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Data
• X — smooth n-dimensional manifold.

• A(X ) =
⊕n

k=0Ak (X ,C) = Aeven(X )⊕Aodd(X )
— graded commutative algebra of differential forms on X .

• (V ,A) — C∞-complex vector bundle of rank r over X with
connection ∇ = d +A and curvature F = d A + A2,
A2 = A ∧ A, etc.

• Characteristic forms

Φ((V ,A)) = Φ(F ) ∈ Aeven(X ),

Φ — polynomial on GL(r ,C), invariant under conjugation.
• Examples: Chern form

c(V ,A) = det
(

I +

√
−1

2π
F
)

and Chern character form

ch(V ,A) = tr
{

exp
(√
−1

2π
F
)}

• Chern-Weil theory: characteristic forms are closed, and
their cohomology classes do not depend on the choice of
A.
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Chern-Simons secondary forms

• A0 and A1 — two connections on V .

• The secondary form (Chern-Simons form)
Φ̃(A1,A0) ∈ Aodd(X ) is defined modulo dAeven(X ), satisfies
the equation

d Φ̃(A1,A0) = Φ(F1)− Φ(F0), (1)

and enjoys a functoriality property under the pullbacks
f : X → Y .

• Homotopy formula

Φ̃(A1,A0) = d
∫ 1

0
Φ(Ft , Ȧt )dt ,

for smooth homotopy A(t), A(0) = A0 and A(1) = A1.
• Modulo dAeven(X ) secondary form Φ̃(A1,A0) does not

depend on the homotopy A(t).
• For Φ that corresponds to ch, Φ̃ is denoted by cs.
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Examples
• Let V be flat bundle (say V is trivial, V = X × Cr ) with

connection A.

• Homotopy A(t) = tA.
• For Φ(M) = tr M2:

tr F 2 = d
∫ 1

0
2 tr FtA dt

= d
∫ 1

0
2 tr
(
t A d A + t2A3)dt

= d tr
(
A d A + 2

3 A3) .
• The Chern-Simons form tr(A d A + 2

3 A3) has numerous
applications in mathematics and physics.

• tr F (A)k = d csk (A), k -th CS action:

CSk (A) =

∫
M

csk (A), dim M = 2k − 1.

Equations of motion: F k−1(A) = 0.
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The Chern character map
The Chern character map ch : (V ,A) 7→ ch(F ) ∈ Aeven(X ).
extends by linearity to virtual bundles with connections.

• Proposition
The image of the Chern character map contains all exact
forms. Specifically, for every exact even form ω there is a trivial
vector bundle V = X × Cr with connection ∇ = d +A such that

ch(V ,A)− r = ω.

• Put Ãodd(X ) = Aodd(X )/dAeven(X ) and
CS(A1,A0) = cs(A1,A0) mod dAeven(X ).

• Corollary
For every α ∈ Ãodd(X ) there is a trivial vector bundle V with
connection ∇ = d +A such that CS(A,0) = α.

• For details see J. Simons–D. Sullivan, arXiv:0810.4935,
and V. Pingali–L.T., arXiv:1102.1105.
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For every α ∈ Ãodd(X ) there is a trivial vector bundle V with
connection ∇ = d +A such that CS(A,0) = α.

• For details see J. Simons–D. Sullivan, arXiv:0810.4935,
and V. Pingali–L.T., arXiv:1102.1105.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

The Chern character map
The Chern character map ch : (V ,A) 7→ ch(F ) ∈ Aeven(X ).
extends by linearity to virtual bundles with connections.

• Proposition
The image of the Chern character map contains all exact
forms. Specifically, for every exact even form ω there is a trivial
vector bundle V = X × Cr with connection ∇ = d +A such that

ch(V ,A)− r = ω.
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Data
• X – complex manifold of complex dimension n.

• E – holomorphic vector bundle of rank r over X with
Hermitian metric h.

• Canonical connection (Chern connection) ∇ = d +A on E ,
compatible with complex and Hermitian structures.
Explicitly, in holomorphic frame, A = A1,0 + A0,1, where

A1,0 = h−1∂h and A0,1 = 0.

• Curvature
F = ∂̄A1,0 = ∂̄(h−1∂h).

• Chern-Weil theory:

Φ(E ,h) = Φ(F ) ∈
n⊕

p=0

A(p,p)(X ,C).

• Main question: describe the image of the Chern character
map of virtual Hermitian bundles.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Data
• X – complex manifold of complex dimension n.
• E – holomorphic vector bundle of rank r over X with

Hermitian metric h.

• Canonical connection (Chern connection) ∇ = d +A on E ,
compatible with complex and Hermitian structures.
Explicitly, in holomorphic frame, A = A1,0 + A0,1, where

A1,0 = h−1∂h and A0,1 = 0.

