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1. Introduction

A. Deep-inelastic lepton-hadron scattering (DIS) cross-section:

o~ LW Y



Hadron part F* (Q% = —¢° > 0, z = Q°/[2(pq)]):
[,V
P = (g + % )R, Q)

- = B - P2 Ry @) +

where Fi.(z, Q%) (k = 1,2,3, L) - are DIS structure functions (SF)

and ¢ and p are photon and hadron (parton) momentums.

B. Wilson operator expansion: Mellin moments M.(7, QQ)

My(G, Q%) = fdo 2?7 Fy(e, Q)
of DIS SF F(x, Q%) can be represented as sum
MG.QD) = % L CRGL QP ) A ).
"7 Coeff. function

where A, (j, 1) =< N|O¢ |N > are matrix elements of the
Wilson operators O

M1 nu]
M1 ,,LL]



C. The matrix elements A,(j, 1) are Mellin moments of the

unpolarized and polarized parton densities fy(z, %) and fu(x, pu?).
DGLAP equations:
d 2y _ L dy

E%Wb—m( ) X fb(%@ )7

~ ~

d - d
dln Qqu(CE,QQ) = mlnyZWb—m(x/yE fb(yaQ2>
=>Wy_(2) @ firly,Q?). (1)

The anomalous dimensions (AD) ~,;(j) of the twist-2 Wilson
hereafter ag = ag/(47))

operators O " (

Tanld) = B de 2T Wy _o(e) = ¥ Al

Janld) = [ de T Wig(@) = X 557()a



2. Results

A. Wilson twist-2 operators in the N/ = 4 SUSY

Of ooty = G5 Py Dy Dy G
Oty = 5GPy Dy Dy G
Oy ooty = SNV Dy DAY
@/)L\b---,uj — S’X?WWMDM...DW)\Q t
Ofto; = S D Dy Dy

where Du are covariant derivatives.



The LO AD (L.Lipatov, 1999) (S(j) = S1(5) = ¥(j+1)—V(1)):

for unpolarized case

Oy _ 4 8 o (0 _ 9

Vog ) 1 12 4S(5 —2), 1’2%1@(]) N -,

0, _ 8 16 16 0 _ B

0), 4 0, _ 4 B B
O .
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for polarized case

Oy =88 s a(0) o _ 160
g9 (J) i jgl 45(7), 00\ 4(J) 4j+1 .
) = M) = g~ 4S0)



These matrices can be diagonalized (L.Lipatov, 1999)

—481(j —2) 0 0
1, N=4 :
[DFD ]unpol - 0 _4‘91(]) 0
0 0 —48,(j +2)
[DFD_l]N:4 _ —451(j — 1) 0
pol 0 —45,(j + 1)/

The LO AD of all multiplicatively renornalized operators can be
extracted through one universal function

i) = — 48 —2) = ~4(W( — 1) (1) = ~4'x



B. QCD results — N = 1 SUSY results by the SUSY relations
for the QCD color factors C'r = C'4 = N, Ty = N¢/2.
The N = 4 SUSY needs contributions from scalars.

The universal AD ~,,,;(j) can be extracted directly from the
QCD results without finding the scalar particle contribution (A K.,
L.Lipatov, 2002), because

e the relation between DGLAP and BFKL dynamics in the A = 4
SYM (Lipatov idea),

e the specific properties of the kernel for the BFKL equation in

this model.



C. BFKL equation (A.K., L.Lipatov, 2000)
QCD in M S scheme

WL = dag(P)x(n,7) + 695" (n,7)as(q?)].
LO part



NLO part

6% (n,) = —(131 - g%);(xz(m ) = Wy + Z) + 01—+ Z))
+ (697 —2((2) - ?%j)x(n, v) + 6¢(3)
7% cos(my) n v(1 — ) e
T sin(m) (1 —27){(1+ N3>2(3—2fy)(1+2v> o
_ @14y 2= sy

N3>(3 —27)(1 + 27)

+ \Ij//(/y + 5) + \P//(l - T 5) o 2(13(717 7) o Qq)(nv 1 — 7)7

where 0/"" is the Kroneker symbol, and W(z), ¥/(z) and ¥"(2) are

the Euler W -function and its derivatives.



N =4 SUSY in DR scheme (a5 — s = as + ta2)

WP R = das[x(n,y) + 055 (n,Y)as)

_ n -
5%}_24(7%7) = 6¢(3) + \If”(y + 5) 4 \Ij”(l — 5)

— 2®(n,v) —2®(n,1 —v) — 2¢(2)x(n, )
In the NV = 4 SUSY, the eigenvalues of the BFKL equation are

analytic functions of the conformal spin |n/|.



