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Let X, X;, Xo,... asequence of i.i.d. random variables such that E |X|* < oo,
E X = 0. Denote

K
Sk=>_X, k=12...
j=1
Let €4(1), t € [0, 1], be a random continuous broken line defined as
&n(k/n) = Sk/vn, k=1,2...n,

and by linear interpolation for t € [(k — 1)/n, k/n]. By the Donsker—Prokhorov
invariance principle, the distribution of &,( - ) converges weakly (as n — oo) to
the distribution of the standard Brownian motion W(t) in the space C([0, 1]).
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The rate of strong approximation in the invariance principle for sums of
independent random vectors is estimated in two different but closely
connected situations. The estimation of the rate of strong approximation in
the probability invariance principle may be reduced to these problems.
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(A) One have to construct on a probability space a sequence of i.i.d. random
vectors X, Xi, Xo,... (with given distribution, E \|X||2 <oo, EX=0)anda
sequence of independent Gaussian random vectors Y7, Ya, ... such that

L(X)=L(X), EY;=0, covYj=covX, forj=1,2....n, (1)
and
n n
1% > Yill = O(f(n))  or o(f(m))
j=1 j=1
almost surely, for a sequence f(n) tending to infinity as slow as possible.

d = 1: Strassen (1964, 1967), Breiman (1967),

Cso6rgd and Révész (1975),

Komloés, Major and Tusnady (KMT) (1975),

Major and (1976. 1978, 1979),

Einmahl (1987, 1989, 2009), Einmahl and Mason (1993).

d > 1: U. Einmahl (1987, 1989, 2009)



(B) One have to construct on a probability space a sequence of i.i.d. random

vectors X, Xi,..., X, (with given distributions) and a sequence of
independent Gaussian random vectors Yi, ..., Y, so that the quantity
k k

An(X’ Y) - 1Tkai(n

> x-Y

=1 J=1

would be as small as possible with sufficiently large probability.

d = 1: Prokhorov (1956), Skorokhod (1961), Borovkov (1973),
Csorgd and Révész (1975), KMT (1975),

Sakhanenko (1984, 1985, 1989, 2006),

Chatterjee (2008)

d > 1: Gorodetskii (1975), Berkes and Philipp (1979), Philipp (1979),
Borovkov and Sakhanenko (1981), Berger (1982), Einmahl (1987, 1989),
Sakhanenko (2000)
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Strassen (1967) started the study of Problem (A) in the one-dimensional
case. He has shown that there exists a construction such that

n n
Y X =Y Yi|=o(ynloglogn) as. asn-— oo, )
=

assuming that there exists finite E X2 and E X = 0 (see Philipp (1979) for a
multidimensional version of this statement). Strassen (1967) has used in the
construction Skorokhod’s embedding (1961). Major (1978) proved that, for
any sequence {an} of real numbers such that a, ,” oo, there exists a
one-dimensional distribution £(X) with EX? < oo and E X = 0 such that, for

any construction,

n—oo

n n
P{Iimsup an(n IogIogn)‘”z‘ZXj—ZYj‘ :oo} =1.
= =

This confirms the optimality of Strassen’s result (2).

Zaitsev (Steklov Institute, St Petersbourg)l 5/29



Improvements and generalizations of relation (2) under additional
assumptions concerning the existence of some moments were obtained in the
papers of Strassen (1967), Breiman (1967), and Cso6rgd and Révész (1975).
Optimal with respect to order one-dimensional results were obtained in the
papers of KMT (1975) and Major (1976) by the method of dyadic
approximation. In particular, it was shown that if E X = 0 and if the vector X
has finite exponential moment E e*X! for some X\ > 0, then there exists a
construction such that

n n
YX->Y
j=1 j=1

The corresponding multidimensional statement was proved by

=0O(logn) as. as n— . (3)

Einmahl (1989) for sufficiently smooth distributions and by Zaitsev (1998) in
the general case. From results of Bartfai (1966) it follows that the accuracy of
approximation in (3) is the best possible: in (3), it is impossible to replace O
large by o small if the distribution of the vector X is non-normal.
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KMT (1975) has shown that if EX = 0 and E | X|” < oo for some v > 2, then
there exists a construction such that

n n
Y-y
j=1 j=1

The corresponding multidimensional statement was proved by

=o(n'/7) as. asn— ooc. (4)

Einmahl (1989). The case 2 < v < 3 was investigated earlier by Berger
(1982). It is well known that it is impossible to obtain statement (4) for large ~
if one uses for the construction Skorokhod’s embedding.
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For § > 0 and xp > 0, introduce the class H(d, Xo) of nonnegative
nondecreasing functions H : [0,00) — R’ such that the functions H(x)/x2+°
and x/log H(x) are nondecreasing for x > xp. Denote
H= |J ™G x)
§>0, xo>0

Examples of H € H:
H(x)=cx* a>2;  H(x)=exp{cx’},0<p<1.

