)) in this
problem with ¢ — 0 up to the order:

X (B, 7, C)e®i < R (S(B, 7, C) < A (B, 7, C)e?ii. (3)

In 1980 Pinsker obtained the exact asymptotic.
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Suppose we observe the random process Y(t) on the large
interval [T, TJ:

dY(t) = s(t) dt + X(t) dt, 4)

where s € L, (A) is an unknown function we wish to estimate,
X(t) is a generalized Gaussian stationary process with the zero
mean and the spectral density f.

It means that we possess the random variables

[e.o]

Viel= [ ste(Bat+ Xel, » € D(T).

—00

where
D(T)={¢p:peD,supp o C [-T,T]},

D is the space of the infinitely differentiable finite functions.
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X is a linear operator from the space D = D (R') to the
Gaussian subset I of the space L?(dP) and
1. For the functional R (¢1, v2) = E X[p1]X[¢2] the equality

R (¢1, p2) = R (ne1, nep2)

holds for any real t and any functions ¢1, > € D; n; is a shift
operator: nip(2) = p(t + 2).

2.
EX[¢] =0, p €D.
3.
R (o1, 92) = E X1 XTpa] = / i (uU) B2 (U)f(u) du, @1,z € D,

where ¢ is the Fourier transform of .
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The unknown function s is supposed to belong to the compact
subset L. (A) = L. (A, 8, C) of the Banach space L (A) of the
pseudo-periodic functions with the spectral set A, which means

that
L, (A) = {s(t) => aye": > JaylP(lul+1)?P <C B> 1/2}.
uen uen
A is a countable set and
= inf |Ju—v|>0.
u#v; u,ven

The corresponding Banach norm || - || z:

X+1

1|2 = / ()P .
X
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We assume at first that f € A, (M). The class A (M) consists
of the nonnegative functions g for which

supm/g t“’ )dt M. (5)

Second f € B, where B, = B, (¢, ¢, To, 8, N), v > —1
consists of the nonnegative functions g = g(t) for which

O<g<M '™ > 2T / g(t)dt <ci<oo  (6)

<
UGA,|U‘_M ‘U—t|§l-r

forany T > To, M = T3,
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The quality of an estimator s of the unknown function s is
measured by the value of the risk:

R(5, L. (N) =R, L. (N), T) = Esg;()A)EHs—EHj
S *

We define the minimax risk:

R* (L. (N), T)=inf R(3, L. (A), T).
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Consider the function system {¢, = ¢y (t) = e, u € A} and
the conjugate system {gp[j =p, 1 UE /\}:

T
* 1 * Y
(‘Pu: <PV)T = oT / (Pu(t)Sov(t) at = éuv, U, veNM
o1

Letr=[4].

Consider the even function k(x) = k (T, x) which is r 4+ 1 times
continuously differentiable, monotonically decreasing when
xe[T—-2, T—1]and

|1 xel0, T-2]
k(x)_{o x>T-1
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For some v > —1 we now define the estimator Ej:

ok * =
sy = Z yL’l‘(pw M = T1++25, (7)
ueh, lul<M

where

1
Vi =57 Ylked, uen.
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Theorem

Consider the problem of estimation of the unknown function s
defined by conditions (4)-(6).

1. There exists such constant

Ci = Cy(cy, To, v, B, 7, M, C) < oo that the inequality

R(3%, L.(N), T) < Gy T~z (8)

holds forany T > T, (T, 7);
2. There exists such constant
C> = Co(cy, €, To, v, B, 7, M, C) > 0, that the inequality

R* (L. (N), T) > Cp T~ s (9)

holds forany T > T, (Typ, 7).
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Applying (8) and (9) we have firstly:

R (L. (N), T) < G T~ %71, (10)
and secondly:

R(5:, L. (M), T)

> R*([,*(/\),T) < C3 < 0.
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Suppose the spectral density f = o > 0 and the set
AN={rn:neZ}.

All conditions of the theorem hold and it is clear that v = 0.
That is why according to (9) and (10), for T > T,

CoT 27 < R* (L. (A), T) < Cy T 257,
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The following lemma is a consequence of the Wiener and Paley
(1934) results.

Lemma

There is such Ty = T(7) that for any T > T,(7) the following
norms

X+1 T

1
|2 = sup / s(t) Pat, sl = / s(t)Pat,
e 2T

X

T
2 2
Isllz = la(u)]
uen

given on L (N\) are equivalent up to the constants which do not
dependon T.
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Applying this fact and the Bari’s theorem we can easily obtain

Lemma

Let the norm || - || is given on the set L (A). The function
system {p,(t) = €', u € A} is the Riss’ basis uniformly by
T > Ty(7) in L (N). There exists the conjugate function system

{ei: (Pws ov) = 0wy, W, VEN; UE A}

which is also the Riss’ basis uniformly by T > T{(7) in L (N).

v
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We denote P s the orthoprojector on the space £ (A) in
L? ; y—metric and

t

bufzr

k(T: pu(D)s(t) at, u € A

"\\i

the coefficients in the expansion of the function P, ) {ks} in
the function system {¢;;, u e A}.
Hence we have

yE = by +ouxy, ueA,

where x,, u € A are the normal standard random variables

by — 2
oy =ttt = o= /’kgpu(t)’ f(t)dt, u e A.

