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from symmetry considerations

Wednesday, 17 July 13



Wednesday, 17 July 13

Superstring theory in AdS backgrounds:

important for gauge-string duality

AdS5 xS5 = 4d N=4 SYM
AdS4 x CP3 = 3d CS + matter

related to quantum black hole models

AdS3 x S3 -- extremal 5d BH
AdS2 xS2 -- extremal 4d BH

solving AdS x S string sigma models
an important problem
may be as fundamental as WZW models



|. AdS5 x S5 + RR 5-form flux:
limit of D3-brane supergravity background

2.  AdS3 x S3 xT4 + RR 3-form flux:
limit of D5-D | supergravity background
2b. AdS3 x S3 xT4 + NS-NS 3-form flux:
limit of NS5-NS| supergravity background

2c. AdS3 x S3 xT4 +RR and NS-NS flux:
limit of “mixed” background

3. AdS2 x S2 xTé6 + RR 5-form flux:
limit of D3-D3-D3-D3 supergravity background



Classical string motion in curved background

/ dodr [GMN(Y)aaYM i +e“bBMN(Y)6aYM8bYN]

4dma’

GunYMYN =0
GMN(YMYN -+ YMYN) =:{)

p-brane background:
ds? = f~%(r) dz#dzn,, + f2(r)(dr? + r*dQ}) ,

Q m
f('r)=(1+r—n) : n,m # 0
Ny = diag(—1,+1,...,+1), =0 D
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Example: String motion in NS5-F1 background

include non-zero B- coupling: string motion in background produced by
fundamental strings delocalised inside NS5 branes

ds®* = H{'(r)(—dt? + dz°) + dz*dz; + Hs(r)(dr* + r°dQ3) ,
dQ3 = d#? + sin® 0 dp? + cos? §d¢? ,
B=—-H;'(r)dt Adz + Qssin’8 dp A d¢ ,

Hs=1+%, Hm=1+2,
T o

Large Q1 = Qs =Q: Hy=Hs; > h=%Y

ds® = 5 (—dt? + dz?) + S (dr? + r2dQs) + da? + .. + da?

AdSs x §3 x T* with NS-NS 3-form flux:
SU(1,1) x SU(2) x T* WZW model
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Example: D3-D3-D3-D3 intersection

ds3y = (MTeT3Ty) 2 [ - i TLT5Ty dt?

+ T Tody; + T1Tadys + T Tudys + ToTsdy; + ToTydys + TsTydyg + drsdas)
Fs=dt N\ (dT1 N dyy Ndys N dys + dTs N\ dy; A dyg N dys
+ d15 N dys N dyg N dyeg + d1y N dys N dys N dyg)
+ *dT7 Adyg A dys A dys + +dT5 1 A dya A dys A dys
+ «dT3 ' Adyi Adys A dys + *dT;t Adyr A dys A dysy
Qi

f g N [ e
T

T r

ds?q = —h™2dt* + h*(dr® + r?dQs3) + dy? + ... + dyé

Bertotti-Robinson AdS; x Sy x T with RR 5-form flux
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What does it mean to solve string theory:

compute of energies of string states

find corresponding vertex operators and their
correlations functions (scattering amplitudes)

String in  AdS5 x S°:
R* V) —h

Ao’ A7

tension 7' =

Spectrum:
energy as function E of tension or A
and conserved charges (mode numbers)
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is hard: very few solvable examples known

CFT’s admitting effective free-field realization:
(gauged) WLZWY, etc. -- solved in conformal gauge
simple plane-wave type models -- solved in l.c. gauge

Examples in AdS/CFT: AdS x S spaces
described by integrable sigma models

Novel way of solving for string spectra
in integrable cases is gradually emerging:
find l.c.gauge S-matrix and then construct
corresponding (Thermodynamic) Bethe Ansatz
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Solution of integrable 2d sigma models:

[Zamolodchikovs; Polyakov, Wiegmann; Faddeev-Reshetikhin,...]

find S-matrix and then use it in BA

String theory in curved space:
sigma models appear in conformal gauge but:
(i) S-matrix in conformal gauge is not unitary -
how to implement Virasoro condition?
(i) complication of superstrings in RR backgrounds:
GS action requires to start with bosonic background
for perturbative expansion

Way out: use
(or other “physical” gauge like static gauge)
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String sigma-models as found in conformal gauge are
conformally invariant: no new scale, no mass generation

But spectrum of elementary excitations in l.c. gauge
may be massive -- residual conformal invariance is
“spontaneously broken” by choice of =+ =p*r

formal scale is introduced by choice of l.c. gauge:
fixed value of p™

Non-trivial AdS x S sectors of S-matrix are massive
but there may be also massless sectors
(they decouple at tree level due to integrability
but in general are important)
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Subtleties:

|. for strings in curved target space l.c. gauge
S-matrix is not 2d Lorentz-invariant

2. l.c. gauge S-matrix has reduced global symmetry

3. choice of l.c. gauge is effectively choice
of particular vacuum (usually BPS)

4. no 2d relativistic invariance: elementary string
excitations ("‘magnons’) get quantum corrections
to dispersion relation -- get “dressed”

e =14+p>+cap*+ ...
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Example of S-matrix approach to string spectrum:
flat space Nambu action in static gauge -
expansion near long string vacuum

=7, z'!'=Ro

standard bosonic string spectrum in D dimensions:

_ D-2
E? =T°R? +47T(N + N T )

N = N if no momentum along string
Nambu action in static gauge:

I = T/dea\/— det(ngp + 0, X 0p X?)