Theorem (Zaitsev (2009)). Let H € ‘H and let X be a random vector with
EX =0, andEH (|| X]|) < co. Then there exists a construction such that

n—oo

P(limsupHZn:x,_zn:Y,H/H—%n)gc):1, (5)
j=1 j=1

where C < oo is a non-random quantity depending on d, L(X) and on the

function H(-) only.



It is easy to see that (5) implies that
n n

%=,

j=1 j=1

This statement generalizes to the multidimensional case the results of
KMT (1975) and Major (1976).
In the one-dimensional case, KMT (1975) have proved the same statement

=O(H '(n)) as. asn— . (6)

for functions H from the class ﬁ(d, Xp), 6 > 0, of nonnegative nondecreasing
functions H € H(J, Xo) such that the functions H(x)/x3+° are nondecreasing
for x > xo. Major (1976) extended the result to functions H from the class
H(J, Xo), 6 > 0, such that the functions H(x)/x® are nonincreasing. Berger
(1982) generalized the result of Major (1976) to the multidimensional case.
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Einmahl (1989) proved the same statement for functions H from the class
H*(0, X0), 6 > 0, of nonnegative nondecreasing functions H such that the
functions H(x)/x3 and v/x/log H(x) are nondecreasing for x > xo. Clearly,
there exist functions belonging to (4, xo) and not belonging to H* (4, Xo). For
example, we may mention the functions H(x) = exp(Ax?), 1/2 < 8 <1,
A>0.
Breiman (1967) has shown that the statement of Theorem 1 is optimal in the
following sense: if

EH (| X]]) = o0 (7

in the conditions of Theorem 1, then

{Ilmsup H Zx H/H ) > 1/4} (8)

n—oo

for any construction of the i.i.d. X; and i.i.d. Gaussian Y; with the needed
distributions on the same probability space.
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Note that if the conditions of Theorem 1 are satisfied for H(x) = |x|?, then
one can ensure the validity of relation (4), which is stronger than (6). On the
other hand, Shao (1989) has shown that for the functions H(x) = e’

0 < B < 1, itis impossible to replace O large by o small in relation (6), at least
for distributions £(X) such that E e?!XI” = cc. In this case, (6) turns into

n n
S X - ¥;=0((logn)"/?) as. as n-oc.
j=1

j=1

The question on description of the class of functions H € H for which one can
replace O large by o small in relation (6) remains open.
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Sakhanenko (1985) obtained the following result.

Theorem. Let X1, Xz, ..., X, be independent random variable with E X; = 0,

j=1,...,n Lety > 2 and

n
L,=> E|X]|" < oc.
j=1

Then there exists a construction such that

E (An(X,Y))" < ey L, (9)

where c is an absolute constant.
After the natural normalization, we see that (9) is equivalent to
E (An(X,Y)/0)" <cy® L, /o7,
where o® = Var(}_; X;). Itis clear that L, /o7, 2 < v < 3, is the well-known

Lyapunov fraction involved in the Lyapunov and Esséen bounds for the

Kolmogorov distance in the CLT.
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It should be mentioned that, in Sakhanenko (1985), it is observed that
inequality (9) implies the well-known Rosenthal inequality (1972).
Lemma. Let X1, ..., X, be independent random vectors which have mean
zero and assume values in R9. Then

[ x| < ot (SEIXI + (S EXIE) ). oraz2 (10)
j=1 j=1 j=1

This multidimensional version of the Rosenthal inequality follows easily from
a result of de Acosta (1981). In the i.i.d. case, the second summand in the
right-hand side of (10) grows faster than the first one as n — co.
Sakhanenko’s Theorem shows that this growth corresponds to the growth of

moments of sums of Gaussian approximating vectors.
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We formulate the results published in the papers of Zaitsev (1998, 2001,
2006, 2007, 2009) and Goétze and Zaitsev (2008, 2009). They can be
considered as multidimensional generalizations and improvements of some
results of Komlos, Major and Tusnady (1975), Sakhanenko (1985) and
Einmahl (1989).

