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Introduction

Introduction

supersymmetric sine-Gordon (SSG) model

o L 1 i~ mgq - m3
Sssa = / dt/ do | 5(0up)? + SV 9,V — —= cos(Bp) WV + 5 cos*(Bp)
I A 2 2 2 232
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QFT (perturbation theory from CFT) StatMech (light-cone regularization)

@ CFT data @ CFT data
@ S-matrix theory @ scattering amplitudes
@ excitation energy @ excitation energy and ground-state

@ asymptotic behaviors energy

@ correlation functions on a finite
system
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QFT aspects of the SSG model
°

SSG model as a QFT

o0 L 1 5 0= mg _ mg 5
Sssac = / dt/ do 5(3M<p) + E\U'y“au\ll -5 cos(Bp)WW + —= cos*(Byp)
- 0 N—— N ——

232
—_———
FB FF perturbation negligible in UV lim.
conformal mapping )
o I 5 (28 —it) /,'
53— ei(%’Jrit) |
1
Re
6 = A(t,0) = A(z,2) ,'
— A(z,2) = 3(a(2) + a(2)) a

mode expansion
i0p(z) =3 ,czanz "~ (boson field)
Y(2) =X heztr bpz=""1/2 (fermion field)

= 1/2 oo r=0
;r)eriod/ic b.c. ;nti—periodic b.c.

NS fermion R fermion
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QFT aspects of the SSG model
°

Algebraic structure of CFT

space of states (free boson)

I;a- P,Ha qj|m’7>

53]
m,n€Z p,,qj>0

hwvec
‘mv ny = V(m,n)(zvi) |0, 0)
~—~
vacuum

vertex operators

Vim,n) = eii(mR+ 35 )$(2)+i(mR— ) b(2):

conformal dimensions
Ay = 3od = L(mR £ 4%)?
energy
s
E(0) ~ fﬁ—L(l —12(A+ + AL))
=c=1CFT
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space of states (free fermion)

® @ [I;bplljb g f(z2)0)
N———

fey pi,q;>0
h.w.vec
Ve L ¥(2)d(2), o(z,2)}
—— N~
NS sector R sector
conformal dimensions
(Af, A7) =(0,0)

+ _ (11
(Aww,A ;) =(3:3)
(A%,85) = (35 15)

energy

T (1

EOQ)~—— | = —12(A A_
O~ -3 (5~ 12080+ 80)

= c=1/2 CFT
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QFT aspects of the SSG model
°

Summary 1

@ The UV lim. of the SSG model results in the ¢ = 3/2 CFT.

RG flow

fixed point
=3/2 CFT

@ Hilbert space of the UV lim. of the SSG model consists of Hrg and Her.
Hssc-uv = Hre ® Hrr
@ States of Hpg and Hgf are characterized by Ay.

(Af,A_) — |A4,A_) : a unique state
— E(A+7A7)(O): CFT energy
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Statistical mechanics aspects of the SSG model
.

SSG model on a lattice

transfer matrix method

light-cone regularization [Destri-DeVega 87] |
(discretization of space-time) T = R(x)

; Lo - T(x) = ﬁjl-vleOj(X —(=1YN)
L
N VAV 172 Tr = troT (A)

VAN VAN . __7&( Ti, = troT(—A)
T HtP=1LinTgy
X

2ma

@ Does this discretization properly give the original theory in the scaling limit?

a—0 AN— oo mo:%e*"/\/'y:fixed

@ Compare the CFT data derived in the original theory and that computed from
the lattice system.
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Statistical mechanics aspects of the SSG model
°

CFT data of the LSSG model

CFT data <= limp, 0 E(L)

periodic b.c. [Hegedus-Ravanini-Suzuki 08]

™
E(O) = Epuik + Ecasimir + Eexcitation ~ — (
M~ ——

3
— (= —12(A A_
oL (Ay + )>

2
o(L) o@/L)
A = %(SR + ﬁ)z : conformal dimensions
= AFiB + AFiF = NS sector
-

=0

@ The conformal dimensions A4 only take values in the NS sector.

@ The light-cone regularization realized only the NS sector of the SSG model
under the periodic boundary conditions.

