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Abstract

The discovery of the multi-rogue waves (MRW) solutions for the focusing NLS equation made in
2010 by Philippe Dubard and myself: Eur.Phys. J,Special topics 185,247-258, 2010),- drastically
improved the vision of the links of the rogue waves and the theory of integrable systems. The MRW
solutions might be described by means of Wronskian determinant representation of a very simple
structure . This structure allows to relate them with multi-rogue waves solutions of the KP-I equation
via remarkable relation which we call NLS-KP-| correspondence. For the NLS case these solutions
generalize both the famous Peregrine breather or P; breather, as we call it here ,- and its higher
order versions Pp, breathers or equivalently rank n Peregrine breathers. After our works of
2010-2011 it becomes clear that, starting from the rank 2,- P, breathers are not isolated and
represent the particular reduction of the MRW solutions corresponding to specific choice of the
parameters.

Here we provide the formulas which (at least for small ranks) allows to understand how much things
we can learn about the NLS MRW solutions,- looking at NLS-KP correspondence. It also gives us
an idea about the difference between multiple rogue waves in 1 + 1 and 2 + 1 models. We also
describe various kinds of large parametric limits of the NLS MRW solutions.

The reported results are available at the website

http://www.kurims.kyoto-u.ac.jp/preprint/, Preprint RIMS1777 , p.1-39 , March 2013,

(Submitted to Nonlinearity).

Additional movies describing various kinds of evolutions of the multiple rogue waves for the KP-I
equation making a part of this work can be seen at
http://www.kurims.kyoto-u.ac.jp/~kirillov/MATVEEV

These movies also describe an infinite families of plots of the squared magnitude of the NLS
equation.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Focusing NLS equation reads

ivi+2lvPv 4+ vix =0, x,teR.
Multi rogue waves solutions of the NLS equation are quasi
rational solutions:

_ _2iB%t _ N(x, 1)
v=_¢e R(th)7 R(Xat)_ D(X’t)v
Here N(x, t), D(x, t) are polynomials of x and ¢, and
deg N(x,t) =deg R(x,t) = n(n+ 1),

V3 = B%, x4+ -

> 0,

The rational function R(x, t) satisfies the 1D Gross-Pitaevskii
equation:

iR+ 2R(|RI?— B?) + R =0, |R|=]|v|.
Therefore the rational solutions to the Gross-Pitaevskii equation
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

n 2mi+1 .
L 2 w1 + 1 2 L I
Gon(k) ._E<k L _1B>, w 1= exp <2n+1).

Numbers m; are some positive integers satisfying the condition
0<m<2n-1, m#2n—m;1<1j<n.

In particular, it is possible to set m; = j — 1.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

2n
o(k) =Y @i(ik), ¢ €R,
=1

_exp(kx + ikt + ®(k)) kK8
f(k7X7 t) = q2n(k) ) Dk = K2 T B2 ok’

fi(x,t) == D f(k,x, 1) ks ,

forj(X, 1) = DIk X, ) ke, f=1...,1.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Consider two Wronskians:

Wi := W(fy,..., Ty =detA, Aj:=0'f,

Wo := W(fy, ..., bn, ).
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Multi-rogue solutions to the focusing NLS equation |

The function v(x, t) defined by the formula

o W,
V(X, t) = —Qpn(0)B' —2"e2’52’W2 k=0 » (1)
1

represents a family of nonsingular (quasi)-rational solutions to
the focusing NLS equation depending on 2n independent real

parameters ;.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

We choose m; = j — 1 and we limit ourselves to the case B = 1.
The whole set of solutions with any B can be obtained by
applying the scaling transformation, phase transformation, and
Galilean transformation

v(x,t) — Bv(Bx, B?t), v(x,t) = v(x,t)e”,

v(x,t) — v(x — Vt, t)exp (iVx/2 — iV?t/4),

preserving the NLS equation.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

By definition we identify the P, breather with the plane wave

solution i.e.
Py:= e’ ==¢T/2 T .= 4t.

Taking 1 = w2 = 0, we get the genuine Peregrin breather
(H.Peregrin 1983), or as we call it here P;-breather: It takes
especially simple forme form if one use variables

X =2x,T =4t

401 +iT :
P1 (X, t) = <1 — )(2(_|_7_2_'_)1> eIT/Z.

