Russian Academy of Sciences

Landau Institute for Theoretical Physics

=

__

Multifractality at Anderson transitions with
Coulomb interaction

Igor Burmistrov

in collaboration with
IgOI" Gornyi (Karlsruhe Inst. of Tech., Germany & Ioffe Phys. Tech. Inst., Russia)
Alexander Mirlin (Karlsruhe Inst. of Tech., Germany & PNPI, Russia)

arxiv:1305.2888 to appear in PRL

“Euler symposium on theoretical and mathematical physics”, Saint-Peterburg, Russia,

July 12-17, 2013 1/25



Motivation / multifractality of wave functions at Anderson transitions (no interaction)
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[Wegner (1980,1987); Kravtsov, Lerner (1985); Pruisken(1985); Castellani, Peliti (1986)]
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e multifractal exponent A; < 0 (A; = 0 due to w.f. normalization)

e Legendre transform of 74: f(a) = ga — 74,

a = dry/dg
o L/ measures a set of points where |1/)E|2 ~ L™

- - metallic
== critical

|adapted from Evers, Mildenberger, Mirlin]
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[adapted from, Evers; Mirlin (2008)]
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Motivation // mesoscopic fluctuations of LDOS at Anderson transition (no interaction)

e local density of states (LDOS)
p(B,r) = [ta(r)8(E — ea)
where 1 (r) and e, w. f. and energy for a given disorder
e multifractality in the moments of LDOS
(lo(z.m)e)  ~1

dis

e spatial correlations of LDOS

(p(E,™)p(E, 7+ R))ais ~ (R/L)™* R<L

examples for Anderson transitions in d = 2:

Ag = —0.34 (class AII, spin-orbit coupling)
Ag = —0.52 (class A, integer qHe)
Ag = —1/4 (class C, spin qHe)

[see for a review, Evers&Mirlin (2008)]
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Motivation / LDOS suppression at the Fermi energy due to Coulomb interaction

[Altshuler, Aronov, Lee(1980), Finkelstein(1983), Castellani, DiCastro, Lee, Ma(1984)]
[Nazarov (1989), Levitov, Shytov (1997), Kamenev, Andreev (1999)]

e zero-bias anomaly in d = 2 (L = 00)

1 |E|
<p(E, 1')>dis ~ exp <_—47Tg ln(|E|7') In —D2/§4r)
where

g - conductance in units 62/h,
D - diffusion coefficient,
k = €%po/e - inverse static screening length

e zero-bias anomaly in d = 2 + € at Anderson transitions

<p(E7 T)>dis ~ |E|67 B = 0(1)

in the absence of interaction average LDOS is non-critical (8 = 0) for Wigner-Dyson classes
[see for a review, Finkelstein (1990), Kirkpatrick&Belitz (1994)]
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Motivation // mesoscopic fluctuations of LDOS for spin QHE (class C, no interaction)

[Gruzberg, Read, Ludwig (1999), Beamond, Cardy, Chalker (2002)]
[Mirlin, Evers, Mildenberger (2003)]

e the average LDOS (L = o)

(p(B,7)) ~|E - E.|°,  B=1/1, E.=0

e multifractality in the moments of LDOS

([(B, 7)) gy ~ ([p(B, 7)), [E(B)] 20~ |E = B 7H 5,

where §(E) ~ |E — E.|™", v =4/7, Ay = —1/4, Ag = —-3/4

e spatial correlations of LDOS

(p(B,)p(E,r+R)) .~ ([p(E,m)])5_ (R/E(E)™  R<(E)
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Motivation / scanning tunneling microscopy experiments

[Richardella et al. (2010)]
o differential conductance over an area of 500 Ax 500 A
in Gaj_;Mn_As with z = 1.5%

W T ons)h O 3 S
+150 mV.
ovm

mean-free path | = 10 A

DA
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Motivation // scanning tunneling microscopy experiments

[Richardella et al. (2010)]

e the autocorrelation function of LDOS
<p(E7 T)p(E7 r+ R)> B <p(E7 7')>2
(P*(E,7))* — (p(E,T))?

