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Introduction

AdS/CFT correspondence

(type IIB super) string
theory in AdSxS

(N=4 SYM)

is dualto a 4 dimensional conformal field theory .='

Local operators < String states



Introduction

AdS/CFT correspondence

--{:

String tension T = 't Hooft coupling A = g}Q/MN

VA
27
A

String coupling gs = Number of colors N

47 N

We will mainly focus onN — oo limit
l.e. planar limit in YM, and free strings



Introduction

Classical integrability

4 5 5 The scalar fields are constrained
S= [drdo Y ((0:X)? = (0 X)?) 52 — q
a

a=1

Motion of the string: 8M8N’Xa —|— (8,,Xb8”Xb)Xa =0




Introduction

Classical integrability

Jaby = 2Xau Xy — 2X30uXa

_Jut 2z euwi” —

Q(z,7) = Pexp As(z,7,0)do
v(7)

T on equations of motion

v(1)

Bena, Polchinski, Roiban;

Kazakov, Marshakov, Minahan, Zarembo;

Eigenvalues = integrals of motion

Qx) = (A1(x). A2(2), Az(x), Ag(2)|p1(x), polx). p3(x). palx))
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Classical intgrability

According to Beisert, Kazakov, Sakai and Zaremb® can map a classical string motion
to an 8-sheet Riemann surface

Qx) = (A(x). Aa(2), Az(@), Ag ()1 (2). polx). p3(x). pa(x))
p;
; ==
E.l*./

+ T . ]

/

47
]{Zij p;i(2)dz = ﬁNz’j
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S-matrix factorization

e / —zcn\V (i \.

pl p2 pl p2 p3
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Asymptotic spectrum

e For spectral density we need finite volume

—— 9 0 — o ]

W(r1+L, 2s,...) =ePS(p1,po) ... S(p1. pn) Wz 20, ...)

 From periodicity of the wave function

| M
e = 1T S(pi,p))

j=1 SU(2|2) invariant tensor with 4 fundamental indexes

Sgg(u, V) atd> o
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Asymptotic spectrum
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Derivation of Y-system

Zamolodchikov’s trick

...,Matsubara, Zamolodchikov,...

Z(t,0) = Z(0,7)

v v
S e PRy o En(R)L
v
o~ Lo(L)R

l.e. from the asymptotical spectrum (infinite R) we can
compute the Ground state energy for ANY finite volume!

—En(R)L

, log > e
Eoll) = — lim, R



Introduction

Some 2D Integrable models

Maxwell-like distributions

0.1
0.01
0.001 ¢
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Some 2D Integrable models

(+)
+ log(—1) Bombardelli, Fioravanti, Tateo
N.G., Kazakov, Vieira
Arutynov, Frolov

logYeg = +K,,_1*log

1+1/Ys (01) R
— " 4+ R log(1 + Y, 1 .
1 _1_'}/5”4 + lﬂl * Dg( + .]'."l) + Og R[\_}

. 1+1 Yom ‘01 B(+)
logYe = —-K,,_ *logT;;gm —B}m} xlog(1+Ye, )— ngF —log(-1)
log¥n = —Kp1met*log(14Yn )— Kyt +log 18 (R'i”” + B ) tlog(1+ Ye, )
n 3 = m = 1 + ]-,/‘YEB I n—2,m = m

n—1 n—3
[ = RP(u+ik) = B (u + ik)
> > !

+ log——— =+ 08 =, 1\
= R(-) ik (—) 15
I_k=— o R (u + ik) s B (u+ k)
. . 1+Y,
logYo, = Kp 1m1xlog(1+1/Ys, )+ K, 1xlog ﬁ
n—1
b (11) | p(11) I -
logYe, = Llog— + (zsm _RUY 4 gl ) slog(l+Ye, )+ | Y i®(u+ik)

— n—1
k= 2

+ 2(RUY #log(1+ Ye) — BLY #log(1+1/Ye) + (RUS + B ) #log(1+ V)



Numerical solution of Y-system

Simplest (Konishi) operator

= tr(ZZWW) —tr(ZWZW)

N.G., Kazakov, Vieira ‘09

Numerics
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Numerical solution of Y-system

