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X, X1, Xo,... —i.id. random elements in a Hilbert space H.
dim(H) — dimension of H, may be infinite or finite

Let (x,y) for x,y € H denote the inner product in H.

Put |x| = (x, x)1/2,

Assume E|X;|? < co. For simplicity EX; = 0 and E|X;|? = 1
Denote by V a covariance operator of X

(Vx,y) = E(X1, x)(X1, ).

Let 02 > 03 > ... be the eigenvalues of V Put

n
Sp=n"23 "X,
i=1

Let Y be a H-valued Gaussian (0, V') random element.
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Many asymptotic problems in probability theory and statistics can
be described in terms of closeness of f(S,) and 7(Y).

If (x) is linear we get two gems of probability theory — law of large
numbers and CLT.

It would be natural to extend the results to quadratic forms.
Moreover, in mathematical statistics there are numerous asymptotic
problems which can be formulated in terms of quadratic or almost
quadratic forms.
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Let Y be H-valued Gaussian (0, V) random element. Put for any
acH

F(x) = P{|S, — a|* < x}, Fo(x)=P{|Y — a|® < x},
dn(a) = Sl),l(p |F(x) — Fo(x)].

It is known (see e.g. Sazonov (1968) and Bentkus (1986)) that in
the case H = RY, d < o0, i.e. in the finite dimensional case, we

have
dn(a) < c E|Xq | og% n71/2

and the bound is optimal with respect to the dependence on
moments, eigenvalues as well as n.
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History, dim(H) = oo

However in the infinite dimensional case the situation essentially
changes. Here we have (see e.g. Sazonov (1981), ch.2)

supon(a) > 1/2.
a
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History, 3 phases

The improvements of bounds for §,(a) in the infinite dimensional
case can be divided roughly into three phases: proving bounds with
optimal

@ dependence on n;
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History, 3 phases

The improvements of bounds for §,(a) in the infinite dimensional
case can be divided roughly into three phases: proving bounds with
optimal

@ dependence on n;
@ moment conditions;

@ dependence on the eigenvalues of V.
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History. Approximation. Third phase

The first phase started in the middle of 60-s with bounds of
logarithmic order for d,(a) (see Kandelaki (1965))

At the end of the third phase it was proved (see Sazonov, Ulyanov
and Zalesskii (1988b), Nagaev (1989), Senatov (1989))

5n(a) < W) (14 o) B3P, (1)

Vn

where
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History, Optimal bound

It is known (see Senatov (1985)) that for any ¢o > 0 and for any

given eigenvalues 07,...,02 > 0 of a covariance operator V there
exist a vector a € H, |a| > ¢g, and a sequence Xi, Xp,... of i.i.d.
random elements in H with zero mean and covariance operator V
such that

liminf v/n dp(a) > c ce(V) (1 + |a®) E| X1 3. (2)

Due to (2) the bound (1) is the best possible in case of finite third
moment of |Xi|.
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Notation, first term of expansion

Better approximations for F(x) are available when we use an
additional term, say Fi(x), of its asymptotic expansion. This term
Fi(x) is defined as the unique function satisfying F1(—o0) = 0 with
Fourier-Stieltjes transform equal to

2
F(t) = —??\%Ee{tw — P} (3(X, Y — 2)|X ]2
F2it(X, Y — a)*). (3)

Here and in the following we write e{x} = exp{ix}.
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History. Short asymptotic expansions

Introduce the error
An(a) = sup [F(x) = Fo(x) = F1(x)].
Note that Fi(t) = 0 and hence Fi(x) =0 when a =0 or X has a

symmetric distribution, i.e. when X and —X are identically
distributed. Therefore, we get

An(0) = 5,(0).