Transcendentality principe. (A.K., L.Lipatov, 2002)
In the DR-scheme, there is no mixing among the functions of dif-
ferent transcendentality levels 7, i.e. all special functions at the

NLO correction contain only sums of the terms ~ 1/~ (i = 3).

More precisely, if we introduce the transcendentality level for the

eigenvalues of integral kernels of the BFKL equations:

Unlfy, U~ ~C@2) ~1/4 U~ B~ ((3) ~ 1/,
then for the BFKL kernel in LO and in NLO the corresponding

levels are © = 1 and 7 = 3, respectively.



Lipatov idea.  In N/ = 4 SYM there is a relation between
the BFKL and DGLAP equations: BFKL results reproduce DGLAP

ones at the nonphysical values |n| — —(1+7),r > 0.

Transcendentality principe. (A.K., L.Lipatov, 2002)
So, 7&%(]) ?Sln)z(]) and 7,&27,22(]) are should contain (in the DR-
scheme) also only the functions assumed to be of the types ~ 1/ji

with the levels 2 = 1, 1 = 3 and 7 = 5, respectively.

Further, the universal AD ’ym) (7), ) (7) and ’y<2) (7) should

be equal to a combination of the most complicated contributions

to the QCD AD in LO, NLO and NNLO (i.e. the functions with
a maximal value of the transcendentality levels : = 1, + = 3 and
i = b, respectively) with the SUSY relation for the QCD color
factors Cp = C'y = N¢.



D. The universal anomalous dimension v,,,,;(j) for N' = 4 SYM
is (based on (A.Moch, J.A.M.L.Vermaseren, A.Vogt, 2004))

V() = Yunil) = @y (5) + a2\ ) + @2 G) +

where (A.K., L.Lipatov, A.Onischenko, V.Velizhanin, 2004)



L ) ,.

4754722'(] +2) = =571,

L . < o T
875”22.(] _|_2) — (Sg—l—s_g) - 25’_271 —I—QSl(SQ —I—S_Q),

1 (9 . . . . .

32%&73@'(9 +2) =25_35 —855—-25_953—-35_5+245 9111
+6(S 41+ S5 32+5 23) —12(5 311 +5212+5221)
—(Sy+257)(38 3+ 593 —28 91) — 5185 _4+ 5%,

+4.595 _9+2 S% +354—125_31—-105_92+165_971 1),

Sta = S;l:a(j), S:I:a,b = S:l:a,b(j)a S:I:a,b,c = S:I:a,b,c(j) are

harmonic sums
J 1 g 1

S&(j) — mzlﬁy Sa,b,c,---(j> — malﬁsb,c,ooo(m%
| jo(—1)m | jo(—1)m
Sy = £ 005 ) = £ C g ),

g—a,b,c,---(j) — <_1)j S—a,b,c,...(j> + S—a,b,c,---(oo> (1 — (_1)j)



DD. Calculations of master integrals (MI) without direct cal-
cualtions (J.Fleischer, A.K., O.Veretin, 1998)

1
MI ~ Zl Cp " {Fy(n) + [lnazFM(n) + EF1’2<n)]
n=—

Hin o Fy1(n) + I Fyp(n) + 5 Fasln) +C(2) Foa(n)

to.
where z = ¢°/m? and
S
Fy (n) ~ ;b, (a+b=M—N),

For many MI (there is some criteria) no mixing
terms with different a + b. So, the transcendentality principe

works!!!



Here

1 2n)! 1
Cn ~ — and Cn ~ En';z nc

with some ¢, for diagrams with one-massive-particle-cut and two-

massive-particle-cut, respectively.
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So, it is necessary to calculate some most singular part of Ml (or
some simpler diagram with “similar topology” ). Using the calcula-

tions, it is possible to predict the results for less singular part.

Using O.Tarasov and V.Smirnov investigations, Oleg Veretin and
Misha Kalmykov prepared programs to calculate analytically !!!
several (usually less then 100) terms in the above expansion. More-
over, every part (~ In"z, ~ ((k), ~ e ¥) is calculated indepen-

dently.

Using the above ansatz and an information about the most singu-
lar part of MI (or some simpler diagram with “similar topology") it
Is possible usually to reconsruct the complete Ml result without

direct calculations.



Now we will return to the anomalous dimensions.
Cheaks:

The NLO corrections have been proven by exact calculation (A.K.,

L.Lipatov, V.Velizhanin, 2003).

The NNLO corrections have been recalculated for 5 < 70 from
Bethe ansatz (M.Staudacher et al., 2005)

The NNLO corrections have been recalculated for j — oo (Z.
Bern, L. Dixon, V. Smirnov, 2005)

Above NLO, no exact calculations in QCD. But there is Bethe
Ansatz!!!.



E. The NNNLO universal anomalous dimension from Bethe

Ansatz.

