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Dynamics of charge
carriers in graphene Is
described by
lattice field theory of
fermions
on hexagonal lattice



QCD and Graphene

1. Quarks
2. Confinement-
Deconfinement

3. Chiral
Condensate

1. Massless Dirac
fermions

2. Insulator-
conductor

3. Fermion
Condensates




QCD and Graphene




Lattice QCD and Graphene

Lattice spacing
a=0.142 nm

Lattice spacing
a->0




QCD and Graphene

Abelian

SU(3) gauge
group theory (!)




Graphene is rather similar to lattice QCD

- Strongly interacting fermions
- Lattice
- Phase transition

= We apply the very well known lattice

QCD methods (Monte Carlo, supercomputers)
to simulate the dynamics of charge carriers

in graphene






Elementary structure




Some allotropes of carbon: a) diamond; b) graphite; c)lonsdaleite; d—f)

h) carbon nanotube.

; g) amorphous carbon;

70);

C

C540’

fullerenes (Cyg,,



http://en.wikipedia.org/wiki/Diamond
http://en.wikipedia.org/wiki/Graphite
http://en.wikipedia.org/wiki/Lonsdaleite
http://en.wikipedia.org/wiki/Fullerene
http://en.wikipedia.org/wiki/Amorphous_carbon
http://en.wikipedia.org/wiki/Carbon_nanotube

Richard Buckminster Fuller
1895 -1983

ek

The Montreal Biosphére by

Buckminster Fuller, 1967



http://en.wikipedia.org/wiki/Montreal_Biosph%C3%A8re

Richard Buckminster Fuller
1895 -1983

The Montreal Biosphére by
Buckminster Fuller, 1967



http://en.wikipedia.org/wiki/Montreal_Biosph%C3%A8re

Nanotube
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After 2010 (Nobel prize)
graphene
become very popular
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Extreme properties of Graphene

« Superior Thermal Conductivity of

Single-Layer Graphene « Measurement of the Elastic

Properties and Intrinsic Strength of
Nano Lett., 2008, 8 (3), pp 902-907 Monolayer Graphene
The room temperature values of the thermal conductivity Science 18 July 2008: Vol. 321 no. 5887 pp.385

i 3
Togh\fv;%”fe (4.84£0.44) x 10710 (5.30 £ 0.48) These quantities correspond to a Young's modulus

of E = 1.0 terapascals. These experiments establish
graphene as the strongest material ever measured

@ rpagen

Modulus vs Density

Trench ’ -

. Giant Intrinsic Carrier Mobilities in
Graphene and Its Bilayer

Phys. Rev. Lett. 100, 016602 (2008)

S. V. Morozov!2, K. S. Novoselov?, M. |, Katsnelson3, F. Schedin?, D. C.
Elias?, J. A. Jaszczak*, and A. K. Geim®*

The temperature dependences of electron transport in graphene
and its bilayer show extremely low electron-phonon scattering
rates that set the fundamental limit on possible charge carrier .
mobilities at room temperature.

Young's modulus (GPa)

10000

Density (kg/m"3:;m


http://publish.aps.org/search/field/author/Morozov_S_V
http://publish.aps.org/search/field/author/Morozov_S_V

Relativistic particle

E = «/mzc“ + p°c’
Massless particle
E=cp



Relativistic particle E = \/mzc“ + p°c’

Massless particle E =cp

Graphene E =v_p; Ve, = %;

@
a, = 300 =2.16>1

a,>a;" =1.11+0.06
Suspended graphene is the insulator! (77?)



Graphene lattice and Brillouin zone




Wallace, P. R. (1947). "The Band Theory of
Graphite". Physical Review 71 (9): 622.

Semenoff, G. W. (1984). "Condensed-
Matter Simulation of a Three-Dimensional
Anomaly". Physical Review Letters 53 (26):
2449,

” E(k) = *t|]1 + gikar | eikg.az‘

".tl’a E

:I:J e (1 + 4 cos? % + 4 cos % - COS k‘“fﬂ)



Fermi velocity,V, (velocity at Fermi point)

E(C]) = Vg |6|

V. => xa~c/300

2
a~0.142 nm Kk~2./eV

nonrelativistic electrons are “equivalent” to massless
four component Dirac fermions (G. Semenoff 1984)




We can vary the effective coupling in graphene!

