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D.I. Diakonov and superconductivity
(e ——

G.W. Carter and D. Diakonov, “Light Quarks in the Instanton Vacuum at
Finite Baryon Deunsity”, Phys.Rev. D 60, 016004 (1999).

Gregory W. Carter and Dmitri Diakonov, “Chiral Symmetry Breaking and
Color Superconductivity in the Instanton Picture”, arXiv:hep-ph/9905465.

G.W. Carter and D. Diakonov, “The Nonperturbative Color Meissner
Effect in a Two-Flavor Color Superconductor”, Nucl. Phys. B 582, 571
(2000).

Color superconductivity in QCD breaks the SU(3) color gauge group down to SU(2),
inducing masses in five of the eight gluons. This is a dynamical Higgs effect, in which the
diquark condensate acts as the vacuum expectation value of a composite scalar field. In
order to analyze this effect at low quark density, when gaps are large and generated
nonperturbatively, we use instanton-induced quark interactions augmented with
gauge-invariant interactions between quarks and perturbative gluons.
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Motivation / Superconductor-Insulator transition
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recent review: Gantmakher & Dolgopolov (2010)
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Motivation / Experiments

(e ——
@ Superconductor-insulator transition in homogeneously disordered materials
amorphous Mo-Ge films (thickness b = 15 — 1000 A) Graybeal, Beasley (1984)

Bi and Pb layers on amorphous Ge (b =4 — 75 A) strongin, Thompson,

Kammerer, Crow (1971); Haviland, Liu, Goldman (1989)
ultrathin Be films (b =4 — 15 A) Biclejec, Ruan, Wu (2001)

amorphous thick In-O films (b = 100 — 2000 A) shahar, Ovadyahu (1992);
Gantmakher (1998); Gantmakher, Golubkov, Dolgopolov, Tsydynzhapov, Shashkin (1998),(2000);
Sambandamurthy, Engel, Johansson, Shahar (2004); Sacépé, Dubouchet, Chapelier, Sanquer, Ovadia,

Shahar, Feigel’man, Toffe (2011)
thln TIN ﬁlms Baturina, Mironov, Vinokur, Baklanov, Strunk (2007)

LaA103/SrT103 interface caviglia, Gariglio, Reyren, Jaccard, Schneider, Gabay, Thiel,

Hammerl, Mannhart, Triscone (2008);
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Motivation / Experiments on LaAlO3/SrTiO3 interface

Phase diagram of the LaAlO3/SrTiO3 interface cavigia et al. (200s)
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Motivation / Theory: Anderson theorem
. ]

Abrikosov & Gor’kov (1959); Anderson (1959)

Anderson Theorem:

@ nonmagnetic impurities do not affect s-wave superconductors

@ Cooper-instability is the same for diffusive electrons:

k+q p+q

fl = +

()

&1

’

o)
-k -p

@ mean free path does not enter expression for T,

BCS
Tc

~ wp exp(—2/Xe—ph)
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Anderson transition
(e

delocalized

W

quasi-1D, 2D: metallic — localized crossover with increasing L

d > 2: metal-insulator transition

W localized
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Motivation / Anderson 59 vs Anderson 58

Anderson Theorem vs Anderson Localization?
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Motivation / Theory: superconductivity vs localization

@ BCS model in the basis of exact electron states ¢ for given disorder
(no Coulomb repulsion):

Bulaevskii, Sadovskii '84; Ma, Lee '85; Kapitulnik, Kotliar '85

superconductivity survives as long as

TEOS 2 6 oc £

& — localization length, d — dimensionality
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Motivation / Theory: enhancement of T, — attraction only

@ Superconductivity at 3D Anderson metal-insulator transition
(no Coulomb repulsion)

o Enhancement of T, as compared to BCS result T2 o exp(—2/)

T, o A%/122]

Feigelman, Ioffe, Kravtsov, Yuzbashyan (2007); Feigelman, Ioffe, Kravtsov, Cuevas (2010)

where As < 0 — multifractal exponent for inverse participation ratio
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Motivation / Theory: enhancement of T, — attraction only