The long-range asymptotic Bethe equations for twist-two oper-

ators read (N.Beisert, M.Staudacher, 2005) (in the section
M =j+2)

+ o 2/ —
T M T —x (1 — T1. T
) 1 ]i T_n( 92/ k T) exp (24 0(ug, uj)),
T m=1,m#k T} — Ty, (1 — g/ 23},
_|_
M x
-k =1. (2)
k=1 Z’k
These are M equations for k =1, ..., M Bethe roots uy., with
‘ 2
x%:x(uf), ui:uj:;, x(u)—ZlJrJl—‘lZQ;

(3)



and where the dressing phase 6 ~ ((3) is a rather intricate function
conjectured in (N.Beisert, B.Eden, M.Staudacher, 2006)

Once the M Bethe roots are determined from above equations for
the state of interest, its asymptotic all-loop anomalous dimension
Is given by
? ?
-

k

M

Vg =2¢" ¥ (4)

The above equations can be solved recursively order by order in

X

g at arbitrary values of M once the one-loop solution for a given

state is known.



The result for the four-loop asymptotic dimension: (A.K., L.Lipatov,
A.Rey, M.Staudacher, V.Velizhanin, 2007)

256 Ve (G +2) =
48 74+6857+2(5313+5 322+ S-331+S5-241)+3(—5-25
+ S_93-2)+4(S214+—-S_2-2-21—S-212-2—5221-2—51,-213
— Si222—51,-231) +5(=S_34+S_2_2_3)+6(—S55_2
St,—24—S_2_91,-92— 51,29 _92)+T(=S_2_5+S5_3_2_2
S o 3-2+85 2 23)+8(S_412+S5421—S55-2—543
— Soo1-2-2+51-211,-2)+953_2_92—1051 292 2+ 115 32 >
+ 12(—S_61+ S-22-3+S14,-2+S5s,-21+541,-2—5-311-2—5-22_-21
— S11,23 —51,13-2 = 51,132 —5121,3 — S1,2,2,—2 — 51,222 — 51,231 — S1,3,1,—2
— S1312 —S51321 — 52,212 — 52,221 — 521,13 — 52,1,2,—2 — 52,1,2,2
— 59131 —S221,—2 — 52212 — 52221 — 52311 —531,1,—2 — 531,12 — 53,1,2,1
— S3921,1) + 13852 93 —1485 o1 o+ 15(S23 2+ S32 _2)
+ 16(S_41,—2+S5-21,-4—52-212—5-2-9221—5S_21-22—S5S_211,-3

— S1,-31,2 —51,-321 —51,—2,—22 — S22 21+ S_21,1,-21 + S1,1,-2,1,—2

+ S11,-212+S11,-221) — 175 52 + 18 (=S4, -3 — S6,1 + S1,-33)

+ 20(—=S1,-6 —S16—S13+S511+5-4-21+S5-3_22+S5S2_41

+ S_9 32+ S133+5313+5331—511,-23—512-2-2—521,-2-2)

— 215344+ 22(S1,—2,-4+ S223+ S232+ 5322+ 5322) +23(—5_3_4

— Ss2+ 82 9 3)+24(=S_4 3+851,4-2— 51,312~ S1,1,14— 1,141

— S13-21— 51411 —53-211— 531,21~ Sa111+5-2-2111+S-21,-211
+ Si-2-211+51,-21,—21 +S11,—2,—2,1 + S1,1,1,—2,—2 + S1,12,—21 + S1,2,1,-2.1
+ S211,-21)+ 25853 3 _o2+26(—S25+ S142+ 5241+ Ss12+ Sa21)

+ 28(S124+ 5214 —S-31,-21 —S-21,-31—51,-21,-3) +305_31,3

+ 32(Si51+ 5511 —S-3,-211—5-2-311—51,-3,-21—51,-2-31



— S22.-921+ 512211+ 521,211 — S1,1,1,-2,1,1) + 36 (S1,1,5 + 51,33

+ 531,-3—51,1,-3-2—S51,1,-2,-3 —S1,1,2,-3 — 512,22 —51,2,1,-3 —52,1,-2,2

— So11,-3) +385.3 31 4+40(=S1,—411 — S2,-31,1 + S1,1,1,-2,2)

— 4183 _44+42(—S2 5+ S1,—a2+S51,-3-3) +44(S1,-51 + S2,-32 + 53 -31)
46 S22 3 +48S511,-31,1 +60(S1,1,-5 — S1,1,-32) + 6252 41 +64511,1, 31
68 (S1,2,—4 +S21,—4 — 512,31 — S2.1,-31) — 7251,1,1,—4 — 8051,1,—4.1

— ¢(3)S1(S3 —S_3+2S_31).

BFKL and double-logarithmis constrains:

the above result is wrong.

