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Motivation

@ Transport through quantum dots (QDs)

» metalic grains, e.g. Al, Au, Pd, with diameter 1 — 10 nm
> large molecules
» regions of confinement for electrons in 2DEG with typical size 1 um
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Motivation / Coulomb blockade

Charging energy E. = €?/L ~ 10K for L = 1um
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Periodic dependence on V

Coulomb blockade at Ny # k+ 1/2
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Motivation / Conductance vs gate voltage

from Patel et al. (1998)
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from Luscher et al. (2001)
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Different spacings between conductance peaks

Different heights of conductance peaks

Possible explanation: the effect of single-particle level fluctuations
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Parameters of QDs

Ern -  Thouless energy
E. - charging energy
T - temperature
6 - mean level spacing
J - exchange energy
gir - left/right tunnel conductances
No - external charge

Thouless conductance grh = Ern/d > 1

Low temperatures: T < Ery, E.
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Motivation / Effect of exchange interaction J
. ]

from Alhassid&Rupp (2003) from Usaj&Baranger (2003)
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Data points from Patel et al.

Theory is applicable at relatively low temperatures:

Exchange J>0 is important
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Motivation / Mesoscopic Stoner instability (7' = 0)
. ]

Kurland, Aleiner, Altshuler, PRB (2000)
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A2
Hy=-J8 Esi1— Es = (25 +1)8 = J(25 +2)
@ Nearly ferromagnetic materials
> Pd JJ5 =09
» YFesZnog J/6 = 0.94 Jia, Bud’ko, Samolyuk, Canfield, Nat Phys (2007)
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Motivation / Questions to answer

@ Can we find signatures of exchange J in physical observables, e.g.
conductance, tunneling DOS, spin susceptibility, at 7' > ¢, J?7

@ How the single-particle level statistics affects results, in particular, the
mesoscopic Stoner instability, at 7' > ¢, J?
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Universal Hamiltonian

. |
o Hamitonian

Kurland, Aleiner, Altshuler PRB (2000); Aleiner, Brouwer, Glazman, Phys Rep (2002)

A~ 2 A
H = Z 6(1.(70«(.2,0@0(,0 = E(; (N - NO) - JSZ

€a,0 = €a + bo /2 — single particle spectrum in the presence of
Zeeman splitting b = gupB

N=Ydl 00,0 —  particle number operator
a,o
S,0r =2 al ,050/00,,r — spin operator
@,

@ Spin susceptibility
52
X = Tﬁ lnTrexp(fﬁ'H)

@ Tunneling DOS

1
V() = ==Tm Y Rrao(®)s GR oyiagey(trt2) = —i8(t — t2) ({Gayos (1), alyoy (t2) )

oo
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Standard approach
. ]

@ Non-Abelian action in imaginary time after Hubbard-Stratonovich

transformation
2 2
: o-0 7

S= dT aa,o’ 87 _ea,o+ﬂ+z¢+ 5 aaa +—_ZNO¢

2 4J 4AE,

a,0,0' oo’
o ¢-field can be removed by gauge U(1) transformation

Ambegaokar, Eckern, Schoen (1982), ..., Kamenev, Gefen (1996), Efetov, Tschersich (2003),

Sedlmayr, Yurkevich, Lerner (2006)

o O-field can be removed only in the Ising case by U(1) transformation

Kiselev, Gefen (2006)

o In general SU(2) case, O-field cannot be removed by gauge
transformation.

The standard trick does not apply for SU(2) case!
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Spin problem

. ____________________________________________________________________J
@ The Hubbard-Stratonovich transformation of evolution operator

. t t
itJ 5> L [Cdt' 6% i | dt’ 65,
eFitIs" H /D[O] et 17 fo Te fo
(0%
Time-ordering 7 due to noncommutativity of the spin operators!