Vladimir V. Ulyanov



History. Asymptotic expansions. First phase

Similar to the developments of bounds for d,(a) the first task
consisted in deriving the bounds for Ap(a) with optimal
dependence on n. Starting with a seminal paper by Esseen (1945)
for finite dimensional spaces H = R?, d < oo who proved

Dn(0) = O(n~ /@), (4)

a comparable bound
An(0) = O(n7)

with v =1 — ¢ for any € > 0 was finally proved in Gotze(1979,
1984), based on Weyl type inequalities
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History, First and second phases

Fifty years after Essen’s result the optimal bounds (in n and
moments)

(9 V)

An(0) < E[Xl, ()

c(13,V)
n

An(a) < (1+ \316) E[x[*, (6)

where ¢(i, V) < exp{cai_z}, i =9,13, were finally established in
Bentkus and Gotze (1997), using new techniques which allowed to
prove optimal bounds in classical lattice point problems as well.
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The bounds (5) and (6) are optimal with respect to the dependence
on n and on the moments.

The bound (5) improves as well Esseen’s result (4) for Euclidean
spaces RY with d > 8.

However the dependence on covariance operator V in (5), (6) can
be improved.
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Main result

Theorem. Goétze and Ulyanov (2011) There exists an absolute
constant ¢ such that for any a € H

An(a) < % -aa(V) - (E[X|* + E(X1,8)*)
x (14 (Va,a)), (7)

where

12
C12(V) = Hai_l
1
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Optimality

It follows from Gé&tze and Ulyanov (2000) that for any given
eigenvalues 07, ...,07, > 0 of a covariance operator V there exist
a€ H, |a| > 1, and a sequence X1, Xp,... of i.i.d. random
elements in H with zero mean and covariance operator V such that

liminfn An(a) > c ci2(V) (1 +al®) E|X1|*.

n—oo
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Optimality

Thus, (7) is the best bound in the following sense:

— it is impossible that A,(a) is of order O(n~1) uniformly for
distributions of X; with arbitrary eigenvalues 02, 03, .. .;

— the form of dependence on the eigenvalues of V, on n and on
E|X1|* in (7) coincides with one given in lower bound.
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In special cases the number of eigenvalues which are necessary for
optimal bounds may well decrease below 12.

Lower bounds for nA,(a) in the case a = 0 are not available. A
conjecture in Gotze (1998) said that in that case the five first
eigenvalues of V suffice. That conjecture was confirmed in Gotze
and Zaitsev (2008) with result A,(0) = O(n~!) provided that

os > 0 only.

Note that for some centered ellipsoids in R? with d > 5 the bounds
of order O(n~!) were obtained in G&tze and Ulyanov (2003).
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Case a # 0 and dim(H) < oo

It was proved recently (see Gotze and Zaitsev (2010)) that even for
a# 0 we have A,(a) = O(n~!) when H=R9, 5 < d < o0, and
the upper bound for A,(a) depends on the smallest eigenvalue .
It is necessary to emphasize that (7) implies A,(a) = O(n™1) for
infinite dimensional space H with dependence on first twelve
eigenvalues only.
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The proofs of recent results due to Gétze, Ulyanov and Zaitsev are
based on the reduction of the original problem to lattice valued
random vectors and on symmetrization techniques developed in
number of papers, see e.g. Gétze (1979), Yurinskii (1982),
Sazonov, Ulyanov and Zalesskii (1988a, 1988b, 1991), Gotze and
Ulyanov (2000), Bogatyrev, Gotze and Ulyanov (2006). In the
proofs we use also the new inequalities obtained in Lemma 6.5 in
Gotze and Zaitsev (2011) and in Gétze and Margulis (2010) (see
Lemma 8.2 in Gotze and Zaitsev (2011)). In fact, the bounds in
Gotze and Zaitsev (2011) are constructed for more general
quadratic forms of the type (Qx, x) with non-degenerate linear
symmetric bounded operator in RY.
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o (Y1,...,Yx)" — vector with multinomial distribution My (n, 7):

k _nj
i@ /nily m4-+nm=n
Pr(Yo=n1,..., Y =nc) = {o pmas' /o o::herwise
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o (Y1,...,Yx)" — vector with multinomial distribution My (n, 7):

k _nj
i@ /nily m4-+nm=n
Pr(Yo=n1,..., Y =nc) = {o pmas' /o o::herwise

@ Hypothesis

Ho: m=p
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Goodness-of-fit tests