@ Multifractality near Anderson transition (no e-e interactions)

Wegner (1980); Kravtsov, Lerner (1985); Pruisken(1985); Castellani, Peliti (1986); Wegner (1987)

([ ariodmpe) ~ o

perfect metal: 7, = d(q — 1)

criticality: 74 = d(q — 1) + Aq with A, being non-trivial function of ¢

perfect Anderson insulator 7, = 0
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Multifractality

. |
Wegner (1980)
@ critical wave function:

Igor Gornyi (INT KIT)

Evers, Mildenberger, Mirlin
@ enhanced correlations in matrix elements ~ % of Cooper attraction
o stronger attraction = enhancement of T

Feigelman, Ioffe, Kravtsov, Yuzbashyan (2007)
= =




Motivation / Theory: Coulomb interaction?

@ Suppression of T, in a film as compared with BCS result

3T, 1
TBGS — thD< TCBCS7-> <4

Ovchinnikov (1973) (wrong sign); Maekawa, Fukuyama (1982); Takagi, Kuroda (1982); Finkelstein (1987)

Film thickness b: b<1 J

~
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Motivation / Theory: suppression of T

@ Disorder, Coulomb (long-ranged) repulsion,
(short-ranged) attraction in the Cooper channel

-p+q,Ept0,>0 -p+q, Ept+®,>0

™~

A% e

P, €p<0 P, €n<0

-p+q,€pt0,>0

P, €n<0

-p+q, Ent W, >0 -p+q, €t 0, >0

P, En<0 P, €n<0

Diagrams for the renormalization of attraction in the Cooper channel
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Motivation / Theory: suppression of T. due to Coulomb repulsion

@ RG theory for disorder and interactions
Finkelstein (1983,1987); Castellani, Di Castro, Lee, Ma (1984)
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Experiments on Mo-Ge films, Graybeal & Beasley (1984)

@ 2D: T, vanishes at the critical resistance

1 —2
R ~ <1n 7TCBCST>

Finkelstein (1987)

Igor Gornyi (INT KIT)

15 / 36



Motivation / Questions to answer
. ]

Can suppression of T due to Coulomb repulsion and enhancement of T,
due to multifractality be described in a unified way?

Does weak multifractality enhance T, in 2D systems ?

Does the enhancement of 7', hold if one takes into account short-ranged
repulsion in particle-hole channels ?

yi (INT KIT) 16 / 36



The prOblem / Microscopic Hamiltonian Al = H() + ]-—[dis -+ ]_[int
. ]

@ Free electrons: 2
Hy = /ddﬂﬁa(r) [_%] Yo(r)

where o = +1 is spin projection
@ Scattering off random potential :

Hs = / A7 by (7) V()b (7)

Gaussian white-noise distribution:

(VD) =0, (V(r)V(r)) = 5= —b(r1 = 12)

vo — thermodynamic density of states
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The prOblem / Microscopic Hamiltonian Al = H() + ]——[dis -+ ]_[int
. ]

o Electron-electron interaction:

Hui =5 [ d'rsd'ra da(ra)ba(rs) Ulrs = r2) Go (2} (r2)

» short-ranged repulsion with BCS-type attraction (A > 0)

e A

UR) = wora e ~ 5,

I(R), a > 2d, up > 0

» Coulomb (long-ranged) repulsion with BCS-type attraction (A > 0)

UR) = & — X5r)

eR 140}
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The prOblem / Interaction Hamiltonian at small momentum transfer

o Particle-hole channel:

d 3
HE" = i/ dquFa(q)m“(q)m”(—q)

where m®(q) =

@ Particle-particle channel:

d
Hi = -3 / /d B1 0 s o (k) (— k1 + Qo (B2 + @) (—

ql<1

Igor Gornyi (INT KIT)
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Field theory for Anderson localization: Non-linear sigma-model
(e ——

nz

sigl =" / drTr [CD(VQP —2iAQ), Q) =1

Wegner (1979)

supersymmetry:  efetov (1982)
sigma-model manifold M = {Mpx Mp }
“dressed” by anticommuting variables