04
: : : : 9
Graphene in the dielectric media Olg >
E
dielectric permittivity ——
2
Graphene on substrate a, — a,
l+¢&
graﬂhene
substrate
it 2 (=1.11 hene is the conductor (?
If —a, <a, (x1.11) graphene is the conductor (?)

1+¢



Effective theory of charge carriers In
graphene

1.“Massless” four component Dirac fermions

2.Fermi velocity is v, =¢/300

3.The effective charge is |, ® 300 ~2.16 >1

4. We can vary the effective 9
charge if we vary the dielectric  |%g — &,

permittivity of the substrate l+¢

Vacuum €=1, silicon dioxide SiO, € ~ 3.9, silicon carbide SiC € ~ 10




Effective field theory for graphene
Dl4y| = %(dy +idg) + VY0, i=1,2
After transformation ! = Vil A6 :AO/VF-

we can neglect A;, and

= —a—> “ zSOOa:ag ~ 2.2
137 Vo




Approach 1, simulation of the effective
theory on hypercubic lattice (forget about
original honeycomb lattice)

J.E. Drut, T.A. Lahde (2009-2012)
P.V. Buividovich et al. (ITEP group) (2012-2013)

(2+1)D staggered fermions

(3+1)D Coulomb

N
| i B
St = 5 / Bxdt (9.4,)? — Zl / Pxdt 7, DIA |V,




honeycomb lattice — continuum theory - hypercubic lattice
little bit eclectic approach

N
1 / B
S =52 / Prdt (9.4,)° Zl / Pxdt 7, DA,




honeycomb lattice — continuum theory - hypercubic lattice
little bit eclectic approach

Elliott Erwitt



Approach 2, 2D honeycomb lattice and
rectangular lattice in Z and time dimensions

R. Brower, C. Rebbi, and D. Schaich (2009-2013)
P.V. Buividovich, M.I. Katsnelson, M.V. Ulybyshev, M.I.P. (2012-2013)




Approach 2, 2D hexagonal lattice, Hamiltonian
N\ N\ N\

H= th

— —K Z Z ( *'O_X exp (iiéxy) ?,?'Jo,y—{—

o=T,4 <XY >
+‘l,€3 Y exp (iiéyx) ’L‘-BU,X) i

2 ; ; muo)&wa)&l 5 S m’c)o)&’u(,)&z

O'Tl,)&j UTi)&Q




2D hexagonal lattice, from Hamiltonian
to partition function, see Appendix A,

N\ /N N\

H= th

i

Z=Tre ¥




Numerical results

(Monte Carlo for fermions)
ArXiv:1204.0921;
ArXiv:1206.0619
Phys.Rev.



Fermion condensate as the function
of substrate dielectric permittivity

A ® Extrapolation to m=0.0
0.28 4 = m=0.005 09 T T T T |4 T T T

| 4 m=001 184,KA’L'=0.1 —o—
0.24 v m=0.02 0.8 184, KAT =02 —A— 1

v m=0.03 I 24", xAt=0.1
—— fittob( ) mear the phase transition 0.7+

0204 . obL o near Thephase

1 =
016

<AN>

0.12
0.08
0.04

0.00

Approach 1 Approach 2
Hypercubic lattice Hexagonal lattice



graphene

substrate
0.9 T
18, kAt=0.1 —@&—
0.8 1sj,xm=o.2 —A—
6.7 247 x At=0.1 i r x
A
g
\%
18, kAT=0.1 —o—
. 184,KA‘C=0.2 o
- 247, k At=0.1
10 1 2 3 4 5 6 i 8 9 10
€ €
Fermion condensate as a function Conductivity as a function of

of substrate dielectric permittivity substrate dielectric permittivity



Main Results for Coulomb

Interaction

(effective theory and hexagonal lattices)
APPROACH 1 APPROACH 2
HYPERCUBIC LATTICE HEXAGONAL LATTICE

TRANSITIONAT < — /4 +71 TRANSITIONAT &€ =411

SECOND ORDER (?) CROSSOVER (?)




There exists a very
Big problem!




Problem of the
phase transition

© Extrapolation to m~0.0 0.9

0.28 s m=0.005 T 18:, kAt=0.1 —&—
4 m=001 0.8 18, kAt=0.2 —4— 1
] v w002 =
s I m=0.03 074k 247, kAt=0.1
0.20 — fittob( ) near the phase transition

Vv
Yv
v
AAAAAA
L]

vvy

A 4
AAAAAAAAAA

e o o 2
8 ® 8 =W
) )
e n >
7 CRE ]
" > 4
= > 4
- a > 4
Moom o«
4
<An>

Approach 1 Approach 2
Hypercubic lattice Hexagonal lattice



Theory and numerical calculations:
Existence of the phase transition at €>1

Suspended graphene (E=1) Is an insulator

Lattice calculations

J. E. Drut, T. A. Lahde, and E. T616, PoS Lattice2010,

006 (2010), ArXiv:1011.0643.