• Curvature
F = ∂̄A1,0 = ∂̄(h−1∂h).

• Chern-Weil theory:

Φ(E ,h) = Φ(F ) ∈
n⊕

p=0

A(p,p)(X ,C).

• Main question: describe the image of the Chern character
map of virtual Hermitian bundles.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Data
• X – complex manifold of complex dimension n.
• E – holomorphic vector bundle of rank r over X with

Hermitian metric h.
• Canonical connection (Chern connection) ∇ = d +A on E ,

compatible with complex and Hermitian structures.
Explicitly, in holomorphic frame, A = A1,0 + A0,1, where

A1,0 = h−1∂h and A0,1 = 0.

• Curvature
F = ∂̄A1,0 = ∂̄(h−1∂h).

• Chern-Weil theory:

Φ(E ,h) = Φ(F ) ∈
n⊕

p=0

A(p,p)(X ,C).

• Main question: describe the image of the Chern character
map of virtual Hermitian bundles.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Data
• X – complex manifold of complex dimension n.
• E – holomorphic vector bundle of rank r over X with

Hermitian metric h.
• Canonical connection (Chern connection) ∇ = d +A on E ,

compatible with complex and Hermitian structures.
Explicitly, in holomorphic frame, A = A1,0 + A0,1, where

A1,0 = h−1∂h and A0,1 = 0.

• Curvature
F = ∂̄A1,0 = ∂̄(h−1∂h).

• Chern-Weil theory:

Φ(E ,h) = Φ(F ) ∈
n⊕

p=0

A(p,p)(X ,C).

• Main question: describe the image of the Chern character
map of virtual Hermitian bundles.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Data
• X – complex manifold of complex dimension n.
• E – holomorphic vector bundle of rank r over X with

Hermitian metric h.
• Canonical connection (Chern connection) ∇ = d +A on E ,

compatible with complex and Hermitian structures.
Explicitly, in holomorphic frame, A = A1,0 + A0,1, where

A1,0 = h−1∂h and A0,1 = 0.

• Curvature
F = ∂̄A1,0 = ∂̄(h−1∂h).

• Chern-Weil theory:

Φ(E ,h) = Φ(F ) ∈
n⊕

p=0

A(p,p)(X ,C).

• Main question: describe the image of the Chern character
map of virtual Hermitian bundles.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Data
• X – complex manifold of complex dimension n.
• E – holomorphic vector bundle of rank r over X with

Hermitian metric h.
• Canonical connection (Chern connection) ∇ = d +A on E ,

compatible with complex and Hermitian structures.
Explicitly, in holomorphic frame, A = A1,0 + A0,1, where

A1,0 = h−1∂h and A0,1 = 0.

• Curvature
F = ∂̄A1,0 = ∂̄(h−1∂h).

• Chern-Weil theory:

Φ(E ,h) = Φ(F ) ∈
n⊕

p=0

A(p,p)(X ,C).

• Main question: describe the image of the Chern character
map of virtual Hermitian bundles.



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Bott-Chern secondary forms
• h0 and h1 —two Hermitian metrics on E .

• The secondary form (Bott-Chern form)

Φ̃(E ; h0,h1) ∈ Ã(X ,C) = A(X ,C)/(Im ∂ + Im ∂̄)

satisfies the equation

Φ(E ,h1)− Φ(E ,h0) =

√
−1

2π
∂̄∂ Φ̃(E ; h0,h1)

and the functorial property under the pullbacks by
holomorphic maps f : X → Y .

•• For short exact sequence E of Hermitian holomorphic
vector bundles

0 −−−−→ F i−−−−→ E
p−−−−→ H −−−−→ 0

the Bott-Chern form satisfies

Φ(E ,hE )− Φ(F ⊕ H,hF ⊕ hH) =

√
−1

2π
∂̄∂ Φ̃(E ; hE ,hF ,hH),

and the functorial property. It vanishes when the exact
sequence E holomorphically splits and hE = hF ⊕ hH .
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Bott-Chern secondary forms
• h0 and h1 —two Hermitian metrics on E .
• The secondary form (Bott-Chern form)

Φ̃(E ; h0,h1) ∈ Ã(X ,C) = A(X ,C)/(Im ∂ + Im ∂̄)

satisfies the equation

Φ(E ,h1)− Φ(E ,h0) =

√
−1

2π
∂̄∂ Φ̃(E ; h0,h1)

and the functorial property under the pullbacks by
holomorphic maps f : X → Y .