@ Chi-square statistics

k
t1(Y) = Z 0 = o) ;)

=
= P
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Goodness-of-fit tests

@ Chi-square statistics
(Y, — np))?
n(Y)=3 ==

@ Log-likelihood ratio statistics

k
=2 Yjlog(Y;/(np;))
j=1
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Goodness-of-fit tests

@ Chi-square statistics
(Y, — np))?
n(Y)=3 ==

@ Log-likelihood ratio statistics

k
=2 Yjlog(Y;/(np;))
j=1

o Power-divergence family of statistics (Cressie and Read, 1984)

Y' A
<J> -1/, A eER
np;j
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Formulation of the Problem

o It is well known that

t(Y) = X%(—l as n — oo
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Formulation of the Problem

o It is well known that

t(Y) = X%(—l as n — oo

@ We study the rate of convergence

Pr(ta(Y) < ¢) =Pr(x3_, < ¢) + O(n")
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History, Pearson statistics

@ Yarnold (1972) proved for chi-square statistics

Pr(ti(Y) < c) = Pr(x3_; < c) + O(n—k=1)/k)
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History, Pearson statistics

@ Yarnold (1972) proved for chi-square statistics

Pr(ti(Y) < c) = Pr(x3_; < c) + O(n—k=1)/k)

e Gotze and Ulyanov (2003) for k > 5

Pr(t(Y) < ¢) =Pr(xi_1 < ¢) + O(n™?)
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We take Yarnold's expansion
Pr(tA(Y) < ¢) = Pr(x3_; < ¢) + J(n) + O(n71)

where

,(, /2
Z/ 1 ZXI+16LI-¢—1 ZXrELr
[ [ [ 15t mmolis o, -,dx,1]
1

= {x: G = 4 \_/Enpj, with p; defined as before}

Si(x) = x — | x| —1/2, |x] is the integer part of x
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Transformation of statistics

We consider transformation
Xi=(Yj—np)/vn, j=1,....k, r=k—1, X =(X1,....X)".

The statistic t,(Y) can be expressed as a function of X in the form

no0=sgis B () )]

and then, via the Taylor's expansion, transformed to the form

X2 (A=-1)X3 (A-1)(A-2)x*
n(x):;(pl +(3ﬁ;’_2' i 1)2(,,,3,, X +o(n—3/2)).
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Write
Pr(ta(Y) < ¢) = Pr(T\(X) < ¢) = Pr(X € BY)

Shiotani, Fujikoshi and Read (1984) showed

1/2
J(n) = (N* — n"/2v*) e=</2 / ((27m)f H; p,-> + o(1)

Ulyanov and Zubov (2009):

/
J(n) _ (N)\ . nr/2 V)\) efc/Z/ ((27rn)’ Hjl;l pj)l 2 . O(n71)
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Our work
00800

Studied objects

B* = {x: T\(x) < c},

L — lattice with lattice spacing n~1/2.



Our work
[eJele] lo]

Yarnold’s argument

= B ={Th<q)

..o L - lattice with lat. sp.

a4
vn



= B ={Th<q)

..o L - lattice with lat. sp. \iﬁ




Hlawka result

E. Hlawka (1950): Let B be a compact convex set in R" with the
origin as its inner point. We denote the volume of this set by V.
Assume that the boundary of this set is an (r — 1)-dimensional
surface of class C*°, the Gaussian curvature being non-zero and
finite everywhere on the surface. Also assume that a specially
defined canonical map from the unit sphere to B is one-to-one and
belongs to the class C*°. Then in the set that is obtained from the
initial one by translation along an arbitrary vector and by linear
expansion with the factor v/n the number of integer points is

