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1. Introduction
In this talk, we consider the following stochastic differential

equations (SDE)
t
Xt = 2 —|—/ f(XS,)d}/; (1)
0

where f is a continuous function, Y is a semimartingale with

jumps.



Asymptotic error distributions of numerical methods for SDEs with jumps

1. Introduction

Numerical methods for SDEs are hot topics due to the need of

practice and theory.



Asymptotic e ri ale of erica. e for SDEs with jumps

1. Introduction

Numerical methods for SDEs are hot topics due to the need of
practice and theory.

Usually, Euler method is a widely used numerical method for
SDE.



Asymptotic error distributions of numerical methods for SDEs with jumps

1. Introduction

Numerical methods for SDEs are hot topics due to the need of
practice and theory.

Usually, Euler method is a widely used numerical method for
SDE.

According to the formula
g = X0, er;n = X(T;—l)/n + f(X(T;—l)/n)(Y;T/ln - Yv(Til—l)/n)a

the approximated solution of (1) is defined at the time i/n by

induction on the integer i.
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1. Introduction

This scheme is called as Euler scheme.
To find an approximation of the law of the path, we need to
study the asymptotic error distributions for numerical methods.
The main gap is to find a rate u,, a sequence going to oo,
such that

u,Up' = un(X[’;lﬂ/n — Xntl/n)

admits nondegenerate limiting process.
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1. Introduction

It is worth notice that Jacod and Protter (1998) provided
some fundamental results on the asymptotic error distributions
for euler methods of SDEs.

They gave the sharp rate u,, = v/n when the continuous
martingale part presented in Lévy processes. When continuous

martingale part vanish, the results are quite different.
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1. Introduction

Jacod (2004) studied the SDEs driven by the pure jump Lévy
processes. He gave the rates in terms of the concentration of
the Lévy measure.

He employed the independent and stationary properties of
increments of Lévy processes to obtain the results. However,
when we study same problem for more general It6
semimartingale, it is more difficult to get the similar results

following the same line.
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1. Introduction

The first work in this talk is to extend the results in Jacod
(2004) to more general [t6 semimartingales.

Milstein method modifies the Euler method to improve its rate
convergence.

According to the formula

g - :L‘Oa
_ z/n
+ f/f<xg;,1)/n) /( e Yy,

Milstein scheme is defined.
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1. Introduction

Yan (2005) studied the asymptotic error distribution of SDEs
driven by continuous process. The second work in this talk is
to study the case of SDEs driven by semimartingale with

jump, i.e., to study the weak convergence of

U = un(Xppyjn — Xpt)/n)
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2. Euler scheme for stochastic differential equation

driven by pure jump semimartingales

t
Y}:/ os_dZ,
0

a) Z is a non-homogeneous Lévy process with spot
characteristics (b7, 0,Gy), b7 = b7 — [1,1<; 2Gi(dx) there
are constant « € (0,2) and two functions 6,7, 6, > 0 on R,
such that,

Assumption 1:

where
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2. Euler scheme f toc differential equation driven by pure jump semimartingales

lim sup \xa@ti(a:) — 0| =0,
zl0 p<t<1

where G, () = Gy((z, ), G, (z) = G4((—o00, —z))and b?
is locally bounded, 6,7, 6, are Riemann integrable over each

finite interval.
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2. Euler scheme f toc differential equation driven by pure jump semimartingales

b) The process o is an It6 semimartingale with spot
characteristics (b7, ¢7, F7), which are such that the processes
?.¢7 and [(2? A 1)F7(dz) are locally bounded.
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2. Euler scheme for stochastic differential equation driven by pure jump semimartingales

Assumption 2 f is a C? (three times differentiable)

function.
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2. Euler scheme for stochastic differential equation driven by pure jump semimartingales

Theorem 1: Under Assumption 2 and in the following cases,
the sequence (Y, u,,U™) converges in law to (Y, U), where U is
the unique solution of the linear equation

0, = /f VUs_dYs — W,

and where W can be described as follows:
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2. Euler scheme for stochastic differential equation driven by pure jump semimartingales

Case |. Under Assumption 1 with a > 1, then u, = (%)%,

logn

and .
W, = / (X)X )o? dV,
0

where V' is another Lévy process, independent of Z, with spot
characteristics (b}, 0, G}’) given by

bV — _Oé<92/5)2
t20-9(q —1)

a(6)? 1
e (BP0 Loy 42676 Lo i

Gf(d:p) =
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2. Euler scheme for stochas differential equation driven by pure jump semimartingales

n

Case Il. Under Assumption 1 with o = 1, then u,, = o)

and
_p2 [t
W, = Tt/ F(X, ) f (X, )o? ds.
0
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2. Euler scheme for stochastic differential equation driven by pure jump semimartingales

Case IIl. Under Assumption 1, a < 1 with b/ = 0 then
Uy = (o), and

W= [ X f (X o2V,
0

where V' is another Lévy process, independent of Z, with spot
characteristics (b)",0,G}) given by
02