@ Wei-Norman-Kolokolov transformation
Wei, Norman, J. Math. Phys. (1963), Kolokolov, Ann. Phys. (1990)

’

Y AAIPON . . t ’ t .t
’Tezfo 408 _ o8- (t) i Jip exp [z§+/ dt'¢_(t')eﬂf0 dre(T) gy
0

0, — i0
2

0, + i0 o
L=y, ot =—ihy oy — Y9}

02 =pP— 2¢+1/)—7 2
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Exact results/ Grand partition function
. ]

—BE.(n— No)*> + BJm(m + 1)

7 Z Zo 2y, sinh(6b(2m + 1)/2) exp

sinh(8b/2)

ny, | €2

where n = ny + n;, m = (ny — n;)/2 and the partition function for n electrons

_ dz —n—1 —PBe
Zn = % VA H (1 + zZ e ’Y)
|z|=1 v
N.B.: At b =0 it coincides with Alhassid&Rupp (2003) J
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Exact results/ TDOS
. ]

1 = — n— —Jm(m
ug(e):_t;z $ e PlEn— o)~ 1)

a,ng, | €Z

x 5(5 — o — Bo(2n— 2No + 1) — J(m + 1/4))

x {eﬂbg/zY(ﬁba/Q,Qm 1) [znT (€a) Zn, — anzn_l(ea)}

— Y(~Bbo/2,—2m) [znT T, (€0) — Zn; (ea)an} }

where

(z—1)z : h( ) d

e sinh(zz B e —Be

Y = = Zn(€a) = = 1 kK

(z2) sinhz  gsinh? 2’ & ‘% 2mi 1;[ ( tee )
|z|=1 L

N.B.: TDOS coincides with result of Sedlmayr, Yurkevich, Lerner (2006) at J = b = OJ
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Spin susceptibility / No fluctuations of single-particle levels
. ]

1 52 e 5b 1 .. ofb
XTI =56=7 ~arp = b <2T(6— J)) + g sink (ﬁ)

@ Emergence of new energy scale: renormalized exchange energy

Ji

>0, J at 0—J <0

1-J/s
/T
*/ I: S~VTI /] >1
I. S~J/J>1
I S~ Jb/J2>1
I
III
il
I
y~1/x%
b/]
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Fluctuations of single-particle levels
(e —

o Fluctuations of single-particle thermodynamic density of states (dn/du)

Dyson (1962), Mehta, Dyson (1963), Efetov (1982)

1
(Avo(E)Avy(E +w)) = 5 [6(w/d) = Ryjo(nw/d)]
2
Unitary ensemble : Ry(z) = 8122 °

.92 il o © gint
Orthogonal ensemble : Ro(z) = st ° 4 (d_ smm) / %dt
@ B @ .

Fluctuations of level spacing at T' > §:

B=oP _ o _
82  ByoT?

1, 0%0.02, /6U22/60:2

Common wisdom: Fluctuations of single-particle levels are not important at 7' > § )
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Fluctuations of single-particle levels near Stoner instability

. _______________________________________________________________J
Renormalized exchange energy J:

1_
J

1
A

~| =

Fluctuations of A can lead to J < 0 (Stoner instability)

— 52 2
(B-09F 1—(1 1), — L<T

i SE=\773

Near Stoner instability level fluctuations are not important at 7" > J. > 6, J )
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Spin susceptibility in region I: J, max{1, b?/J*} < T
(e ——
/T
/ L S~yTh/J>1

I S~J/J>1
Il 8~ Jb/ 12 1

II
III

y~1/x?

b/]
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Spin susceptibility in region I: J, max{1, b?/J*} < T
(e ——

Spin susceptibility for a given realization of levels:

J J T3b?
X(T, ) = 275[1 teT 120T3J2}
Averaged spin susceptibility:
A J, ¢ J? J, J3? 10¢ J2
X(T,b) = 2.]5{1 ter T {1 + ﬁ} T 120732 { B_Aﬁ}}

where ¢ ~ 0.02, 34 = 2(1) for unitary (orthogonal) ensemble.