M p — non-compact, Mp — compact

with electron-electron interaction: fermionic replicas or Keldysh

Finkelstein (1983), Kamenev, Andreev (1999)
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Field theory: interacting non-linear sigma-model
(e ——

Finkelstein (1983)

S = So+8 4884 gl
Sy = —%/dTTI‘(VQ)Z —|—47TTz/drTrr](Q—A),
(s) __ T « a

Sint - _TFQ QZT:L p§3/ drTr [In tp() Q] Tr [I*ntpo Q} ’

T 3
S0 o= -GS Y Y [ hi a1,

a,n p=0,3 j=1

c 7TT @ @
0 = TE S (0 [Tl eQit e
a,n p=0,3
AP = sgnndnmd®Ptoo, nah = n0mmd*Ptoo,  (I))%h = Sn—m k0P 5% to

Q*=1, TrQ =0, QT =cTqQTc, C = itia, cT=-cC

n, m — Matsubara, o, 8 — replicas, p — particle-hole, j — spin; t,; =7, ® s;
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The prOblem / Interaction parameters at ¢ — 0
. ]

On short scales s+, = I's 1, /2 are related to microscopic parameters:
@ Particle-hole channel

F, Fy
1+ F,’ R 1+ F,

Ys = —

@ Cooper channel (provided wpr > 1)

.1
1-F.Inwpr InTBOST

Ye =

Coulomb repulsion: vs = —1 J
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2D electrons (Orth. Symmetry ClaSS) / RG equations from o-model
. ]

Z_; = ¢2 [1 +f(7s) +3f(ve) = “/c}
‘Zj — _% [147s] [vs + 3ve + 27c]
% _ _%[1+%] [vs =7 — 27c(1 + 274)]
6?; _ _% (s = 371+ 7e(ys + 372)] — 272

Finkelstein (1983,1984); Castellani, Di Castro, Lee, Ma (1984)

Castellani, DiCastro, Forgacs, Sorella (1984); Ma, Fradkin (1986); Finkelstein (1987)

where Y = In L/l and f(z) =1 — (1+ 2 1) In(1 + x)

@ lowest order in disorder, t = 2/7g, g is conductivity in units e2/h
@ exact in v and

@ lowest order in 7,
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2D electrons (Orth. Symmetry ClaSS) / weak short-range interaction
. ]

dt )

@ t(l— b3 iio 2)

i [s + 37¢ + 2]/
a (% ff1 8 2\ [ 0
ol = —5 |l -l -2 Y |—1 0
Y\ ~. 1 -3 0 Ve 272

o Weak interaction, ||, |7v¢],|7e] < 1
@ Weak disorder, ¢t < 1.
o Initial values v5(0) = v50 < 0, 1:(0) = 10 > 0, 7.(0) = 70 <0, £(0) =t
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2D electrons (Orth. Symmetry ClaSS) / weak short-range interaction

. ]
@ Moderately strong disorder: |y.0| < tp < 1

dt ) d Vs 1 3 2 Vs
d_ — t s d— ’Yt = — 5 1 — 1 —2 ’Yt
y y '\/c 1 - 3 0 '\/c
Eigenvalues and eigenvectors
-1 1 1
A=2t : 1 ; N==f: 1 and —1
1 -1 2

¢

attraction to the (BCS) line —ys = v: = 7. = v

©

Anomalous dimensions of operators with two @’s in NLoM:
Ao =—-X+...and 2 = -\ +...

©

Az < 0 is due to multifractality of electron wave functions without interactions
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2D electrons (Orth. Symmetry ClaSS) / weak short-range interaction

Projected RG equations:

dt 2 dy 2
2y D oty —24/3
a ; i y — 27"/
t(0) =t,  7(0) =~ = (=750 + 370 + 27c0)/6, Io| < to < 1 ]

Two-step renormalization
1. t > v: neglect Cooper instability (v?);
enhancement of interaction matrix element due to weak multifractality
2. v > t: neglect disorder-induced term (#y) => conventional BCS,
but with the new “bare” coupling constant ¢ determined by disorder

