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1. The exit problem for random walks
Let X1, X5,.

. beiid rv.'ssoS,: =S5 +Xi+ -+ X,is a
random walk in R. Denote Py(-) :=P(:|Sp = x), Ey := [ dPy.
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1. The exit problem for random walks

Let X1,X5,... beiid. rv.'ss0o S, =Sy +X1+---+ X, is a
random walk in R. Denote Py(-) := P(-|So = x), Ey := [ dPy.
Let 75 :=inf{n >1:5, € B} be the hitting time for a Borel set
B. A huge number of works studies the asymptotic of P, (75 > n)
under different assumptions of S, and B. For example, in R a
rather complete theory had been developed for the half-line

B = (—0,0) (from Sparre-Andersen '50s to Rogozin '72). Some
recent advances include cones in RY (Denisov & Wachtel '12+).
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We will assume that B is bounded. Fewer results are available here

Kesten, Spitzer '63: For any aperiodic RW in Z!? and any finite
B C 72, there exists

. Py(r8 > n)
im ———% = x).

Remark: if S, is asymptotically a-stable with 1 < a < 2, then
Po(740y > n) ~ cn/*=1[(n). Moreover, L(n) = const if a = 2.

Remark: gg(x) is harmonic for the RW S, killed as it hits B, that
is g(x) = Exgp(S1)L(ry>1y for x ¢ B.
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2. The current setup and a first approach

We assume that EX; = 0, Var(X1) := 02 € (0,00). Consider the

basic case B = (—d, d) for a d > 0. Put py(x) := Px(7(_g,q) > n).
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2. The current setup and a first approach

We assume that EX; = 0, Var(X1) := 02 € (0,00). Consider the
basic case B = (—d,d) for a d > 0. Put py(x) := Px(7(_g,q) > n).
A simple strategy is to stay at one side of B: if Ty is the moment
of the first jump over d or —d, i.e. Ty :=min{n>1:5, < d} for

x>d (and Ty :=min{n>1:5, > —d} for x < —d), then for
any |x| > d,

pa(x) = Py(T1 > n) ~ \/g‘;d\(/’;), Ug(x) := x — E, ST,.
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2. The current setup and a first approach

We assume that EX; = 0, Var(X1) := 02 € (0,00). Consider the
basic case B = (—d,d) for a d > 0. Put py(x) := Px(7(_g,q) > n).
A simple strategy is to stay at one side of B: if Ty is the moment
of the first jump over d or —d, i.e. Ty :=min{n>1:5, < d} for
x>d (and Ty :=min{n >1:S5, > —d} for x < —d), then for
any |x| > d,

2 Ug(x
pa(x) = Py(T1 > n) ~ \/; Jd\(/ﬁ), Ug(x) := x — E, ST,.
Note that Uy(x) = U4 (x — d) for x > d, where Uy is the usual
renewal function, which is harmonic for the walk killed as it enters
(—00,0). The same holds for Uy(x) = U_(x + d) for x < —d.
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Then

pn(x) = Pu(T1>n)+Pu(T1 <en, g4y > n)

+ Pen<Ti<(Q—-e)n7t>n)+P((l—e)n< Ty < n1>
The 1st term is already discussed. The 4th is negligible.
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Then

pa(x) = Pu(T1>n)+Pu(T1 <en,7(_gq) > n)

+ Pen<Ti<(Q—-e)n7t>n)+P((l—e)n< Ty < n1>
The 1st term is already discussed. The 4th is negligible.

Denoting H; := St the first overshoot over (—d, d), we control
the 2nd term by

Expa—c)n(H) L >ay = Px(T1 <en,7_gq) > n)
>

Expn(H1)1{|H,|>d, Ti<cn}
given that pp(x) has some regularity in n.
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Then

pn(x) = Pu(T1>n)+Pu(T1 <en, g4y > n)

+ Pen< i <(l—=¢e)n7m>n)+P((1—e)n< Ty <n,7>

The 1st term is already discussed. The 4th is negligible.

Denoting H; := St the first overshoot over (—d, d), we control
the 2nd term by

Expa—c)n(H) L >ay = Px(T1 <en,7_gq) > n)
> Expn(H1)1{iy>d, Ti<en)
given that pp(x) has some regularity in n.
The 3rd term is negligible by

Py(en < Ty < (1—€)n,7 > n) < CPx(en < Ty < (1—€)n)-Expen(Hxo)

given we have a good control of pp(x) in x.
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3. The result for the basic case

Let Tk be the moment of the kth jump over the (—d, d) from the
outside; let Hy := S1,, k > 0 be the overshoots; denote the # of

jumps over (—d, d) before it is hit as x := min(k > 1 : |H,| < d).
Theorem 1 (V., 13)