3. Milstein scheme for SDEs driven by
semimartingale with jumps

t
Y}:/ os_dZ,
0

(a) Z is a Lévy process with spot characteristics (b,e, F),

Assumption 3:

where

where b € R, ¢ > 0, F' is a positive measure on R with
[(z? AN1)F(dz) < oo. The continuous local martingale part of
7 is VeW', W'is a standard Brownian motion.
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ymy
3. Milstein scheme for SDEs driven by semimartingale with jumps

b) The process o is an 1t6 semimartingale with spot
characteristics (b7, ¢7, F7), which are such that the processes
¢.¢7 and [(2® A 1)F7(dz) are locally bounded, and

1
Jo ofdt < o0 as..
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% Milstein scheme for SDEs driven by semimartingale with jumps

Theorem 2: Under Assumptions 2 and 3, the sequence
(Y, nU™) converges in law to (Y, U), where U is the unique
solution of the linear equation

Ut / f U dY Mt

and where M can be described as follows:



cc [*
M; = \/_%/0 fz(Xs—)fl(Xs—)Ug—st

\/gc ¢ 2 " 3
+T/0 [ X ) 1 (Xs—)os_dW

FLE S RN (X, )

n:Sp <t

1
+/1 — xuN"f3(Xs,_) /0 f'(Xs, - +uAXg,)du](AYs,)?
+YE S [N (X, )

n:Sp <t

1
TN (X5 / (X + uAXs,)du](AYs, )?
0
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with jumps

B, W are independent standard Brownian motions, and
independent of W/, and

V3

1—
W =V2B+ W'+ W,
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scheme for SD riven by semimar ) with jumps

B, W are independent standard Brownian motions, and
independent of W/, and

3 1—
W= \/§B+§W’+§W;
(N])n>1 and (N/'),>1 are two sequence of standard normal

variables.
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ein scheme for SDEs driven by semimartingale with jumps

(Xn)n>1 is a sequence of uniform variables on (0, 1).
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(Xn)n>1 is a sequence of uniform variables on (0, 1).
(N )n>10 (V) )n>1, (Xn)n>1 are mutually independent, and
independent of Y.



c error distributic >f numerical meth for SDEs with jumps

scheme for SD riven by semimar ) with jumps

(Xn)n>1 is a sequence of uniform variables on (0, 1).
(N )n>10 (V) )n>1, (Xn)n>1 are mutually independent, and
independent of Y.

(Sn)n>1 is an arbitrary ordering of all jump times of Z.
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4. The outline of proof
For Theorem 1: note that,
[nt]

v = Z/( N (f(XG—1y/m) — F(X(i—1)/n))dYs
o1 J(i-1)/n

[n1]

- Z/ (F(Xs-) = F(X(i=1)/n))dYs
i=1 7 (=1)/n
and set Y = Yjug/n X = Xfug)/m, and
[nt] i/n
LY /< 1)/ (f(Xem) = f(X-1)/n))dYs.
=1 n

We obtain

t
Up = /0 (FXT 4+ U ) — F(X )" — Wy
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4. The outline of proof

By Theorem 2.2 in Jacod (2004), the convergence of
(Y, u,W™) can implies weak convergence of (Y, u,U").
we need to introduce a sequence v,, — 0,

Case | v,, = %, Case Il v,, = lo;‘i”, Case lll v,, = (10%)1/0‘.
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4. The outline of proof

By Theorem 2.2 in Jacod (2004), the convergence of

(Y, u,W™) can implies weak convergence of (Y, u,U").

we need to introduce a sequence v,, — 0,

log” , Case Il vn = (loﬂ)l/“.

Denote the successive jump times of Z, after =L and of size

logn

Case | v, = ey, Case ll v, =

bigger than or equal to v,, by T'(n,i),. Let K(n, i) be the
integer such that T'(n, 1)k (n,) < % <T(n,1) K (n,i)+1
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4. The outline o

I: unffl<X(l—1)/n)AYT(nz Mz/nl{K(n i)>1}>
IT: unff ( (i—1 /n)/ (Anl + AYVT (n,) ]-{K(nz >1})dAv"
(n)

ITT : un f (X (i—1) /) AY 1,00 AY T ()0 L{K (n5) >2} -

are the main convergence parts of W",
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4. The outline of

where

AV = pZ — Tl iu<)o|<1y * vZ, MU = Tl{jz<o} * (,uZ — I/Z),

_ t . i/n
A :/ o, dA, %:/ os_dM?.
0 (

i—1)/n
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4. The outline of proof

For Theorem 2:

dUp = U f'(X,-)dY,
(X )d(GY) — 3 £ (X))

is the key to prove, where
t s t

G = [ [ (0~ Yu)atid¥e, By = [ (¥, = Yoo 'a¥,,
0 Jn(s) 0

n(s) =k/nifk/n<s<(k+1)/n.
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4. The outline of proof

For the jump part, the main convergence parts are
t s . t .
c 2 c

where A® is the jump part of Z and of size bigger than or
equal to ¢, Z° is the continuous local martingale part of Z.

For the continuous part, Yan (2005) have already proved.
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Thank you!
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