J. E. Drut and T. A. Lahde, Signatures of a gap in the

conductivity of graphene (2010), ArXiv:1005.5089.

J. E. Drut and T. A. Lidhde, Phys. Rev. Lett. 102, 026802
(2009), ArXiv:0807.0834.

J. E. Drut and T. A. Lahde, Phys. Rev. B 79, 165425
(2009), ArXiv:0901.0584.

J. E. Drut and T. A. Lahde, Phys. Rev. B 79, 241405
(2009), ArXiv:0905.1320.

J. E. Drut, T. A. Lahde, and L. Suoranta, First-
order chiral transition in the compact lattice theory of
graphene and the case for improved actions (2010),
ArXiv:1002.1273.

J. E. Drut and T. A. Lahde, PoS Lattice2011, 074
(2011), ArXiv:1111.0929.

Solution of the gap equation

H. Leal and D. V. Khveshchenko, Nucl. Phys. B 687, 323
(2004), ArXiv:cond-mat/0302164.
O. V. Gamayun, E. V. Gorbar, and V. P. Gusynin, Phys.

Rev. B 81, 075429 (2010), ArXiv:0911.4878.

Strong coupling expansion

Y. Araki and T. Hatsuda, Phys. Rev. B 82, 121403

(2010), ArXiv:1003.1769.
Y. Araki, Ann.Phys. 326, 1408 (2011), ArXiv:1010.0847.

Y. Araki, Phys.
ArXiv:1201.1737.

Rev.

B 85,

125436

(2012),



Experiment: Absence of the phase
transition

D. C. Elias, R. V. Gorbachev, A. S. Mayorov, S. V. Mo-
rozov, A. A. Zhukov, P. Blake, L. A. Ponomarenko, I. V.
Grigorieva, K. S. Novoselov, F. Guinea, et al., Nature
Phys. 7, 701 (2011), ArXiv:1104.1396.

A. S. Mayorov, D. C. Elias, I. S. Mukhin, S. V. Moro-
zov, L. A. Ponomarenko, K. S. Novoselov, A. K. Geim,
and R. V. Gorbachev, How close can one approach

the dirac point in graphene experimentally?  (2012),
ArXiv:1206.3848.

Suspended graphene (€=1) Is In the
conducting phase



Solution of the
problem of the phase

transition
ArXiv:1304.3660



Modification of electrostatic
interaction, taking into account the
screening of Coulomb potential by

electrons on o-orbitals

arXiv 1101.4007

Vs M.l. Katsnelson et al.
Vs
Gauge field Phenomen*gy
V00 26.2 €V 9.3 eV
V.. 10.2 eV 5.5 eV
e 5.3 eV 4.1eV
V, 41eV 36eV



V(r), eV

Screening of the Coulomb potential due to electrons on
o-orbitals

10

Non-compact gauge field
Screened potentials
Coulomb

0 0.2

arXiv 1101.4007
M.l. Katsnelson et al.



Approach 3, 2D honeycomb lattice,

rectangular lattice in Z and time dimensions,

screened Coulomb, Hubbard-Stratonovich
transformation, see Appendix B

P.V. Buividovich, M.l. Katsnelson, M.V. Ulybyshev, M.I.P. arXiv:1304.3660



http://arxiv.org/abs/arXiv:1304.3660

Deformed Coulomb potential (Monte Carlo results)

Chiral condensate

vacuum

0.38 5
0.3 1F v -
0.8} . e P
0.25 | Eosl T e
s & il o B 4 ‘,-—-“"""‘A—;' e
0.2} = 0'2 i
w N £=1.0 m
= 0.15 oF~ £=0.7 4
=0.45 w»
™ -0.2 01T 0z 03 04 05 0O
0.1+ m, eV
0.05 -
i [ |
0 - » = - = /
0033 06 0.7 0.8 0.9 |
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Insulator Conductor
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graphene
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Suspended graphene (graphene in the vacuum) is the
conductor but the phase transition is very close.

Question: How to obtain semiconductor, insulator?