LO BFKL: 4-loop v,,i(j) ~ ¢ * when j — 1 —¢.

Above vABA(j) e~ because Siq ~ e .

Three larger poles are wrong!!!



Wrapping effects??  Yes!!!

Including the wrapping effects:
(Z. Bajnok, R. Janik, T. Lukowski, Nov. 2008)

’Vum(] + 2) 7££A(] T 2) + ’Vum(] T 2)

1 | 1 s
%%Q%'(JWLQ) = 551 2S_5+28S5

+4 (S —S3 9+ S_9_3—25_9_9])
—4.5_9((3) = 5¢(5),

Now the 5-loop ¥,5i(7 + 2) has been calculated!!!
(T. Lukowski, A. Rej, V.N. Velizhanin, Dec. 2009)



F. The limit j — 1.

The small-x behavior of parton distributions: there are new ex-
perimental data at small x produced by the H1 and ZEUS collab-
orations in HERA.

Using j=14+w —1

4
%Sn)z(l + w) — w + O(wl)a
%Sn)z(l + w) = —32 Cii + O(wl)a '
Y1+ w) = 3265~ = 232G~ + O()

Full agreement with the predictions for 718%(1—%@ ’yfmzz(ler) and

also for the first term of 7&2727;(1 + w) coming from an investigation

of BFKL equation at NLO accuracy. (V.Fadin, L. Lipatov, 1998)



G. j — oo limit and the AdS/CFT correspondence

The great interest to this limit comes from the recent formu-
lation of the AdS/CFT correspondence: the strong-coupling limit

agN. — o0 is described by a classical supergravity in the anti-de

Sitter space AdSs x S°:

N,
1(5) = alz) nj + 0("), r=—=

in the strong coupling regime : (S.Gupser, |.Klebanov, A.Polyakov,
2002; S. Frolov, Theytlin, 2002)

lim G = —21/2+31n2+0(z_1/2) . (5)

200 ST

= 4a

In our studies, all anomalous dimensions ~;(7) and ¥;(7) (¢ =

+,0, —) coincide at large 5 and our results for v, (J)



G1. Before calculation of the NNLO corrections, we suggested

for a (A.K., L.Lipatov, V.Velizhanin, 2003)

7T22

= —a+-—a 6
2 a+12a (6)

interpolating between its weak-coupling expansion up to NNLO

™ 5 1 43 4
&:—z+1—2z — T2 + O(z")

and strong-coupling asymptotics

i~ —1.1026 22+ 0 (1).

The prediction for NNLO based on the above simple equation is
valid with the accuracy ~ 10%. It means, that this extrapolation

seems to be good for all values of z.



G2. Recently (N.Beisert, B.Eden, M.Staudacher, 2006):
e Integral equation for some function f(x) (f(0) = a).

e Many coefficients in the expansion
f(0) = = ¢p 2"
m=0
e Full agreement with our results for first foour terms and (for any
terms) with transcendentality principe: ¢, ~ ((2m) for m > 0
(or products of (-function with the sum of indices equal to 2m),

for all coefficients.

e Study of the z — oo limit: can of Beisert-Eden-Staudacher
equation reproduce Polyakov et al. asymptotics?
Yes. It was shown numerically in (M.K.Benna, S.Benvenuti,
|.R.Klebanov, A.Scardicchio, 2006) and analytically in (A.K.,
L.N.Lipatov, 2006).



e There were calculated several coefficients in the expansion

F0) = 5 &y 217m)/2

m=0
cg in (S.Gupser, |.Klebanov, A.Polyakov, 2002)
c1 in (S.Frolov, A.A.Theytlin, 2002)
c1 in (R.Roiban, A.A.Theytlin, 2007), (A.Tirziu, A.A.Theytlin,
2008)
Very recently (B.Basso, G.P.Korchemsky, J.Kotanski, 2007) have
found a method to evaluate the ¢, coefiicients from BES-
equation and calculated several of them. The first three coeffi-
cients are in agreement with the results of above calculations.
Moreover, the results are in agreement with transcendentality
principe: ¢1 ~ In2 and ¢, ~ ((m) for m > 1 (or products of
(-function with the sum of indices equal to m), for all coeffi-

cients.



Conclusion

e | have demonstrated a way to find the universal AD ~,,,,;(7) for
the N' = 4 SUSY without a direct calculations (but based on

calculations in QCD and on transcendentality principe).

e Bethe Ansatz and evaluation of the NNNLO universal anomalous

dimension using transcendentality principe.

e There is a self-consistency in the Regge (j — 1) and quasi-

elastic (j — 00) regimes.

e Limit § — oo. BES equation and exact calculatrions. The
results in both regimes: small a one and large « one, are in

agreement with transcendentality principe.