@ How about the other boundary conditions? Can't the R sector be obtained?

o Matsui Super CFT and SSG model with Dirichlet boundaries



Statistical mechanics aspects of the SSG model
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SSG model with Dirichlet boundaries

2
&m—/ m/m{(mm+ wwwzcmmww+wf#wm>
50(07 t) = ¥Y- <,0(L, t) = ¥+ 1/’(07 t) - w(or t) =0 ¢(L7 t) - w(L7 t) =0

I light-cone regularization (H = 7Z[In T + In T1])

eigenenergy

E(L) = % [% In Tz(x)‘X:M,.% - % In T2(x) x:/\f"%:|
transfer matrix Yang-Baxter equations
To(x) = troﬁszlRéf’z)(X — (-1YA) R(thz (x )lellzz)( + y)R(ez,fa)(y)
R vie v Vi v, = REZD()RE (x + )RED ()

V; = ChHFL s irred. spin-£;/2 repr. @ integrability

@ commuting transfer matrix
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Statistical mechanics aspects of the SSG model
0®00000

diagonalization of the transfer matrix
= Bethe ansatz equations (BAEs)
@(0; +im)  B)(6)) sinh(20; — im) Q(6; + i)

¢(6; —im)  BH)(6;) sinh(26; + im) Q(6; — i)
#(0) = sinhV (9 — ©) sinhV (6 + ©)

B)(0) = sinh(0 + =) sinh(0 + TH=)

Q(60) =TT}, sinh(6 — 6;) sinh(6 + 6;) (6, : Bethe roots)

parameter relations

X A vy(H+ + 1)
0=— 0=— B=2ym—=2v ot =F o —
Y 8l 2T =2y

@ Solutions of BAEs are called roots.
@ each configuration of roots = each state

@ other important objects:
h; € R; T2(hj) =0 (j =1,..., Ny): holes in the distribution of 2-string roots
WY e R; Ty(hY) =0 (j=1,..., N1): type-1 holes in the distribution of real
roots
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Statistical mechanics aspects of the SSG model
00®0000

classification of Bethe roots

(effective roots @ =0; — % sign(Imé;))

Im

T(m=y)/2y
effective vide roots

T
effective glose roots

Re
effective dlose roots

=T
effective vide roots

—n(n—y)/2y

counting equations
Ny —2Ns = Mc +2Myy +25 + | =32 + % — | & 4 10
+ 3 {sign(1 — Hy) + sign(1 — H_) + sign(1 + Hy) + sign(1 + H_)}

Ny —2NE = S — Mg + Mcsy + My + [—2 + 3] + 3{sign(H+) + sign(H-)}

difficult to solve BAEs = nonlinear integral equations
[Kliimper-Batchelor-Pearce 91, Destri-DeVega 95, Suzuki 99]
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Statistical mechanics aspects of the SSG model
0008000

distribution of effective roots/holes (A=~ =0, N =M = 8)

zeros of B(0)

m: n
. . s 2 e @ . . L L . . .
E . . . . ° E .
10 03 05 o Res Yo 5 0§ k) Re
o - - . . . ° E - .
. o s 2f e @ - - e oozt o0 .
zeros of Y(6 — T)
m: n
. i . . e e eif e @ .
DI E S
10 &
05 05
-0 -0 05 Lo Res -10 05 05 10 Re
05 a3
1o Y
. e et e @ . . e eesk o0 @ .
(Hy, H_) = (1.5,2.2) (Hy,H_) = (1.5, —0.5)
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Statistical mechanics aspects of the SSG model
000000

auxiliary functions
B(6) =1+ b(6) Y(6) =1+y(0)

Linb(6)) =2nl;  Liny(hD — iz) = 27/V

U1 ez+ 1)
nonlinear integral equations (NLIEs)
Inb(6) = (G * InB)(0) — (G2 % InB)(0) + (GL2 "+ InY)(6) + 2imoLsinh 0
+i Z ci{g) (0 — 0;) + g (0 + 0;)} + iDB(0) + inC,y

Iny(6) = (G[KTE] +InB)(6) + (G “ L nB) (o)