The plot of the P; breather is presented at the next slide.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Figure: n=1 solution for o1 = 0 and ¢, = 0.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

For n = 2 the higher analog of Peregrine breather (which we
call P, breather), found in 1995 by AEK reads:

P — o <1 G T +iH(X, T)) |

Q(X, T)

Q:=(T?+ X?+1)% +24(X? +4T% - X°T?) + 8,
G:=5T*+ X*+6X2T2 +6X%+18T%2 -3,
H:=T°+2T3 + TX* 15T +2T2 —6TX2

It is clear that its magnitude reaches absolute maximum value 5
at the point (0, 0).
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

From ¢; —«, 8 parametrization:n=2

Let

3 5
©1=3p3, 2 =204+ tgﬁ 10 — 2V/5,

o = 2(5+ v/5)sin(n/5) — 484,
B :=96¢3

. Therefore «, 5 are fixed by the choice of ¢3, p4 and the
condition « = 8 = 0 is equivalent to

1 .
w1 =p3=0,04 = Q(S + \/5) sin(7/5)

oy — %(7 + 2/5)sin(x /5)
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Vo(x, 1) = e (1 _10Ga(X, chj(; //;(;(x T)) |

Go(X,T) = G(X, T)+ 28X — 2 T,
Hy(X,T):=H(X, T) +aX?+28 X+ o1 - Tz),
Qu(X, T) =

QX, T)—28X3 —6aT3X?+68(T? +1)X

—2aT® —18a T + 82 + a2
This new parametrization is now free of irrational factors. When
a? + 3% = o0

vo(x, t, o, B) — €1/ ==

Va(x,t,0,0) = Pa(x, t).
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Figure: Amplitude of the solution to the NLS equation for n =2
with o = 1 and ¢ = o3 = @4 = 0 on the left,
and p4 =1 and ¢y = g2 = 3 = 0 on the right.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Plot of the Magnitude of P, breather.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

When the parameters «, 8 are small enough the related
deformation of the higher Peregrine breather keeps its extreme
rogue wave character i.e. the maximum of its magnitude is very
close to 5 and a plot of the solution is quite similar to what we
have when oo = 5 = 0.
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General multi-rogue wave solution for n=3

n =3 : «, f-parametrization.

aq :=48(p3 — 5ps), ap =480(p3 — 13¢s5),
By = 8(12( 4y — p4) + IMlw(1 + w)?))
Bo = 32(60(8yg — p4) + IM[@(1 — 20)?]).
wi=e "7,

The P5 breather is obtained by setting oy = 51 = ax = o = 0.
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General multi-rogue wave solution for n=3

¥1

P2
768(p3

1 920<p4
3840¢5
768095

33 — S¢s 7
sin( 7

2¢4 — 36 + 4(1—cos(xn /7))

26@1 — Q2

—4084 + B2 + 96(3sin(/7) + 8sin(2r/7) + 2sin(37/7))
10041 — Q2

—208; + B2 + 32(4sin(/7) + 14sin(27/7) + sin(37/7)),
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General multi-rogue wave solution for n=3

Ga(X, T) + iHs(X, T)\
va(X,t, a1, By, a2, B2) = <1 —24 3 Qs?()ﬂ TS)( )>e’7/2,

Ga(X,T) = X0 415T2 +1)x8 + 328 _, gn(T)X"
Hy(X,T) = TX0 4573 - 3T+ X8 + 3°8_ h(T)X"
(X, T) = (1+X2+T2)8 — 2004 X% — 60(2T% — 84T — 2)X® + 437 _, gn(T)X".
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General multi-rogue wave solution for n=3

96
95
94
93
92

91

9

50T — 6072 + 8084 T + 210

12001 T2 — 18ap + 300a

7078 — 150T* 4+ 20081 T3 4 45072 4 308, T — 450 + 15002 — 5042

400a1 T* + (30000r; — 60ap) T2 — 800cr; B4 T — 600c; — 60cp

45T8 1 42075 4 6750 7% — (600031 — 18082)T® — (30002 — 90052 + 13500) T2
+(360081 + 18082) T — 675 — 30002 — 30057

280c; T8 + (150cp — 2100a1) T4 + 800cv1 81 T° — (3600cr; — 540crp) T2
+(1208p0r¢ + 1200c1 By — 1209 81) T — 2000v1 82 — 900ay — 90axp — 20003
11770 4 49578 — 1203, T7 + 2190T® — (428, + 1200834)T°

+(35002 4 15082 — 7650)T* 4 (660081 — 4208,)T°

— (210082 + 2025 — 1208p81 — 120agaq + 900a2)T2 + (20002 84 + 20083 — 908,) T
+675 + 15002 + 6a3 + 15082 + 662.
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General multi-rogue wave solution for n=3