•• For short exact sequence E of Hermitian holomorphic
vector bundles

0 −−−−→ F i−−−−→ E
p−−−−→ H −−−−→ 0

the Bott-Chern form satisfies
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Homotopy formula
• In the smooth manifold case, for the linear homotopy of

connections At = (1− t)A0 + tA1, it is possible to integrate
over t in the homotopy formula and obtain explicit formulas
for the Chern-Simons forms, like tr(A d A + 2

3 A3), etc.

• In the complex manifold case the situation is more
complicated. There is a Bott-Chern homotopy formula

Φ(E ,h1)− Φ(E ,h0) = ∂̄∂

∫ 1

0
Φ(Ft ,h−1

t ḣt )dt ,

but even for a linear homotopy ht = (1− t)h0 + th1 of
Hermitian metrics, it contains the inverse metrics through
Ft = ∂̄(h−1

t ∂ht ), which does not allow to integrate over t in
a closed form. As the result, it is difficult to get explicit
formulas for the Bott-Chern forms in terms of the
Hermitian metrics h0 and h1 only.

• Here we explicitly compute Chern and Bott-Chern forms
for some special non-diagonal Hermitian metrics. Such
formulas were not known before; this is a joint work with V.
Pingali, see V. Pingali–L.T. arXiv:1102.1105.
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Linear algebra over a ring with nilpotents
Lemma
Let A be a matrix over C or over a commutative algebra A over
C, where in the latter case all its matrix elements are nilpotent.
Suppose that A2 = aA for some a ∈ A, and that 1− λa is
invertible for λ in some domain D ⊂ C containing 0. Then for
such λ we have

(I − λA)−1 = I +
λ

1− λa
A,

and

det(I − λA) = exp
{

tr A
a

log(1− λa)

}
.

In particular, if αi , βi , i = 1, . . . , k, are odd elements in some
graded-commutative algebra over C (e.g., the algebra of
complex differential forms on X), and Aij = αiβj , then A2 = aA
where a = − tr A = −

∑k
i=1 αiβi , and

det(I − λA) =
1

1− λa
.
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Special Hermitian metrics
Proposition
Let Er = X × Cr be a trivial rank r vector bundle over X with a
Hermitian metric h = h(σ, f1, . . . , fr−1) = g∗g, where

g =



1 0 0 . . . 0 f̄1
0 1 0 . . . 0 f̄2
0 0 1 . . . 0 f̄3
...

...
...

. . .
...

...
0 0 0 . . . 1 f̄r−1

0 0 0 . . . 0 eσ/2


,

and f1, . . . , fr−1 ∈ C∞(X ,C), σ ∈ C∞(X ,R). Then

c(Er ,h) = c(E1,eσ) +

√
−1

2π
∂̄∂ log

(
1−
√
−1

2π
U
)
,

where

U = e−σ
r−1∑
i=1

∂fi ∧ ∂̄ f̄i .
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Remarks
• The following identities hold

r∑
l=0

(−1)l chk (ΛlE∗r ) = − δkr

r − 1

(√
−1

2π

)r

∂̄∂
(
U r−1) ,

k = 0, · · · , r , as it follows from Proposition and the
following general formula

r∑
l=0

(−1)l ch(ΛlE∗,∧lh∗) = td(E ,h)−1 cr (E ,h).

• For r = 2,

h = h(σ, f ) =

(
1 f̄
f |f |2 + eσ

)
=

(
1 0
f eσ/2

)(
1 f̄
0 eσ/2

)
,

the identity takes the form

ch2(E2,h(σ, f ))− ch2(E1,eσ) = − 1
(2π)2 ∂̄∂(e−σ∂f ∧ ∂̄ f̄ ),

and can be verified by a straightforward computation.
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Remarks cont.
• The exponents of Bott-Chern forms already appeared in

the work of Losev-Moore-Nekrasov-Shatashvili on
supersymmetric quantum field theories, as ratios of
non-chiral partition functions for the higher dimensional
versions of the bc-systems.

• For r = 2 put θ = h−1∂h and θ̄ = h−1∂̄h. Then

Tr(θ ∧ θ̄) = e−σ∂f ∧ ∂̄ f̄ + e−σ∂ f̄ ∧ ∂̄f .

• The simplest nontrivial Bott-Chern form

bc2(h, I) = e−σ∂f ∧ ∂̄ f̄ ,

where I is a trivial Hermitian metric on E2, is obtained by
adding the (1,1)-component of the “Wess-Zumino term” to
the “kinetic term” Tr(θ ∧ θ̄).

• This procedure was first used by Alekseev-Shatashvili,
where for the case of the Minkowski signature the
decomposition h = g∗g is replaced by the Gauss
decomposition for SL(2,C).
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Bott-Chern action

Two versions of Bott-Chern action for V = X × Cr — trivial
bundle.