—0o0
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Applying Lemma 1 we have for any T > T(7)

R(s, L.(N), T)= esgjr() )EHS_Sng <Ky (r )sesgr()/\)EHS_S”HT'

Fix any function s = > ay ¢y € L. (N).
uen
We have

EHS_S“/HT < ZHS_ Pra kSHT+2EHP£(/\)kS— H2 <

< 2||s — ks|j% + 2E || Pp(ayks — 5;]@.
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According to the construction of the function k we have

X+1
2
lks i3 < Zsup [ Is(0)
X

By Lemma 1 using condition s € L, (A) we have

sup [ [s(t)? dt < Ka(7) ) lau[? < CKa(r).

X uen

Hence

ks — 5|2 < Ky (C, 7) -
T T

and to obtain (8) it is sufficient to prove the inequality
~a 2 __ 2B
E HPL(,\)ks - s;HT < Ky T 25977, (11)

for any large enough T.
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We have

2
ak 2 * *
El|Pemyks — S35 =E| > bupi— D ouXupj|| <
ueA, |ul>M ueh, |ul<m T
2 2
<2 Z bupj| +2E Z ouXupy|l <
ueh, luj>M T ueA, |ul<m T
<Ks(r) D bt Ks(r) Do ouf
uen, ju|l>M uen, |u|l<M

The last inequality is valid by Lemma 2. To finish we need two
more lemmas.
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Lemma

There exists such constant Ks = Kg (7, 3) that for any function

S= Y aupu € L« (N) we have
uen

S Ibul? (1 + Ul < KoY laul? (1 + [u))?
uen uen

The coefficients by, u € N\ are the same as above.

Lemma

Let the function f € A, (M). Then forany T > 2 an any u

Ly / f(t)dtg;/‘@(t))zf(t)dtgh / (1o,

|t—uj<1/T oo |t—uj<t/T

where 0 < Ly (M) < Ly (M) < oc.
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By Lemma 3 we have

Yo bF =M N by (Jul + 1) <

ueh, luj>M ueh, |lujl>M

<Ke Y lay P (14 |u)? < CKeM 27,
uen

andas M = T‘Hji% we have for any large enough T

S [buf? < CKT T, (12)

ueh, ul>M
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Further, by Lemma 4

S loul? < Kr (M J

ueA, |ul<m ue/\ |u|<M <

As f € B,, forany T > To we have
M35 [ f(t)dt < ¢y, and therefore

ueh, |U\§M“_u|§l_r

S ol < KeT e, (13)

ueh, lul<Mm

(12) and (13) imply (8).
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The first step of the proof of (9) is to pass from the problem of
estimation of the function s € L, (A) to the problem of
estimation of the vector which belongs to the correspondent
compact subset of h. As we denoted above yX = ;=Y [k ¢,] for
any u € A. So we can write

yE=by+ouxy, ueA (14)

It can be shown that there exists such constant Dy = Dy (7, C)
that for any T > T, (1) the following inequality holds:

R*(L«(A), T) > D1R.(Ac+, 0), 0 = (0u) yen -

Here R.(Ac+, o) is the minimax risk in the problem of
estimation of the vector (by),cp € Ac+ ONn observations (14), the
set

Ac- = {(bu)ueA D bl (jul +1)¥ < c*}, C =C*(C, 7 5)

uen
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The random variables x,, u € A participating in (14) are not
independent. That is why the next step is to pass to the
problem of estimation of the vector (by),cp € Ac+ on the same
observations with the additional condition of independence of
the random variables x,, u € A.
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For this purpose it can be shown that the equality

koo koy
(Xy, Xv) = ( /fu ) /fv )
feul, e,/
which is valid for any u, v € A and condition (5) imply the
inequality

2
i — >
av, vler/]\f, v#£U E (Xu Z avxv) =z o(M) >0

veA, v#u, [VISN

for any u € A and any positive N. By this inequality it can be
shown that

R.(Ac-, 0) > Dy (M) R(Ac-, o)

where RO(Ac-, o) is the risk in the same problem with the
additional condition of independence of the random variables
Xy, U € A.
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For this risk the following estimate can be obtained:

R*O(Ac*v U) > D3(Ta M? Ca /8) Z UL2]

ueA, |ul<m

which together with Lemma 4 implies (9).
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Thank you for your attention!
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