+1D7 (&) (0~ 0) + &) (0 +0)} + iDsp(0) + inCy
Jj

kernels

- [ s _EE
oo 27 2cosh % sinh(Z — 2) 5

2
oo dk . 1
GK(G):/ 5-¢€ ko Tk — mk
— o0 2'7 e2 +e 2
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Statistical mechanics aspects of the SSG model
0000000

particle source terms

o= +1 for holes
J —1 otherwise
gr(0) ;= g(0) + g(0 — imsign(Imd)) for wide roots
g(0 + ie) + (6 — ie) for specials
g(0) =
gk (0) for type-1 holes
g(0) otherwise

gf))(e) = lim gJ) )0+ T —ie)

(gx)u(0) =0 for wide roots
g(,) gx (0 + ie) + gk (0 — ie) for specials
gK(e) otherwise
0
g(0) = 2fy "d0G0)  x(0) =2 [ s
0
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Statistical mechanics aspects of the SSG model
000000e

boundary terms

Di(0) = F(0; Hy) + F(6; H-) + J(0)

: 0 oo _i sinh(Z —|HI) 5 x(1—|H
0 H) sign(H) [y d0" [Z2 %e ’k(’m [Imé| > (12\ D
F(0; H) =
' 0 gor [ dk g—iko ST —HE m(1—|H])
fo do —o0 2’Ye 2 cosh ”k smh( )""T |Im9‘ < 2
o cosh 7‘ smh(f — 2)7”‘
0= [l [ 5 :
cosh TX smh(7r 2)7%
Dip(6) = Fy (0 He) + Fy (0 HO) + lim 28k (6 + 5 — i)
£ 1) = {° |Img| > 1A
y\Y - Bk (9 m(1— H)) (9+ lTr(l H)) |IH’19‘ < ﬂ(l;\HD
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Statistical mechanics aspects of the SSG model
[ 1]

IR limit

the large volume limit mpL — co = InB=InB =0

NLIEs [Z+¢]
Inb(8) = (G~ *InY)(6) + 2impLsinh 6

+iY ci{e (0 — 6)) + g(y(0 + 6;)} + iDs(6) + inCs
J

. ~(1 ~(1 . .
Iny(0) =i > G{&[) (0 — 0;) + ) (0 +0))} + iDsg(6) + i€y
J
@ quantization condition for two-particle state
= scattering amplitude [Hegedus-Ravanini-Suzuki 08] (for periodic case)
@ quantization condition for one-particle state

= reflection amplitude [Ahn-Nepomechie-Suzuki 07] (partially)
e?mobsinh i R(py i H)R(hi; H-) =1 R = Rsg ® Rrsos

o
o2imoLsinh hy+ig(2h1)+Dg (h)+(GL2 ~ aln V) (hy)+inCy _ 1

relations between QFT and NLIEs
Rsg(h1; Hy)Rsg(hy; H—) = '8(m)+iDa(h)

5+l .
Rrsos (hi; Hy)Rrsos (h1i H-) = —e(®x In¥)(hy)+im Cp
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Statistical mechanics aspects of the SSG model
oe

boundary-dependence of reflection amplitudes
@ Hy: Hy >1 focus on the (—)-boundary
@ H_: g > H_ > —% periodicity of NLIEs

Rsc(0) Rrsos(9)
M H->1 RE(0) Rus (0)
() 1>H->0  RE(O)esl o) a(04iv0)  Rys(9)eiv(? o) io(0+ivo)
(i) 0> H_ > -1 RE(9) Rr(0)
(iv) —1>H_ > -2 Ri(f)e ’g“’ o) +ig0+ivo)  Rp(0)elw(Oivo)tio(0+ivo)
(v) —2> H_ RZ(9) Rus (6)
6 hl‘V,hz
@ =iy = % boundary - \ . : \\ .
bound state r =T N\ ]
N \
@ two-string state = excitation of \_‘ iy
boundary-trapped particle ‘ ; C
@ mapping onto a spin chain ol i--.-
= Hg = h1 S+ hQ(SZ)2 i ’j,lS
"

-8 -5 -4 -2 0 2

boundary energy
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Statistical mechanics aspects of the SSG model
€000