N =n"2V + 0 (D nr/2—r/(r+1)> ’

where the constant D is a number dependent only on the properties
of the curve C, but not on the parameters n or V.
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— Ulyanov and Zubov (2009) for k > 4
Pr(tA(Y) < ¢) = Pr(xx_1 < c) + O(n~*=1/k)
— Assylbekov, Ulyanov and Zubov (2011) for k = 3
Pr(t\(Y) < c) = Pr(xz < ¢) + O(n*/*+7)

with 3 = 0.065
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Statistic 1

Multivariate Linear Model

Model

/

Y = XO+(e1,...,€n)

Ely---5En ii.d.
Elej] =0, Cov(ej) =X
Hypothesis Testing
Hy: CO=0

SS & SP Matrices

S, =6'c{c(x'x)"tc'}tcé
Se =Y'(l, = X(X'X)"*X")Y

6 = (X'X)"IX'Y
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Statistic 2
Test Statistics

(i) Tir = —nlog{|Se|/[Se + Shl}

(i) Tiy = T2 = ntrSpS;1
Se ~ Wp(n,X) Sp~ Wp(q,X)
Se L' S, independent; X =/

The case p =1
(i) Tir=nlog(1+ 172

(i) Tth=T¢ = (%X%)_l X2
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Error Bound for Asymptotic
Expansions of Pr(T§ < x)
UFS (2005)

[PA(TS < %) = G(x) = 5 {(g— P~ 1)G(x)

—2qGr12(x) + (g + p+1)Grra(x)}|

r
<
< zg2 (Ml +[h| +48q)

1 .
+ﬁp(2p2 +5p +5) min{n_14,p, V-14,}
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Function of Multivariate scale mixture

An Expression for T3(= T.n)

Tin=T§=ntrSS;t=X1+...+ X, = (S - 2),

where
(I) )(,':S,'Z,'7 iZl,...,p
(i) Z1,..., Zp ~iid. X3
(i) S;=Y *i=1,...,p)and

1

Y1>...>Y,>0

are the characteristic roots of W and nW ~ W,(n, I,)
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P
Tir = nlogh= nIogH %
j=1

1 _ 1
Vj ~ Be (2(n —j+1), 2(1)

1%
= anog(l—l—X;/n)
i=1
X =(X1,., Xp)
(i)X;ZS,‘Z,‘, i:].,...,p
(i)Z1,...,Zp ~iid.X3
(i) Si= Y '(i=1,...,p) and nY; ~ x%, mi=n— (i —1)

1
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High Dimensional Case, U-Fujikoshi-Wakaki (2006)
The distribution of A = |Se|/|Se + Sh| can be regarded as

11
Be(§mj= §Pj)

a

/\q,p,l‘H—q—P

.
Il
=

=l

I
.EQ

-
Il
—

where pj=p, mj=n+q—p+1—j, j=1,...,q and all the
x>-variables are independent.
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Further, the limiting distribution of

VP
aq{

/a log A — qlog(1 + q)}

Tir=
provided that
p/n— c € (0,1),

is the standard normal distribution (see, e.g., Tonda and Fujikoshi
(2004)), where

p N Ver
r=-—, m=n-— , a= .
m pTd V14r

How to get
sup|Pr(Tir < x) — ®(x)| < D?
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Theorem. UFW (2006) Let Xi,..., X, be i.i.d. positive random
variables and Y7,...,Y), be i.i.d. positive random variables.

Let EX; = EY3, Var(Xq) = Var(Y1) = o2 and

E|Xi|® = E|V1]® = .

Put Sp(X) = (X1 + ...+ X;)/p and

Sh(Y)=(Y1+...+Ys)/n.

Then for

we have

(58 ) =) -

sup
X
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