>

=23
o
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Motivation / question to answer

How Coulomb interaction affects mesoscopic fluctuations of the
local density of states?
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The model /" hamiltonian H = Ho + Hais + Hmag + Hint

free electrons in d = 2 + e-dimensions

= [ 43,0 [~ ] vl

e scattering off white-noise random potential

mm=/ﬁ%iamvwwam, (V(r)V(0)

scattering off magnetic impurities

fm%=/ﬁ”EAmvawwww» (Ua(r) Uy(0)) = 22

Coulomb interaction:
2

Hu = 5 [ @%radtra = 0 (ra ) (r4) T (ra) s )

Hy + Hais + Hmag do not preserve time-reversal and spin-rotational symmetry = class A

o 67 PoTs

9
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The model /" moments of the local density of states

e disorder-averaged moments of the LDOS

(5.7, = ([ L o]

dis dis

where the retarded single-particle Green function

Gil(rt;r't) = —if(t — ) <{¢ (rt), )}>
e assumptions
11
p> =, —>T,|E
T Ts

where
1 — chemical potential
T — mean-free time for scattering off potential impurities
Ts — mean-free time for scattering off magnetic impurities
T — temperature
E — energy measured from the chemical potential

in what follows we consider T'= 0
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The model /'/ field-theory approach

[Finkelstein(1983)]
e action for the nonlinear sigma-model

Sz—%/ddrtr(VQ)Q+47rTz/ddrtrn(Q—A)

—wTPSZ/drtrngtrfan

where the matrix (in Matsubara and replica spaces) field @ satisfies

Q(r)=1, tQ(r) =0, Q'(r)=Q(r),

g - conductivity in units e*/h,
I's = —z — interaction amplitude in the singlet channel,

and matrices

AP = sgnn §pmd™?, 2P = 0 §pms™?, 1)

nm

af _ Snem kéaﬁéa‘r

nm

symmetry class “MI(LR)"as denoted in Kirkpatrick&Belitz (1994)
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The model /" field-theory approach

e disorder-averaged LDOS

(p(B.7))

where &, = 7T(2n + 1) is fermionic Matsubara frequencies

_=proRe (PI(E))s,  Pi(ien) = Qp(r)

1

e disorder-averaged 2d moment of LDOS

(p(B.T)p(E' 7))

1S

Py(ien, iem) = Qua™ (1) Qnin® (1) — Qi (1) Qpi (1)

e P, are eigenoperators of renormalization group transformations

renormalization of P, by means of perturbation theory arpund Q = A

(}/2) Re ( Pf™(E, B') - PFA(B. B'))
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Mesoscopic fluctuations of LDOS / diagrams for the 2d moment

e one- and two-loop contributions to the 2d moment of LDOS
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Reminder // metal-insulator transition in d = 2 4 € (class A)

[Abrahams, Anderson, Licciardello, Ramakrishnan (1979), Wegner (1980)]
[Efetov, Larkin, Khmelnitsky (1980)]

e RG equation for conductivity g = (¢2/h)L?~%/(xt):

dt
dinL

B(t)

e fixed point ¢. and localization/correlation length exponent v:

BE)=0,  oli—t]™  w=-1/8(t)

e dynamical exponent z:

Lw ~ (JJ_l/Z

in general, there is another dynamical exponent zrp, L¢ ~ T 1/27
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Reminder / metal-insulator transition in d = 2 + € (class A, MI(LR))

[Hikami (1983), Bernreuther& Wegner (1986)]
[Castellani, DiCastro, Lee, Ma (1984), Finkelstein(1984)]
[Baranov, Pruisken, Skori¢ (1999), Baranov, Burmistrov, Pruisken (2002)]

e no interaction e Coulomb interaction
1 3
B(t) = et — 5153 - g:55 + 0(1%) B(t) = et —2t2 — 4At3 + O(tY)
critical resistance
t£">:\/2_(1—¥)+0( 5/2) L= 51— A9+ 0()
critical exponents
Un =¢€/2—3/4+ O(e) v=1/e— A+ O(e)
m=d=2+e¢ z=24¢/2+4 B + O(®)
Ba=0 B=1/2+ O(e)
where B = (24 — n2/6 — 3)/4 ~ —0.34 and
a3 (r2 —18)2 19 3 1 = 22— (44 ’ e(ay) 22 o- Lt i (N r1ea
- Tt @ (1 )P (- @) o - —mta - g () 1
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Results // mesoscopic fluctuations of LDOS in the presence of Coulomb interaction (7 = 0)

e scaling of the moments of LDOS
([p(B. 7)) ~ (p(E)) 1L~ 5 ~ L7722 £ =min{Lp, L,&}

where multifractal exponents and anomalous dimensions are

Ay = Cot) = M{l+ <I—A— 7{-2) e} + 0(e*)

Gy = L {1 + <2 - %2> t] + 0(#%)

cf. anomalous dimensions for non-interacting electrons

1/2
AP =) =an-0 (5) - E e -1pe+ 0@

_ 2 ]
G = 0 (1 + 20 30 1)#‘) +0(8),

[H6f& Wegner (1986), Wegner (1987)]
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Spatial and energy correlations of LDOS / metallic phase ¢ < t. and critical point ¢ = t,

e spatial and energy correlations of LDOS (£ = min{Lg, L, {})