107% — 14073 + 408, T2 — 150T + 60831 — 58,

4001 T2 + (60cry — 18ap) T + 4001 B4

1077 — 210T° + 5081 T* — 4507 + 158, T2 — (5082 + 1350 — 150a2) T
+1508; — 153,

80y T° + (10001 — 20crp) T3 — 400y B1 T2 — (1800cry — 60cp) T
+200c1 B1 + 208001 — 20081

5T% — 60T’ 4+ 17107T° + (458, — 21008¢) T* + (30082 — 6300 — 100a?) T3
+(180081 — 9082) T2 + (4725 + 30002 + 30052)T — 1358, — 10083
—100a28; — 9008;

4001 T7 + (380cp — 1140ai1) T + 2001 B4 T* — (2400cr; — 60crp) T3
+(60B80r1 — 60crp By + 600cr1 B1) T2 — (900cry + 450cr + 2000 + 200cv1 52) T
+60cp 31 — 60831

T +25T% — 153, T8 — 87077 + (4081 — 782)T® + (70a2 — 9630 + 3032)T°
+(585081 — 7582)T* + (408281 + 40apary — 2475 — 900a? — 130082) T3
+(100a3 51 + 49585 + 10083) T2 + (63 + 4725 — 240ap vy — 2408234
+75082 + 662 + 750a5)T — 2003 By — 675831 — 4583, — 10038y — 10053
+40ap 0y By + 2082 By
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)
g5
Q4
a3

92

T

9

General multi-rogue wave solution for n=3

Bap — 30

—60T* + 4084 T3 + 12072 — (158, — 6084)T + 3582 + 1503 + 580

300y T* — (27ap — 90aq) T2 + 1201 B4 T — 27crp + 54004

3081 T° — 360T* + (158, + 60081) T + (3360 + 22502 — 7582)T2

+(1358, — 13508)T + 22582 — 30agay + 525a2 — 3082681 + 840

4001 T8 + (195001 — 15a) T* — 4001 B1 T + (90ap + 450001) T2

+(60Bacxy — 18000 B1 — 600ipB1) T — 4500 + 10003 + 1000 B2 — 1350,
6078 +3360T% — (162081 — 275,)T° + (22582 — 75a3 + 19560) T*

— (1620081 — 2708,) T + (45002 — 9120 + 405082) T2

+(67582 -+ 270081 — 30085 — 30003 81) T + 3036 + 903 — 180apay

+22542 + 22502 + 955 — 1808234

1501 T8 4 (15cp — 90cv1) T8 + 120cq 81 TS + (405cep — 5400cv) T#

+(30000r B4 — 60cp By + 60B8pcx1) T® + (14850rp — 300y B2 — 13500y — 300a3) T2
+(5408z0r1 — 540a281) T + 30003 — 120ay 8182 — 60apad + 135arp + 60ap B2
+300cy 82 + 2025011

30710 — 58, T° + 93078 — (24081 + 382)T” + (1562 + 3820 + 35a3)T®
+(171081 — 1538)T° + (308231 + 30agay — 97542 + 35940 — 75a2)T*
+(10083 + 100028y + 1358, — 234008;)T°

+(983 + 23286 + 903 — 36083281 — 360cpay + 472503 + 832563) T2
+(120ap0i1 B1 — 6003 By — 150003 31 + 60532 B — 742531 — 6758, — 150083)T
+506 + 982 + 10087 + 67502 + 100a} + 9a3 + 908281 + 200252

+67582 4 90apay.
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Large parametric behavior of rank 3 solutions

One of the advantage of «, 8 parametrization of the solution is
that we can analyze its limit behavior when one or several
parameters tend to infinity and x and t remain bounded.
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Large parametric behavior of rank 3 solutions

@ If ap and B, remain finite and o2 + 32 — oo, then,
va(x, t, a1, Br, oz, B2) — €21

@ If oy and B4 remain finite and a3 + 45 — oo, then,
Va(X, t, a9, By, az, B2) = Pi(x,t).
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Large parametric behavior of rank 3 solutions

at, B, ag, f2, — 0

and
r r
B ~ bay, az ~ cay, B2 ~ daj

then the limit of
va(x,t,aq, B1, a2, B2)

depends on r according to the following table.
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Large parametric behavior of rank 3 solutions

r limit
<2 et
> 2 P4 (X, t)

2 P1(X—X1,t—t1)

where x; and t; are defined by

10(1—b?)c+20bd
3(c?+d?)