Averaged spin susceptibility is Fermi-liquid like: x (7T, b) = [2(6 — J)] 7> + ...
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Spin-susceptibility in region II: T < J, and b < J
(e ——
/T
/ I  S~TL/JI>1

m: S~ J,/J>1
RS el S |

II
III

y~1/x?

b/]
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Spin-susceptibility in region II: T < J, and b < J

. ______________________________________________________________J
Averaged spin susceptibility:

X(T,6=0) = 3LT (;7)2 [1+#(1n2‘]—;+@)}, ¢y 7 1.43

2.
=)
)
<
= o . .
3
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P x
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oot 0.1

2373,

Points are numerical simulations from Kurland, Aleiner, Altshuler (2000)

At T < J,, b < J level fluctuations are important but numerically small
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Mesoscopic Stoner instability (7' = 0): / Effect of level statistics

T
issanRint

fH

S+1

Esy1— Es= (28 +1)0+AE=J(25+2), AE=Anysd
_T _ I = _ (I AT D
S=5+A5=2 —Angs} — 5= (ﬁ) [1+(An25)]
_ s 2 J.
X =37 (Angg)? = G (ln 5 + const)
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Spin-susceptibility in region III: Jmax{1,/T/J.} < b

/T
J/ I: S~VTJ/)J>1
I S~J/J>1
I 8= Jeb/J2 =1
II
I1
1
I
y~1/x?
- b/]
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Spin-susceptibility in region III: Jmax{1,/T/J.} < b

Averaged spin susceptibility:

o 272 2 .
T, 5) = 1422 1o 2 2=
X(T,b) 2J2{ A [ Bar? T}}

At Jmax{1,/T/J.} < b level fluctuations are suppresed by magnetic field

Averaged spin susceptibility is Fermi-liquid like: x (7, b) = [2(6 — J)] 7> + ...

Igor Burmistrov (Landau Institute) July 11, 2011 23 / 33



Mesoscopic Stoner instability (T = 0)2 / Effect of magnetic field

T
issanRint

fH

S+1

Esi1 —Es=(254+1)0—b+AE=J(25+2), AFE = Anggd
b— 0Ansg — 6%

=3 _ 2 oams z2_ 2 (§)? 2
S=S5+AS 36— J) = 5] 72 (S)"(Anyg)
a8 1 —_— 2 Js

Y= — = 2 — —_—
X=2, 36— )’ (Angg) G (ln 7 +const)
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Charge and spin separation
. ]
H = Zsaa;aaa,a + B (N - No)* - 75",

a,o
F=S d 8o ==Y al G
= Ay, o Qa,o ool = ) Uq,6%00! Ao’
a,o a,o

@ Functional integral in imaginary time
@ Decoupling Coulomb interaction EF(N — NO)2 by the Hubbard-Stratonovich field ¢

T
7= / do D(11,71|60) Z(d0)

T

Charge problem:

Béo

B (1)

72, = 2T Bog (2 5 .
= =8 drd(r)— ZL (m+ £20)2 4 omiNg (m+ y—i2mmT (71 —72)
ik, E P pr
D(71, T2|$0) :E Dl¢le fo ¢ f” ¢
me

Spin problem:

Z(¢o) =Tre P9, H,; = § fatl 00,0 — I8 & =co —ido
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Spin problem
. ]

@ The Hubbard-Stratonovich transformation of exchange interaction:

L i 2
eq:ithz — o HH/“’ 7102 /N itnsa /N _ H/D[B]e = Lat' o Te f at’ 93
N— oo

Time-ordering 7 due to noncommutativity of the spin operators!

@ Wei-Norman-Kolokolov transformation

ift at’ 65 85y (b) iS5, ft dt’ p(t') ~ ! Fi ft drp(t)  , S—p 4 (0)
Te Jo — e TFEYE\We 0 exp | 1S+ dt’ w;(t e dt' | eToFVE
0

0, + i0,
2

0, F 0,
2

0:=p— 2941, = ¢z, = Fips + pvor — Y39}, 0% =p° Fdipips

N.B.: The Jacobian of transformation from 0 to p, ¥+ is J = exp [% fot dt'p(t')}

Initially, 0, . are real variables, but now (6, — i0,)" # 6, + 6,
We impose constraints ¢4 = 1" and p = —p*
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From spin problem to quantum mechanics
. ]

@ Two sets of variables: 61,2 = two sets of new variables p; 2 and 1/)1i2
@ We choose initial condition 1/)1*' (0) =, (0) =0
@ Exact integration over 1/)1i2