— exponential enhancement of the mean-field T

26 / 36
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2D electrons (Orth. Symmetry ClaSS) / weak short-range interaction

o If ty < /|0| < 1, superconductor wins:

1

Iyl ~1,  t(w) ~ /ol <1, g~ .

superconductor transition temperature T, < e=2/% >> TBCS

Enhancement of T. due to weak multifractality!

o If \/|v| < tp < 1, insulator wins:

1
ty) ~ 1, ()l ~ ol/6 <1, g~ to

Igor Gornyi (INT KIT)
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2D electrons (Orth. Symmetry ClaSS) / weak short-range interaction

Sketch of phase diagram

Insulator

1
] ] -

0 1Yol Jol 1 b
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Superconductor-Insulator Transition (SIT)
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2D electrons (Orth. Symmetry ClaSS) / weak short-range interaction

@ Resistivity ¢ near SIT and dependence of T, on f

1
10
8 ;
S5 5
= |8
= -
I 0
-
0 Superconductor |
~05! 0 0.05 0.1
to
Superconductor
Insulator
H
1
l' [}
I
0 r !
0 10 20
In T/T2CS
vs0 = —0.005, v:0 = 0.005, 7.0 = —0.04,

to = 0.065,0.075,0.085,0.095, 0.10,0.105,0.11, 0.12 (from bottom to top)
29 / 36




2D electrons (orth. symmetry class) / summary
. ]

o Non-monotonous dependence of 7. on disorder (bare conductance gy)

@ Exponentially strong enhancement of superconductivity by multifractality
in the intermediate disorder range, |yo|™"/? < g0 < |y0| ™"

Te ~exp{—1/|ycol} (BCS), 9 2, |’YO|_1
T, ~exp{—2g0} , 170l ™2 < g0 S ol ™
insulator, 90 < |yl 72
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2D electrons: BKT transition
(e

o SC transition in 2D is of Berezinskii-Kosterlitz-Thouless type

@ Mean-field T, differs only slightly from T2XT for weak disorder

Beasley, Mooij, Orlando ’79, Halperin, Nelson 79

o Future work: effect of multifractality on BKT transition
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Remark:/ short-range interaction in 2D

@ Coulomb (rather than short-range) interaction in typical experiments on
SIT in 2D

o LaAlO3/SrTiO3 interface: dielectric constant € ~ 108 = x>

@ Our results for T, in 2D are valid for Coulomb interaction (with sl < 1),
provided
In1/(s¢l) > ming 7.0l ", 157}

@ Screening of Coulomb interaction — high- T, superconductivity?
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Role of perpendicular magnetic field HL in 2D for "760| < t() < \/ |7(;0‘

Sketch of magnetoresistance
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3D electrons near Anderson tranSition/ weak short-range interaction

RG equations near free electron fixed point t = t,, v =0

dt 1

d—y—;(t—tc)er, — =-Ayy— 4y, A~1

£(0) = to and 7(0) = 70 < 0 at the UV energy scale Ey ~ 1/(vol%)

o Correlation length:
§= |t0 - tc‘ -
t=t—nuy/(|Az2lv — 1) and % = #(0)
o 3D Anderson transition (orth. symmetry class):

v=1.574+0.02 and Ay = —1.7£0.05
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3D electrons near Anderson tranSition/ Short-ranged weak interaction

Schematic phase diagram in the interaction—disorder plane and T

Superconductor

Insulator

[7ol

£%sgn(to-t,)

d
L T, = Bylyol#/18%  TL: T, = &4 Byexp (‘W) Ml Te = T2

7, for region I agrees with Feigelman, Ioffe, Kravtsov, Yuzbashyan (2007)

Igor Gornyi (INT KIT)
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Conclusions
(e

©

Strong enhancement of T. for 2D electrons (short-range interactions)

©

Strong enhancement of T, near (free electron) 3D Anderson transition
(short-range interactions)

@ In both cases enhancement of superconductivity is due to multifractality

No Coulomb interaction: Anderson localization facilitates
superconductivity = high- 7. superconductivity?

¢

Anderson ’59 vs Anderson ’58: Anderson wins!

©
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