Simplest (Konishi) operator

N.G., Kazakov, Vieira ‘09

Numerics

10 J
8F J
i |

6 J

i _;'“ Gromov, Serban, Shenderovich, Volin"11; N.G., Valatka'11

by Roiban, Tseytlin'11,;
4l M Vallilo, Mazzucato'11 ]
Gubser, Klebanov, Polyakov "98 Strmg theory
0 100 200 300 400 500 600 700
A

Agrees with weak coupling gauge theory up to 5 loop!
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Some 2D Integrable models

(+)
+ log(—1) Bombardelli, Fioravanti, Tateo
N.G., Kazakov, Vieira
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Example: Wilson line with cusp




N A
R R*
A Y >

P et ——— T—¢

e N ) SS >
r
Y M cusp
" -~ (42)

Conformal invariance = V' = I'¢ysp
W = Tr Pexp / dt [id - iy + B i iy |

m Cusp angle ¢
m Angle 6 between the couplings to scalars on two rays
m R-charge L of a local operator inserted at the cusp

m 't Hooft coupling A

For 682 — 2 = 0 this observable is protected

17



Cusp anomalous dimension is related to a variety of physical
quantities, as

m |R divergences of scattering amplitudes, ¢ is a boost angle
for massive particles and i¢) — oo for massless.

m Bremsstrahlung function — radiation of a moving particle
(¢ —0)
m The quark-antiquark potential in the flat space (¢ — 7)
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Cusp anomalous dimension for arbitrary L, finite § =~ ¢ and any

value of 't Hooft coupling

(D — 0 det MQL+1
['7(N\) = Op log
(M) 4 0708 det Moy 1
IR
I3 Iy I3 n 1w
My = . E 5 '
\Iﬁr—{—l IA-'T 1 2 1 1 )




Using

1 o -
IE = j{ ‘ rl sinh(27g (z +1/x)) o290(z—1/x)

2mi | ant

for every element of

(If 8 - N \
oo I§ N Ig N
My = : :
I%_, I
\Im i 0o
we obtain

N+1 A2(r)

det My = jg H 2ﬂzr\+2 N 1) sinh [2?Tg (él%' +—




In the case of L ~ g — oo limit of det Moy 1 the
saddle-point equation is

2 | 9 2L41

Introduce the quantum quasimomentum p(x)

»?+1 L x oL 2?2 ol

r) = —0 — — — ‘ G5 (x),
p(z) 0:{?2—1 T gx?—1 g x2—1 (@),
where
2L+1
1 1
Gi(z) = — .
L) 2L Azzl T — xy

The saddle-point equation then is

% (p(x; + i€) + p(a; — i€)) = wsgn(Re(x;)).

As L — oo, the roots aggregate into two cuts and p(x) becomes a
classical algebraic curve with two cuts.



Roots of the Baxter polynomial The algebraic curve

- / . L~vVA>1
\ j Classical limit

p(x) =7 — 4iE(a®sin®(¢))Fy + 4iK(a?sin?(¢)) Fa

4 lo—io 9 o0 .

[Valatka&Sizov, to appear]
where

_ 1 —i¢ 2igp
L r— =€ 2re :
Fi{ =F [ sin 1\0,( o rei ) (62i¢_1) agsmg(ﬁb) )




Slope function




tr D° 77

At weak coupling (one-loop) the anomalous dimension for any integer S is given by

N S . _
Up — 1/2 Up — U; + 1 o 1
/ :_‘l - - r};:zgz 2 1/,
u + /2 Up — Uj — 1 up +1/4

j_
For J=2 one can solve it explicitly:
S
QS(?,L) = H(u — uj)
J
4 ’ 192 )

AN A2 = (2
l1—loop 1.2 1—loop —1—19‘ 1—loop ‘)Og
12 =
Vs—2 =129 5 Vs—a = 5 5 Ts=6 — 4 >

' )
Easy to guess the general form:
1—loop

2
Vs = 89°Hg
Has a simple pole at S=-1 as predicted by BFKL



For us important question is what is the analytical continuation of Q

Qs(u) =3F5|—S,S+1,1/2 —du;1,1;1]

Good to positive integer S, but is obviously symmetric S -> -1-S. So cannot give
a singularity at S=-1

e%fa(S + 1) 1/ cosh(mu) L (1 o L (1 o
Qu) = 251 1) sin(rS/2) (Qg(u,} sin (‘)ﬂ'(S — 22.'11,)) + Qs(u)sin (9?1'(8 + 2au.))>

— —

The correct combination has an asymptotic
sinh(27u)
uS+1

u” + A(S)