(R/Lo)> R<L, <L
(p(E,7)p(E +w, T+ R)) AL L, <R, L
(p(E))(p(E + w)) (R/L)A, R< L <L,
1, L < R, L,
R\
1
L
1 R\A2
oy 19
Lo R
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Spatial correlations of LDOS / metallic and critical phases t < ¢,

(p(E,T)p(E, T+ R))) {(R/ﬁ)_A27 R < £ =min{|E|7"%, (u — pe) "}
0, LLR

((p*(E,T)))

a)

10

R/l

-05 0 0.5 -05 0 05
E E
metallic phase ¢ < t. (u > p.) critical phase t = t. (= pc)

qualitatively in agreement with the experiment
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Spatial and energy correlations of LDOS / mobility edge in the insulating phase ¢ > t.

e phase diagram near interacting critical point p = p. (t = &)

é&gc

Interacting|Critical JOtiae

Insulating

g

Interacting|Critical

e mobility edge for single particle excitations £ = +E,,
Ee~ (T = 1) ~ (pe — 1)
e divergent localization and dephasing lengths

(IBE|-E.)" ™, |E|l>E,

E)~||E| - E.|™™, Ls(E) ~
§(E) ~ ||B| | o(E) {OO, B < B,

where z, = d2/[d+A;n)] =24+ v2+...
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Spatial and energy correlations of LDOS / mobility edge in the insulating phase ¢ > t.

e phase diagram near interacting critical point p = p. (t = &)
E

&

<

Interacting|Critical

Insulating

E,/Ec

Interacting|Critical

o two-step RG (Lg < &):

inter. RG inter. RG
metallic ¢, ¢ .{(Ly) insulating ¢ metallic ¢, " t(Ly) insulating ¢
Xy %
i i
Ly tour t t" Ly t
metallic k insulating metallic ., insulating

non-inter. RG

t(Lg) <t

non-inter. RG

t(Lg) >t

e mobility edge for single particle excitations

t(LE) = tf B4

we use the condition zv > 1

Ee ~ (8= 1) ~ (e — )"
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Spatial correlations of LDOS / insulating phase t > t.

e interacting criticality |F| > E. (Lg < &)

(p(E,r)p(E, 7+ R)) {(R/LEW - R< Lo~ B
1/z

(p(E))? 1, Ly < R< &~ Es

e deep below the mobility edge |E| < E. (Lg > €)

(p(E,7)p(E, 7+ R))
(p(E))?

~ (RIO™(L/6)!, R<é<

£ E

§4;, L
InteractingCritical ~—___.=""
Insulating oSl | e Metallic
........... M
E//Ec Interacting|Critical vl |
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Spatial correlations of LDOS / insulating phase t > t.
e non-interacting criticality ||E| — E.| < E.:
e above the mobility edge |E| > E.

(p(E,r)p(E,r + R) [ (R/&)™ (€/Lo(B)™ . R«
(p(E))? (R/Lo(E)> ¢ < R< Ly(B)

e below the mobility edge |E| < E.

(p(E,r)p(B,r+ R) | (R7e)™ (e/e(m)™” (Lje(m)’. R<¢
(p(£))? (R/&E)™ (L/e(E)", ¢ < R<&(E)

&y E
Critical

Interacting|

Insulating

E’”E c

Interacting|Critical

—vn

—1
where £(E) ~ “E\ — E, , Ly (E) ~ (\E\ - EC) /zn. We use that znvy > 1
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Spatial correlations of LDOS // comparison with numerics on Hartree-Fock w.f.

[Amini, Kravtsov, Miiller (2013)]

e LDOS correlation function made from Hartree-Fock w.f.

(pur(E,r)pur(E, T+ R))
(php(E,T))?

e extracted phase diagram interaction vs energy

Delocalized

T T T T T T T 1 T T T T T T T T
~120 -105 90 75 60 45 30 -15 15 30 45 60 75 90 105 120
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Spatial correlations of LDOS // comparison with numerics on Hartree-Fock w.f.

e phase diagram interaction vs energy
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[Amini, Kravtsov, Miiller (2013)]

rough Hartree-Fock approximation produces qualitatively similar phase diagram
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Conclusions

e multifractality of LDOS does exist in the interacting disordered
electron systems

e in the case of Coulomb interaction the multifractal exponents and
corresponding anomalous dimensions are different from the
non-interacting case
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