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Let
{(τi, ξi); i = 1, 2, · · · }be a sequene of i.i.d. random vetors,P(τ1 > 0) = 1.Put for n ≥ 1

Tn := τ1 + · · ·+ τn, Sn := ξ1 + · · ·+ ξn.We study large deviations (LD) and moder-ate large deviations (MLD) for the renewalproess
Z(t) := Sη(t), t ≥ 0,where

η(t) := min{m ≥ 0 : Tm+1 ≥ t}.[C0℄. (Cram�er ondition) For some δ > 0Eeδ(τ+|ξ|) < ∞.
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Put
A(µ, ν) := lnEeµτ+νξ,

A≤0 := {(µ, ν) ∈ R
2 : A(µ, ν) ≤ 0}.The seond deviation (rate) funtion fora vetor (τ, ξ):

D(u, α) := sup(µ,ν)∈A≤0{µu + να}.

See in [1℄ (Borovkov A.A., Mogulskii A.A.Siberian Math. J.|1996).The deviation (rate) funtion for generalrenewal proess Z(t):
G(α) := inf0≤u≤1{D(1−u, α)+uλτ+}, α ∈ R,where λτ+ := sup{λ : Eeλτ < ∞}.See [2℄ (Mogulskii A.A., to appear),[3℄ (Borovkov A.A., to appear)
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Two onditions:(I). lnP(τ ≥ t) ∼ λτ+, t → ∞;(II).
λτ+ ≥ µτ+where

µτ+ := sup(µ,ν)∈A≤0 µ.

Theorem 1. (Loal LD for Z(T ))Under (I) or (II) we have
lim
ε→0 lim

T→∞
1
T
lnP(| 1

T
Z(T )−α| < ε) = −G(α).
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Corollary 1. For any Borel set B ⊂ Rwe have
lim

T→∞
1
T
lnP( 1

T
Z(T ) ∈ B) ≤ − inf

α∈[B℄G(α),
lim

T→∞

1
T
lnP( 1

T
Z(T ) ∈ B) ≥ − inf

α∈(B)G(α),
where [B℄, (B) is the losure, the interiorof a set B, respetively.
In the domain of moderate large devia-tions similar results for Z(T ) are obtained.
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In the lattie ase P((τ, ξ) ∈ Z
2) = 1, thesharp asymptotis of large, moderate largeand normal deviation probabilities for Z(n)has been studed:P(Z(n) = k) ∼?

[C0℄.
λτ+ > µτ+ and A≤0 ⊂ (A<∞),

where A<∞ := {(µ, ν) : A(µ, ν) < ∞},and (A<∞) is the interior of A<∞.
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Theorem 2. Under ondition [C0℄ wehave
P(Z(n) = k) ∼ C(α)√

n
e−nG(kn),

where k = kn ∈ Z, k
n → α as n → ∞ andthe funtion C(α) is known in an expliitform.

If
|k − an| = o(n2/3), as n → ∞,thenP(Z(n) = k) ∼ 1√2πnσe−(k−an)22nσ2 ,

where a := EξEτ , σ2 := E(ξ−aτ )2Eτ .
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Put
zT (t) := 1

x
Z(tT ), 0 ≤ t ≤ 1,where a funtion x = xT > 0 is suh that

x ∼ T as T → ∞. Large deviation prin-iple (extended ) for {zT (·); T > 0} wasobtained:lnP(zT (·) ∈ B) ∼ −T inf
f∈B

I(f ).The de�nition of the extended LDP see in[4℄ (Borovkov A.A., Mogulskii A.A. Siberi-an Math. J.|2010).
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Let V be the metri spae of funtion
f = f (t); 0 ≤ t ≤ 1, f (0) = 0, with �nitevariation Var(f ) < ∞. Let ρ = ρ(f, g) bethe metri ρV = ρV(f, g) (see [5℄ BorovkovA.A., Mogulskii A.A. Theory Probab. Ap-pli. (2011-2013)).Denote

g± := lim
α→∞

G(±α)
α

.For
f = fa+f+

s −f−s ∈ V, f+
s (0) = f−s (0) = 0put

I(f ) := ∫ 10 G(f ′a(t))dt+g+f+
s (1)+g−f−s (1).The properties of I(f ) see in[6℄ (Borovkov A.A., Mogulskii A.A., Siberi-an Math. J.|2011) and[7℄ (Mogulskii A.A., Siberian Adv. Math.|2012.) 9



Theorem 3. (Loal LDP for ζT (·)) If
λτ+ ≥ µτ+,then for any f ∈ Vlim

ε→0 lim
T→∞

1
T
lnP(zT (·) ∈ (f )ε) = −I(f ),where(f )ε := {g ∈ V : ρ(f, g) < ε}.
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For a Borel set B ⊂ V put
I(B) := inf

f∈B
I(f ), I(B+) := lim

ε→0 I((B)ε).Theorem 4. (Extended LDP for ζT (·))If
λτ+ ≥ µτ+,thenlim

T→∞
1
T
lnP(zT (·) ∈ B) ≤ −I(B+);

lim
T→∞

1
T
lnP(zT (·) ∈ B) ≥ −I((B)).

In the domain of moderate latge devia-tions similar results for zT (·) are obtained.
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