Let S, be a random walk with EX; = 0, IEX12 =o€ (0, 00).
Then for any d > 0 and any x € R,

pn(x) ~ \/?f—(\/’;) Va(x) =Y |Hi = Hial.
i=1

Moreover, this holds uniformly for x = o(+/n). Further,

e Vy(x) is harmonic for the walk killed as it enters (—d, d);

e 0 < Uy(x) < Vy(x) < oo for |x| > d;

o Vy(x) ~ |x| as |x| = oo,

. Vd(:lz(d -|—y)) — Ud(i(d+y)) = PX(Tl < n|7'(_d,d) > n) — 0 as
d — oo for any fixed y > 0.
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4. ldeas beyond the proof
1. It costs to jump over:

There exists a v € (0, 1) such that

Pe(|Hi| > d) <.
This follows since H; converge weakly as x — +00 to the
overshoots over “infinitely remote” levels.
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4. ldeas beyond the proof
1. It costs to jump over:

There exists a v € (0, 1) such that
Py(|Hi| > d) <.

This follows since H; converge weakly as x — 400 to the
overshoots over “infinitely remote” levels.

2. Some regularity of p,(x) is both x and n is needed.
Lemma

pn(x) < C|x|n~/2 for some C > 0 and any x € R and n > 1.
So pn(x) is controlled by E,|Hi|.
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4. ldeas beyond the proof
1. It costs to jump over:
There exists a v € (0, 1) such that

Pe(|Hi| > d) <.

This follows since H; converge weakly as x — 400 to the
overshoots over “infinitely remote” levels.

2. Some regularity of p,(x) is both x and n is needed.
Lemma

pn(x) < C|x|n~/2 for some C > 0 and any x € R and n > 1.
So pn(x) is controlled by E,|Hi|.

3. The mechanism of stabilisation:

For any a € (0,1) it holds that

Ed|H| < alx| + K(a), |x| > d.

This follows from the known E,|H;| = o(|x|) as |x| — oo.
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5. Motivation: the largest gap in the range of a RW
Define the range of RW S, as

G, =

S1,.

max

1<k<n—1

S(k+1,n) — S(k.n)>
where S(1 n) < S0y < -+ - < S(p,p) =1 M, denote the elements of
, Sp arranged in the weakly ascending order.
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5. Motivation: the largest gap in the range of a RW
Define the range of RW S, as

G, := max S(k+1n) S(k,n)7

1<k<n-1
where S(1 n) < S0y < -+ - < S(p,p) =1 M, denote the elements of
S1,...,S, arranged in the weakly ascending order.

The following is suggested by Yuval Peres and Jian Ding:

n
P(Gy>2d) < 2 Po(ropd) > k—1,T1 < k — 1)Po(7(0d) > n — k

k=1
_ 4 Zi Va(=d) — Ua(—d) + o(1) Va(—d) +o(1)
om — Vk Vn—k

implying that

I|msupIP’(G >2d) < —(Vh( d)— ( d)) Vd(,_d)'
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6. Generalization for an arbitrary set

Denote r :=sup{x : x € B} and | := inf{x : x € B} the “edges”
of B. Let T, be the moments of jumps over the r or /, and put
Hy := S7,,k > 0. Further, denote x' := min{k > 1: T, > 75}.

Let M be the state space, that is M := AZ in the arithmetic case
and M := R if otherwise.
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6. Generalization for an arbitrary set

Denote r :=sup{x : x € B} and | := inf{x : x € B} the “edges”
of B. Let T, be the moments of jumps over the r or /, and put
Hy := S7,,k > 0. Further, denote x' := min{k > 1: T, > 75}.
Let M be the state space, that is M := AZ in the arithmetic case
and M := R if otherwise.

Theorem 2 (V., 13)

Let S,, be a random walk with EX; = 0, IEX12 =02 € (0,00), and
let B C M a bounded non-empty Borel set. In the non-arithmetic
case assume that there exist a, b € Int(B) # & such that

P(X1<a—r)>0, P(X;1>b—-1)>0.
Then for any x € M,

p (X) \/EVB(X) VB(X) — K S }Hl H |]]_{ , (B)}

n N~ — -— Lx E i -1 H!_,¢Conv(B)}-
o\/Th )
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Moreover, this holds uniformly for x = o(+/n). Further,
o Vicd,0)(x) = Va(x);

e 0 < Vp(x) < oo for |x| ¢ Conv(B)

o Vg(x) ~ |x| as |x| — 0.
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7. Heuristics
1. It costs uniformly to jump over [/, r] or hit [/, r] and exit it
avoiding B.

2. It costs exponentially in time to stay within [/, r] so the time
spent there is negligible.

3. The rest is as in the basic case.
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