Answer: Introduce defects or vacancies!

003

143A 146A
d=[1.50 A d={1.46 A

003

1 43 A
+017




Forbid the hopping of electrons into some percentage of
randomly chosen sites (create vacancies)




Chiral condensate vs mass for various percentage of
vacancies for suspended graphene (preliminary results)

2

\

&
\

0.8 K

//
| >
e ‘*A/
0.6 i e
0.4 A
x/ -
>

1 ’4 /.//:/./

0.2

/ B suspended graphene without vacancies
® suspended graphene, 5% vacancies

0.0 - A suspended graphene, 20% vacancies

Chiral cAonndensate
\%\

) i L} i )
0.0 0.2 0.4 0.6

m, eV



Chiral condensate for various percentage of vacancies for
suspended graphene (prellmlnary I\/Ionte Carlo results)

Suspended graphene

0.3

0.2 - C —/-

AN
)

0.1 w /A

o

0 10 20

% vacancies

Chiral condensate




Even small percentage of vacancies
produce chiral condensate

’ .
From semimetal
/k {M%x 146A/k\

we can get
= 1soA 4 14sA Semiconductor (?)

/Ce\T Insulator
\T 143A

/‘\/‘\/‘\



Results

1. Results of the calculation of graphene conductivity
In effective model and on honeycomb lattice
contradict experiment



Results

Results of the calculation of graphene conductivity
In effective model and on honeycomb lattice
contradict experiment

Modification of Coulomb potential leads to results
which do not contradict experimental facts



Results

Results of the calculation of graphene conductivity
In effective model and on honeycomb lattice
contradict experiment

Modification of Coulomb potential leads to results
which do not contradict experimental facts
Introduction of defects (vacancies) can shift
graphene from conducting phase to
semiconducting phase



Problems which can be
studied inside MC approach

- Magnetic field
- Finite temperature

- Impurities, vacancies
- 2-3-4 layers
- Nanotubes 2
- Deformed graphene => 2+1gravity
- Moebius carbon




PLIAVVVVVV.GIOL. YU Pl JIPIo9y TIvdouipy eVl ey cVdey ol

Mobius carbon is atopological insulator?
ArXiv: 0906.1634
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http://www.aist.go.jp/aist_j/press_release/pr2012/pr20120925_2/pr20120925_2.html

Appendices



Appendix A
2D hexagonal lattice and rectangular lattice

In Z and time dimensions

R. Brower, C. Rebbi, and D. Schaich (2011-2012)
P.V. Buividovich, M.I.P. (2012)




2D hexagonal lattice, from Hamiltonian to
partition function

N\ /N N\

H= th

i

Z=Tre ¥




Approach 2, 2D hexagonal lattice, Hamiltonian
N\ N\ N\

H=H,, +H




Approach 2, 2D hexagonal lattice, Hamiltonian

. N\ N\
Lattice /\\K H//_ Coulomb
geometry tb + | interaction




Approach 2, 2D hexagonal lattice, Hamiltonian

. N\ N\
Lattice /\\K H//_ Coulomb
geometry tb + | interaction

[A{tb:_’f Z Z (ATX&JY‘F JrY&JX)




Approach 2, 2D hexagonal lattice, Hamiltonian
N\ N\ N\

H=H,, +H

A o o s AT o
th i E : E : (aa,X oY T aa,Y o, X
=Tl XY >




Approach 2, 2D hexagonal lattice, Hamiltonian
N\ N\ N\

H=H,, +H

_~— | Coulomb
| Interaction

- o2 /o Do A
Hy =) e /r(X,Y) ix gy,
X,Y

dx =0l yrx — O] yWpx. Urx =apx, Ypx =44

Ur.x [0) =0, Py x [0) =0 arx [0)=0, &) x[0)=0



Approach 2, 2D hexagonal lattice, Hamiltonian
N\ N\ N\

H= th

— —K Z Z ( *'O_X exp (iiéxy) ?,?'Jo,y—{—

o=T,4 <XY >
+‘l,€3 Y exp (iiéyx) ’L‘-BU,X) i

2 ; ; muo)&wa)&l 5 S m’c)o)&’u(,)&z

O'Tl,)&j UTi)&Q




Approach 2, 2D hexagonal lattice,
partition function

zZ = /I}ﬁa (5,&,7) Do (8,6, 7) Do (8,8, 7,2) exp (_ZﬁaMﬂ' [(}‘)(3,5,7‘,2 = 0)] Mo — Sem [¢ (3,!;',1',3)]) =