• Relative version. M ⊂ X , dimR(M) = 2k − 2,

BCk (h) =

∫
M

bck (h, I).

• Absolute version. X – Kähler manifold with Kähler form ω,

BCk (h) =

∫
X

bck (h, I) ∧ ωn−k+1.

• Equations of motion:

F (h)k = 0.
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Chern character map

• Theorem
For every ∂̄∂-exact form ω ∈ A(X ,C) ∩ Aeven(X ,R) on a
complex manifold X there is a trivial vector bundle E over X
with two Hermitian metrics h0 and h1 such that

ch(E ,h1)− ch(E ,h0) = ω.

• In other words, the image of the Chern character map
contains all ∂̄∂-exact real even forms.

• For every ω ∈ A(X ,C) ∩ Aeven(X ,R) of degree not greater
than 2n − 2, there is a trivial vector bundle E over X with
two Hermitian metrics h0 and h1 such that in Ã(X ,C)

BC(E ; h0,h1) = ω,

where

BC(E ; h0,h1) = bc(E ; h0,h1)mod(Im ∂ + Im ∂̄).

• See V. Pingali-L.T. for the proofs.
• Image of ch is an outstanding problem (related to the

Hodge conjecture).
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BC(E ; h0,h1) = ω,

where

BC(E ; h0,h1) = bc(E ; h0,h1)mod(Im ∂ + Im ∂̄).

• See V. Pingali-L.T. for the proofs.

• Image of ch is an outstanding problem (related to the
Hodge conjecture).



CS and BC forms

Leon A. Takhtajan

Chern-Simons forms

Bott-Chern forms

Results

Chern character map
• Theorem

For every ∂̄∂-exact form ω ∈ A(X ,C) ∩ Aeven(X ,R) on a
complex manifold X there is a trivial vector bundle E over X
with two Hermitian metrics h0 and h1 such that

ch(E ,h1)− ch(E ,h0) = ω.

• In other words, the image of the Chern character map
contains all ∂̄∂-exact real even forms.

• For every ω ∈ A(X ,C) ∩ Aeven(X ,R) of degree not greater
than 2n − 2, there is a trivial vector bundle E over X with
two Hermitian metrics h0 and h1 such that in Ã(X ,C)
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Application - short exact sequence
• E — short exact sequence of holomorphic bundles

0 −−−−→ F i−−−−→ E
p−−−−→ H −−−−→ 0

• c̃t (E ; h) — generating function for the Bott-Chern forms

c̃t (E ; h) =
r∑

k=1

tk c̃k (E ; hE ,hF ,hH).

• Proposition
Let E be a short exact sequence of holomorphic vector
bundles over X, equipped with Hermitian metrics hF ,hE and
hH , where the metric hF on F is the restriction of the metric hE
on i(F ) ⊂ E, and the metric hH on H is defined by the C∞

isomorphism between H and the orthogonal complement
i(F )⊥ of i(F ) in E. Let A be the second fundamental form of
i(F ) ⊂ E. In the case when F is a line bundle, the generating
function for the Bott-Chern forms c̃t (E ; h) is given by the
following explicit formula (κ =

√
−1

2π )

c̃t (E ; h) = − ct (H,hH) log
(
1 + κt tr(I + κtΘH)−1A ∧ A∗

)
.
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i(F )⊥ of i(F ) in E. Let A be the second fundamental form of
i(F ) ⊂ E. In the case when F is a line bundle, the generating
function for the Bott-Chern forms c̃t (E ; h) is given by the
following explicit formula (κ =

√
−1

2π )

c̃t (E ; h) = − ct (H,hH) log
(
1 + κt tr(I + κtΘH)−1A ∧ A∗

)
.
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Application - short exact sequence
• E — short exact sequence of holomorphic bundles

0 −−−−→ F i−−−−→ E
p−−−−→ H −−−−→ 0

• c̃t (E ; h) — generating function for the Bott-Chern forms

c̃t (E ; h) =
r∑

k=1

tk c̃k (E ; hE ,hF ,hH).

• Proposition
Let E be a short exact sequence of holomorphic vector
bundles over X, equipped with Hermitian metrics hF ,hE and
hH , where the metric hF on F is the restriction of the metric hE
on i(F ) ⊂ E, and the metric hH on H is defined by the C∞

isomorphism between H and the orthogonal complement
i(F )⊥ of i(F ) in E. Let A be the second fundamental form of
i(F ) ⊂ E. In the case when F is a line bundle, the generating
function for the Bott-Chern forms c̃t (E ; h) is given by the
following explicit formula (κ =

√
−1

2π )

c̃t (E ; h) = − ct (H,hH) log
(
1 + κt tr(I + κtΘH)−1A ∧ A∗

)
.
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