Let A4(7), 7> 0, d € N, denote classes of d-dimensional distributions,
introduced in Zaitsev (1986). The class A4(7) (with a fixed 7 > 0) consists
of d-dimensional distributions V for which the function

w(2)=¢(V,2)= Iog/ e#¥ v{dx} (¢(0) =0)
Rd
is defined and analytic for ||z||7 < 1,z € C9, and
|dudf ¢(2)] < |lullr (D v, v),

forall u,v € R? and ||z|| 7 < 1, where D = cov V, and d, is the derivative
of the function ¢ in direction u.
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Below we consider simplest properties of the classes Aq(7).

In particular, for fixed 7, the class Aq(7) is closed with respect to convolution:
if F1,F2,...,Fn S .Ad(T), then F1 F2-~-Fn € Ad(T).
If £(X) e Aqg(7) and a€ R, then L(aX) e Aq(lal 7).

As examples of distributions from A4(cT) we can consider distributions
concentrated on the ball B. = {x € R? : ||x|| < 7} and infinitely divisible
distributions with spectral measures concentrated on the ball B.. The same
may be said about distributions satisfying multidimensional analogs of
conditions of Bernstein’s inequality.

The class A4(0) coincides with the class of all d-dimensional Gaussian
distributions.
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The following inequality was proved in Zaitsev (1986) and can be considered
as an estimate of stability of this characterization: if F € Aq4(7), 7 > 0, then

m(F, ®f) < cd?r log* ("),

where the notation ®£ is used for the Gaussian distribution whose mean
and covariance operator are the same as those of a distribution F,

m(F,G)=inf{e >0: F{X} < G{X°} +¢,G{X} < F{X°} +¢}

is the Prokhorov distance. Here X¢ = {y € RY: inL Ix —y| < 5} is the
RS

e-neighborhood of the set X. Moreover, in Zaitsev (1986) it was established

that for all Borel sets X and all A >0

FIX} <0 (X} todexp (o),

Pe{X} < F{X*} +cd2exp(— )
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Theorem 1 (Zaitsev (1998)). Suppose that - > 1, and Xi,..., X, are
random vectors with distributions L(Xx) € Aq(7), EXkx =0, cov Xy =14,
k =1,...,n. Then there exists a construction such that

¢ Ap(X,Y) 5/2 1~ % 2
EeXp(W) < exp(cgd log* (n/7 )),

where ¢y, ¢, are absolute positive constants.
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Theorem 1 allowed us to remove a logarithmic factor from the result of
Einmahl (1989) and to obtain a multidimensional analog of the KMT result
(1975) for vectors with finite exponential moments. Zaitsev (2001) generalized
Theorem 2 to the case of non-i.i.d. summands with different covariance
operators. In Zaitsev (1998), Theorem 2 was formulated and proved for a
fixed n. This means that the probability space depends on this n. However, a
repeated application of the result for fixed n allows one to get a construction
of the vectors {X;} and {Y;} such that (1.11) is satisfied for all n
simultaneously on the same probability space. It suffices to take independent
constructions from the formulation of Theorem 2 with fixed n = 22",

m=1,2,...,]just as was really done in the KMT paper (1975).
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Let H be the class of non-negative non-decreasing continuous functions

H : [0,00) — R’ such that (for some ¢ > 0 and x, > 0) the functions
H(x)/x?*9 and x/log H(x) are non-decreasing, for x > xo. The distribution of
a random vector £ will be denoted below by £(¢).

Examples: H(x)=cx®, a>2; H(x)=exp{cx’},0<3<1.

We consider the rate of strong approximation assuming that, for some
function He H, EH (||Xj||) < o0, j=1,2,...,n. The Xj,..., X, will be
generally speaking non-i.i.d., but, for the sake of simplicity, firstly we give the

results in the case of i.i.d. Xi,..., X, only.
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Theorem 2 (Zaitsev (2007)). Let H € H and X be a random vector with
EX =0and EH (|| X]]) < co. Then, forany z > 0 and n > 1, there exists a
construction such that

Cqs N
< 2
P(An(X,Y)>c32) < H@D)' (11)
where c3 and ¢4 are positive quantities depending only on L(X) and on the

function H( -).