UV limit

{0, = {67,0%
(] 6’]'-*' = éj —In(mgL): go to infinity
] 9]9: remain finite

@ 7(8) :=f(6 — In(moL))

plateau equations (NLIEs in the UV lim.)
Inb*(8) = (G * InB*)(0) — (G2 x InBH)(9) + (Gk 27T wnY*)() + ie?
+ I.Z ng(j)(é — éj) + iﬂ&b
J
Iny*+(9) = (G& 7

«InBY)(@) + (G 2 T BY0) +iY el (0 - §) + inC,
j
éb, 6}’ c {0, 1}
simplified counting equations
Ny — 2Ng = 25 + Mc + 2Myy
Ny —2NE =35 — Mg+ Mcsy + My + 6
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Statistical mechanics aspects of the SSG model
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algebraic relations
To(0 — F)Tu(0 + F) = £(0) + To(6) T2(9)
y(0) = To(6) T2(6)/f(0)

energy formula

iTd d
EL:——ITQ’ ,——IT@’ _
=z {d& "1, o, ~ g™ T )9:97%]
E(O) ~ ECasirnir(O) + Eexcitation(o)

1 o s s
Ecasimir(0) = 5 Im df e’ InB* ()

—oo
+ Mt
1E 5 1S .
Eexctitation(o) = i Z el — Z Z e
j=1 j=1

dilogarithm function

1 [~ 1 1
Li(x) = 7/ dy{f In(1+y)— Iny}
2 Jo y 1+y
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Statistical mechanics aspects of the SSG model
fole] Y]

E(0) ~ ?1L{L+(b+(oo)) = Li(b¥(=00)) + Ly (b7 (00)) — Ly (b* (—00))
+ Le(y"(00)) = Li(y" (—00))}

* QiL [{eé +> g0 —0) + &}(InBY —In E‘;*)ro

j — 00
[ chg )+ Cy}InY+] .

s
L Uy = 2y = e = g, = )

T 4 N
- Z{Cb(N; - 2N;r - MZ‘r - 2M;rv - 2M;rc) + CleJr}

asymptotic values
b (c0) = bt (c0) =0 y(o0) = (—1)%
b+(foo) = e3ip+2C°5(P+) B+(*OO) = e_aip+2cos(p+) y4(—o0) = M
sin(p+.)

pr = —(m = 37)(25°%) + (m — 29)(N} + Dp(c0) + Cp)
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Statistical mechanics aspects of the SSG model
oooe

conformal dimensions

E(0) ~ —— (5 - 24A0>

24 \ 2
1/t —p- n\? 3§
No== (= 4y mR+ = e
0 2( o/ +m +R +16

m= %{sign(l — Hy) +sign(1 — H_) +sign(1 4+ H; ) +sign(1+ H_)} — §
n= sign(1 — |Hs|) + sign(1 — |H-|) + 1 +3% + M + G} = 0

H+

@ 0, =0 = NS sector

@ 5, =1 = R sector NS NS

|
g

|

=

|

parity condition e

(6 —25)moa2 =0 5,57 cz o

|
|
|
I

N

@ light-cone regularization
= different sectors depending on
boundary parameters NS

NS

q
SN S S —
T

)
I
|
|
e
I
It
|
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Statistical mechanics aspects of the SSG model
°

Summary 2

@ Known result: light-cone regularization only realizes the NS sector of SSG
model [Hegedus-Ravanini-Suzuki 08]

@ Our result: the R sector is also obtained from light-cone regularization.

@ We compared the reflection amplitudes and conformal dimensions derived both
from the NLIEs and the perturbation of CFT.

@ The physical interpretation was given in the relation with the corresponding spin
chain.

@ The phase diagram of the SSG sector was obtained for boundary parameters.
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Summary 2

@ Known result: light-cone regularization only realizes the NS sector of SSG
model [Hegedus-Ravanini-Suzuki 08]

@ Our result: the R sector is also obtained from light-cone regularization.

@ We compared the reflection amplitudes and conformal dimensions derived both
from the NLIEs and the perturbation of CFT.

@ The physical interpretation was given in the relation with the corresponding spin
chain.

@ The phase diagram of the SSG sector was obtained for boundary parameters.

Thank you for listening!
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