10(1—b?)d—20bc
3(c2+d?)

X1 =

ho=
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Large parametric behavior of rank 3 solutions

So , v3 contains all solutions of ranks 0 and 1 as appropriately
chosen large parametric limits .

Vladimir B. Matveev Large parametric asymptotic of the multi-rogue wave solutions



Large parametric asymptotic of rank 4 solutions

Here we present without details the formulas providing the
6-parametric family of multi-rogue wave solutions similar to the
one of the previous section.
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Large parametric asymptotic of rank 4 solutions

Ga(2x, A1) + iHy(2x, 41)\ o
va(X, t, aq, By, ag, B, ag, B3) = <1 — a0 T T AR T G2l

Qu(2x, 4t)
Ga(X,T) = X 427(T2 + 1)X® — 240y X" + 14 go(T)X"
Hy(X,T) = TX 1 9(T3 — 3T + 81)X"® — 240y TX'S + 14 hn(T)X"
QX, T) = (1+X2+ T30 600y X" —180(2T2 — By T — 2)X"6 + 45715/ go(T)X".

Explicit formulas for the coefficients of polynomials G, H and Q
can be found in our preprint RIMS1977 mentioned in the

abstract.
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Large parametric asymptotic of rank 4 solutions

The related polynomials are of the degree 6 with respect to a4
and p4, of the degree 4 with respect to ay, 8> and quadratic with
respect to agz, #3. The P4-breather is obtained from it by setting
aj = B =0,V]. It is easy to see that |P4(0,0)| = 9. As above
we can investigate the limit of these solutions when one or
several parameters tend to infinity and x and t remain bounded.
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Large parametric asymptotic of rank 4 solutions

@ If ap, B2, az and B3 remain finite and a2 + 32 — oo, then
V4(Xa t7 a1a61aa27527a37ﬂ3) — P1 (X7 t) .

@ If oy, B1, g and B3 remain finite , and o + 55 — oo, then
V4(Xa t7 0[1,61,042,627013,ﬁ3) — e2’t .

@ If a1, B1, az and 3, remain finite and a2 + 32 — oo then
va(Xx, t,aq, B, az, B2, as, B3) = Vo(X, t, a1, B1).
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Large parametric asymptotic of rank 4 solutions

If g and B3 remain finite and
0417517042752 — 00,

and
B1 ~ bay, ap ~ caf, fo ~ daj

then the limit of uy(x, t, o1, B1, g, B2, a3, B3) depends on r
according to the following table

r limit
<3/2 Py (x, 1)
> 3/2 el
3/2 P1(X—X2,t—t2)
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Large parametric asymptotic of rank 4 solutions

3((1-3b2)(d2—c?)+2(b*—3)bcd)

X = 50(b2.+1)3
P 3((8—b?)b(d?—c?)+2(1-3b%)cd)
C 50(b%+1)3 :
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Large parametric asymptotic of rank 4 solutions

If ao and B, remain finite and
ay, By, as, 83 — 0o,

and
S S
B1 ~ bay, ag ~ eay, B3 ~ faj

then the limit of v4(x, t, a1, 81, az, B2, a3, B3) depends on s
according to the following table

S limit
<2 P; (X7 t)
> 2 g2t

2 P1(X—X3,t—t3)
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Large parametric asymptotic of rank 4 solutions

where x3 and t3 are defined by

(2bf+(1—b?)e)

X3 35(b211)2
- (2be—(1-b)N)
3 T T35(pPH1)?

Vladimir B. Matveev ic asymptotic of the multi-rogue wave soluti



Large parametric asymptotic of rank 4 solutions

If a4 and 4 remain finite and

ag, 2, a3, B3, — 00,
B2 ~ dag, ag ~ eay, Bp ~ fab,

then, the limit of v4(x, t, a1, B1, a2, B2, as, 53) depending on p is
described by the following table
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Large parametric asymptotic of rank 4 solutions

2 limit

<2 eZIt

> 2 Vo(x,t,aq,B1)

2 | vo(x,t, o4 — g, 1 — o)
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Large parametric asymptotic of rank 4 solutions

In the table above ag and j; are defined by

21(2df+(1—d?)e)

@o 10(172)
_ 21(2de—(1—-d?)f)
bo = To@rmy
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Large parametric asymptotic of rank 4 solutions

a1, B, az, B2, az, B3 — o0,

and
r r S S
B1 ~ bay, ap ~ caj, fo ~ day, ag ~ eay, B3 ~ foj.

then the limit of v4(x, t, a1, B4, a2, B2, a3, B3) depending on r
and s is given by the following table.