= /Dgﬁ) (3, £, *r,z) |det (MT [qf) (s,c‘j,z =0, T)]) |2€XP (_Sem [¢' (55’597—:3)])

Sem[p (5,672 = 222 37 (Blar&m ) = (8,6 + 7, 2) +
b, £, 1,2
2 (b(s,6m2) — (.67 z + M)
8,E,7,%
By, = V3Az e+1 V3 [Az\ (ka) e+1
et T Ure?AT 2 471‘62( )(EAT) 2

g, — 3v/3a? e+1 3v3 (Az)_l (ka) e+1
2 a

16me2 AzATr 2 167e? (kAT) 2



Approach 2, 2D hexagonal lattice,
partition function

z= ] Dy (3,€,7) Dy (3,€,7) D (3, £, 7, 2) exp (— S M. [6(5,6,7,2 = 0] s = Sem [6(5,€,7, z)]) -

= /Dgﬁ) (S, £, *r,z) |det (MT [ﬁf) (s,c‘j,z =0, T)]) |2€XP (_Sem [‘:b (55’51753)])

Stb [no' (S,& T)] = z ﬁo' (3353 T) MG’ [S: g:T;stgraT’} nﬂ' (S’, Ef:’r!) =

0531511—15;15;11-{

= > o (5,67) (10 (5,6, 7) = FHET0 (5.6 0 1 Ar 2= 0)) -

0,8,,T

—RAT Yy (0,6, 7) eS8, 4 gy, 7 + AT) -
o,§,7,b

kAT Y7 7 (8,6, 7) EPET0n, (0,6 — py, 7+ AT) +
0563T1b

Lm AT Z o (0, &, 7) eﬂc{:(a,&,r,z:o)% (o, 6,7+ AT) —

o8, 7

+mAT Y 7y (8,6,7) e HIET=0n, (8, ¢, 7+ A7),

o.£,T



Appendix B
2D honeycomb lattice, rectangular lattice In

Z and time dimensions, screened Coulomb,

Hubbard-Stratonovich transformation
P.V. Buividovich, M.l. Katsnelson, M.V. Ulybyshev, M.I1.P. _arXiv:1304.3660



http://arxiv.org/abs/arXiv:1304.3660
http://arxiv.org/abs/arXiv:1304.3660

2D hexagonal lattice, screened Coulomb,
from Hamiltonian to partition function

/\ /N N\

H=Hy,+H¢

!

Z=Tre ¥




Electric charge at site x:

gl — uirlut 1+ H+

Introduction of «electrons» and «holes»:

D 7w € sublattice
Huy = —k Z ('{ a Ao+ h+h + fa.c.'») e { Op—1- € sublattice 0

0y 1 — 1

—a, _,« € sublattice 1

<y

ZITJ'J."T"I?#—’_ZIH‘{

r#Y

H = Ert:'..* 1 I_:Ttb



Partition function

7 — rIwr(E—(thJrHc)B) ~ TI“(E‘_HE‘!’&IE_HC(SIE‘_H*&’(SIE‘_HC(SLT ““““
Coherent state

oy =€ >, Yeal +nobT
Some algebra

/ dipelni tdiyte” 2ee YV (T T = T

)

(W|F(at.a)|p) = F(ut,g)e’ ™

?F‘ exp (Z '!-gj ‘i j) ‘” > = exp (Z I:F ;'}'?'_ ?Fj)



And Hubbard-Stratonovich transformation:

1 1 SR
/ H d'ir’?;r: exp ( 9 Fr L.L Y Yy — Z Fr QI) = exp ( 9 (Q‘El'ffr.y(-v)%)
. T T,y

The partition function now has the form:

I _,_.H:j‘ + + f F -|+ | [ -
Tr(e ) = /DL DDyt Dytexp | — Z N B T Z O Moy eyt — SHutbard
T.y.0,t0 Tyt

Where the action for Hubbard field is:

} ) _P
bHubbm'd — 5 Z o, tlfi yv’ut g Nt

Tyt



Finally
[ = Tre_ﬁﬁ — / D(:O:r:mIDw:B,nDT]m??’L‘D%EfBJ’L‘DnCB,n

_S[@Ian]_ Z (ﬁmaan,y,n,n’ny,n’ +1B$aﬂ»M:13,y,n,n’ qvby,n")

/
mﬂyﬂn’n
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