® New variables: p1,2(t) = Fif1,2, £€1(0) = £2(0), &1(t1) + &2(t2) = 0,

co

oo
- dz, —= |:1+e_2ﬁ€"/ dy o2 —BEy goup £1762
7 — _ 2l Y d. d zye cosh ==—7==
[¢o] I I % —2_“23 e _4yd &1 52

Ll |z]=1

X0 | &1+ &2+ 2In 4y§ zye” (€1]e”Tt0t g =€ Mot +iB) ¢,y

2
Ho = _J6_§2 + Ze_s, E, = Ju2, W, (&) = —\/l/Sil’thTl’l/KQi,,(e_g/2)
™
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The final step
. ]
Zlgo] = / anhsinh(gr)e " T (14 7@ ) (145G =0)

~

@ The grand partition function

T
gL —pi/a,—p¥2/as } : ¢~ BEe(n—Ng)? / 2d¢0T iBdon
\% TrﬂJ nEZ =t "

o« dh sinh(h) Si.nh(bh/J) o Th2 /T H o~ B0 (n—ido+Tho)
sinh(8b/2)

o=+

e B (1) _ H (1 i e—/ﬂ(sa_#))

a
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Region II 5 <K T <K J* and b < J / The effect of level fluctuations

@ Partition function Z = Z¢cZg

Zo =1/ -2 E:e—ﬁ[Ec("—No)2—(ﬂ—u)n+290(ﬂ)1
4n T

nez

@ Charging sector

@ Spin sector (b = 0)

oo
2 2
Zs = 75—’”/4/ dh hesinh(h) e~ T/ T = F ()
3/2
VT (BJ) -

where the Gaussian random function

coshh — 1

F(h) = — / dE Avg(E) In {1 * Ycosh2(B/2T)

@ Averaged spin susceptibility:

—_—— 1 dln ZS
T,b=0) = -

x( )=3"%7

In the absence of F'(h) the typical value of h is of the order of v = J./T > 1
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Region II: 6 < T < J* and b < J / The effect of level fluctuations
. ]

o Averaged free energy:

WZs=ln /Ooodhhexp[vf(h)] LI =h—12=F(n)

o Saddle-point approximation is justified by v > 1:

InZs=f(h),  f(h)=1=2h — F'(yh) =0

o Approximate solution (small shift of k. from 1/2)

2 d—
—F"(2)F"
12d ( ) (Z) z:'y/2+
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Region II 5 <K T <K J* and b < J / The effect of level fluctuations
. ]

@ Two-point correlation function

da+b
Cup(h1,hg) = ———F(h) F(h
ab(h, h2) PR (h1)F(h2)
o For T > ¢ and |h| > 1:

4In2

Coo(h, h) = Gan? h?
1 co

2 dw dw Inw
Ch1(h, h)= m[ln|h|+ cl}, c1 = 7‘/0 E[lfwcothw] +/1 TR ~ 0.43

41n2
Cor (b, 1) = 5 1
Ci2(h,h) = ———

=) = G )

41

Coz2(h, h) = ﬁ;j — C11(h, h)
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Region II 5 <K T <K J* and b < J / The effect of level fluctuations
. ]

+ ...
z=v/2 }

1 2
f(he) = Z{l + G2 [al ln% + (12:| },

(i) = 3{1 +Cu(y/2) + L2 o) Oua(2)

1
=1—-—=—4+...
ay ﬂAW2+
Cl—].
aQ =C — ———F ...
2 1 /BAT"Q
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Conclusions
(e

@ Exact analytical results for the spin susceptibility and TDOS in a QD
with direct Coulomb and exchange interactions in the presence of Zeeman
splitting

o Level fluctuations ehnance the spin susceptibility at T' < J.

@ Magnetic field b > J suppresses the effect of level fluctuations

o Future work:
» Anisotropic exchange H; = —J, (52 + S’f) — J.52
» Interaction in the Cooper channel
» Dynamic spin susceptibility
» I(V) curve in the co-tunneling approximation

v

Analysis at low temperatures T' < ¢
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