Vladimir B. Matveev Large parametric asymptotic of the multi-rogue wave solutions



Large parametric asymptotic of rank 4 solutions

r S limit
> 3/2 | any et
any | >2 e’
<3/2| <2 Pi(x,1)
3/2 <2 P1(X—X2,t—t2)
<3/2 2 P1(X—X3,t—t3)
3/2 2 P1(X—X2—X3,t—t2—t3)

where x», b, X3 and {3 are defined as above.
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Large parametric asymptotic of rank 4 solutions

CONJECTURE :

It seems that in general u, contains all solutions of rank m,

0 < m < n— 2 as appropriately chosen large parametric limits
although for a moment it is proved only for the small ranks
namely for n < 6

For higher ranks some more special results are available.
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Multi-rogue waves solutions of NLS equation and KP-| equation

Solutions of the NLS equation above provide 2n-parametric
family of the smooth rational solutions to the KP-I equation:

8)((4[.]1‘ + GUUX + Uxx)() — 3Uyy
Replace t by y and 3 by t. Obviously the function

f(k,x,y,t) := exp(kx + ik?y + k3t + ¢(k)),

where
(k) = ®(k) — pak®,
satisfies the system

ft = fxxx, fy = ifyx = 0.
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Multi-rogue waves solutions of NLS equation and KP-| equation

The same is true for the functions f;, defined above if we denote
t by y and ¢3 by t. Now from (Matveev LMP 1979 p.214-216)
we get following result:

Theorem

u(x,y,t) =205log W(f, ..., fn) =2(|v]® — B?)

is smooth rational solution to the KP-I equation. It is obvious
that

| utxy.dx=o.

—0o0

and

u(x,y,t) > —28?
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Multi-rogue waves solutions of NLS equation and KP-| equation

CONJECTURE:

For given B and n the maximal value the solutions of KP-I
equation described by the theorem above is given by the
formula:

max_u(x,y,t) =8B%n(n+1).

x,y,teR
For a moment this conjecture is confirmed in our works only for
the small ranks but there is no doubt that it is true in general.
The solutions of KP-I equation given by the previous theorem
depend on B and on 2n — 1 real parameters ¢;,j # 3,
representing the action of the KP-I hierarchy flows. The phases
©1, o correspond respectively to space and time translations.
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Multi-rogue waves solutions of NLS equation and KP-| equation

This maximum value (i.e. 48) for n =2, B = 1 is attended at the
point x = y = t = 0 provided that

1 .
p1=0,p3=tpa=5,(5+ V5) sin(m/5)

op = %(7 + 2/5)sin(x /5)

Vladimir B. Matveev Large parametric asymptotic of the multi-rogue wave solutions



Multi-rogue waves solutions of NLS equation and KP-| equation

For n=3 the related absolute maximum of u equals 96 is
attended at x = y =t = 0, with

o1 =5 =0,
w4 = 3sin(n/7) + 8sin(2x/7) + 2sin(37/7)/20,

g = (4sin(m/7) + 14 sin(27/7) + sin(3x/7) /240,

sin(m/7)
2 = 24 — 3pp + 4(1 — cos(r/7))
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Multi-rogue waves solutions of NLS equation and KP-| equation

Extremal rogue waves solutions of the KP-I equation of the rank n result from the full collision of n(n + 1) /2
"elementary" rogue waves. The related initial data can be cooked using the NLS-KP-I| correspondence under the
condition that all phases <pj,j =1,2,4,...,2nexcept the ¢3 are chosen in a same way as for the rank n
Peregrine breather. This idea is illustrated by 5 movies, corresponding to the ranks n = 2, and n = 3, - included in
the directory "KPmovies ". These movies can be stopped at any moment of time and also played back. For any fixed
moment of time they also provide a space-time plot of a square of magnitude of some fixed rank solution of the NLS
solution illustrating well the idea that the plot of magnitude of the rank n solution of the NLS equation can have any
number of "big" peaks ranging from 1 to n(n + 1)/2, although a whole number of its local maxima in a sufficiently
small vicinity of P, breather equals to n(n + 1) — 1. Detailed comments to these movies together with detailed

references to the literature can be found at our preprint RIMS1777 mentioned in the abstract.

Vladimir B. Matveev tric asymptotic of the multi-rogue wave soluti
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