Theorem 3 (Zaitsev (2009)). Let H and X satisfy the conditions of
Theorem 2. Then there exists a construction such that (1) is satisfied for all
j=1,2,...,and

n—oo

P (limsup Hzn:)q—zn:y,H/H—‘(n) <C)=1.
j=1 j=1

where C < oo is a non-random quantity depending only on d, L(X) and on
the function H(-)



Theorems 2 and 3 generalize to the multidimensional case the results of
Komloés, Major and Tusnady (1975-1976). Einmahl (1989) proved the same
statements for the functions H from the class H of non-negative
non-decreasing continuous functions H such that the functions H(x)/x3+?
and /x/ log H(x) are non-decreasing, for x > xo. Clearly, there exists a lot of
functions belonging to  and not belonging to H. For example, we may
mention the functions H(x) = exp(Ax”),1/2 <3 <1, 1> 0.
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Theorem 4 (Zaitsev (1998)). Let H and X satisfy the conditions of
Theorem 2, and the function x/log(H(x)/Ly) be non-decreasing for x > u,
where Ly = nE H(|| X]|) and

u=CyH'(CsLp), (12)
with some constants Cy; > 1 and C, > 1, where H='(-) is the inverse

function for H. Then, for any n > 1, there exists a construction such that

Ce N

P (An(X, Y)> C5Z) < %,

(13)

for any z > 0, where ¢s and cg are positive quantities depending only on Cy,
Co, L(X1) and on the function H( -).

Zaitsev (Steklov Institute, St Petersbourg) 22/29



The conditions of Theorem 4 are satisfied, for example, for the function

H € H such that the function H(x)/x is non-increasing for some v > 2.
Then, in the proof of Corollary 2 of Zaitsev (2006), it was shown that one can
take u = H~'(e"Ly) in (12).

Another example is given by H(x) = exp(Ax”), A > 0,0 < 8 < 1. In this case
one can take u = (1 — B)~"/# H~'(Ly) in (12).
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Theorem 5 (Gétse and Zaitsev (2008, 2009)). Assume that v > 2 and X is a
random vector withEX = 0, E || X||” < co and cov X = 1, the identity
operator. Then, for any n > 1, there exists a construction such that

E (An(X.Y))” <c7AnE | X, (14)

where

y(v+2)

A= A(y,d) = max{d""",d" %" (log” d) =" }, (15)

and cy is a positive constant depending only on ~.

Corollary 1. Let X satisfy the conditions of Theorem 5. Then there exists a
construction such that (1) is satisfied forallj = 1,2, ..., and

E (An(X,Y))” <csAnE | X, (16)

for all n > 1, where A is defined in (15) and cg is a positive constant
depending only on ~.



Theorem 6 (Gdtse and Zaitsev (2008)). Suppose that Xi,..., X, are
independent RY-valued random vectors with E Xi=0,j=1,...,n. Let
~ > 2 and
n
Ly =Y E[X]" < oc.

j=1
Assume that there exist a positive integer s and a strictly increasing
sequence of non-negative integers mo =0, my,...,ms = n satisfying the
following conditions. Let

Ck:ka_1+1+"'+ka7 COVCk:Bk, k:1,...,s,
and assume that, forallv e R andk =1,...,s,
w? [vI? < (Bev,v) < Crw?|v]?,

where
w=C,L}/"7/log"s,

with some positive constants C; and C..
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Suppose that the quantities
Moy = > OEIXI,  k=1,..s
satisfy, for some 0 < e < 1,
Csd"/? s° (log* 5)*2 max ey <L,
with a positive constant Cs. Then there exists a construction such that
E(An(X,Y)) <co(s"d" log“d) L,,

where ¢y is a positive quantity depending on ~, Cy, C> and Cz only.
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Theorem 7. (Zaitsev (2001)). Suppose that - > 1, D> 0 and Xi,...,Xs
are independent random vectors with EX; =0, j=1,...,s. Assume that
there exists a strictly increasing sequence of non-negative integers

my =0, my,..., m = s satisfying the following conditions. Write

Go=D(Xmy o1+ 4+ Xn,),  p=1,..,n,

and suppose that (forall p=1,...,n) L({p) € Aq(7) and the covariance
operators cov(, =B, satisfy for all uc R?

C? [lull® < (Bpu, u) < CZ|ul|?

with some positive constants Cy and C, which do not depend on p. Then
there exists a construction such that

clo DA(X,Y) 7/2 |an* 2
Eexp(m> < eXp(Cﬂ d/ |Og (n/’T )),

where cy9, C11 are positive quantities depending on Cy, Co only.
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