1 . . . .
L= §T[8+X7’0_X‘L + (0L X2 (0_X7)? +..]
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T, . T__ integrable perturbation of free theory
corresponding massless 2 — 2 S-matrix?
Perturbation theory: tree 4+ 1-loop:
S=1+1M, M:iﬁs——ﬁZ T =¢"2
Exact guess [Dubovsky, Flauger, Gorbenko]

S=ei™s | s=(p+p)?

Consistent with general expectations for massless LR S-matrix
(massless RG flow between two CFT’s) |Al.Zamolodchikov]|

G — 14+ia? SezP(s) P ~ 83 4o

1—ia?s
Use thls S- matrlx in TBA equations to find energy spectrum

. = ¢(p, p') K (p')
() Rp o aﬁp,) (p) )
¢ = —i0y In S(p,p ) , K(p) = ln(l—l—e_e(p)) , K(p) =In(1 +e‘é(p))
E(R) = — |7 % [K(p) + K(p)]

0 2=
similar equatlons for excited states |also Caselle,Fioravanti,Gliozzi, Tateo]

reproduce string energy spectrum

. D-2
E:\/T2R2+47TT(N+N— =)
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Comments:
S-matrix is fixed by unitarity, crossing, analyticity
-- here simplest case of purely diagonal scattering

l.c. S-matrix here is trivial; in static-gauge it is
non-trivial; gauge-equivalence only if gauge
transformations are trivial at infinity

Nambu action is not well-defined at quantum level:
to preserve integrability will require specific
counter-terms; they will ensure equivalence with
conformal-gauge (free-field) quantization/spectrum
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Apply similar strategy
in integrable curved space string models:
physical-gauge S-matrix -- TBA -- spectrum

|. AdS5 x S5 + RR 5-form flux:
limit of D3-brane supergravity background
2.  AdS3 x S3 xT4 + RR 3-form flux:
limit of D5-D| supergravity background
2b. AdS3 x S3 xT4 + NS-NS 3-form flux:
limit of NS5-NS| supergravity background
2c. AdS3 x S3 xT4 +RR and NS-NS flux:
limit of “mixed” background (duality-rotated)
3. AdS2 x S2 xT6 + RR 5-form flux:
limit of D3-D3-D3-D3 supergravity background



Superstring actions (or their truncations) are related to
supercoset sigma models

Ia /G F= supergroup of superisometries of background
bosonic part F: F/G is AdS, x S™

AdSs x S°:  F = PSU(2,2|4)

SU((2,2)xSU(4) _ S0O(2,4)
Sp(2,2)xSp(4)  SO(1,4)

SO(6)
SO(5)

X

AdSs x 83 F = PSU(1,1|2) x PSU(1,1|2)

[SU(1,1)xSU(2)]? _ S0(2,2)
SU(1,1)xSU(2) ~— SO(1,2)

SO(4)

X 50(3)

AdS, x S%2: ' = PSU(1,1|2)

SU(1,1)xSU(2) _ SO(2,1)
SO(1,1)xU(1) — SO(1,1)

SO(3)
SO(2)

X
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superalgebras admit Z, grading:
algebra of G + fermions + coset F'/G part + fermions
J=f"1df=JO 4 g0 4 g@ 4 jG)

superstring action:
[=T / >0 Str {\/ggabe)Jé” 1 eabe)J,f?’)]

Classical integrability (Lax pair), k-symmetric, UV finiteness

Note: central charge does not receive curvature corrections

in low-dim models cancellation of conformal anomaly

still requires full D = 10 string superstring theory
alternatively like in flat space extra modes will be required

in l.c. gauge to check analog of target space Lorentz symmetry|

inclusion of massless modes may be important
for realisation of symmetry at quantum level
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Key example: AdS5 x S5 superstring

PSU(2,2|4) invariant supercoset GS sigma model:
string spectrum in light-cone gauge is given by [BA
corresponding to massive S-matrix that can be
constructed using symmetry / bootstrap methods
(unitarity, YBE, crossing)

Original construction was heavily guided
by spin chain picture which applies at weak coupling as
implied by duality to N=4 SYM theory

Idea is to reformulate solution so that it refers only to
string sigma model and then use similar strategy
to other cases where no spin chain picture is known
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Strings on AdS5; X S°

lIB superstrings on the curved AdSs x S° superspace

AN
MRS
N

AN

s —"" ¢
A

N e
K/\J\ _> \\\§§\\\\\\“"‘ 2o X
A\ 7
: W ‘ v ’
b

X fermions

Coset space
PSU(2, 2(4)

AdSs x S° x fermi = Sp(1.1) X Sp(2)

VA

T 4r

¥ =¥Y2 +Y¢ 4. +YE =<1, X2g..+X5=1

I d?o [8Yp§Yp + 0X1,0X}, + fermions ]
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‘\\ o‘."-.'
\ e
\/_ R2 ; _7\\ { ».
[=-—— d*¢ [Lp(z,y) + Lr(z,y,0)] , VA = o o 3

\/—g [ (AdS'5)( )8 mma "+ G’Ef?,( )aaym’abyn/] ‘

* Very non-trivial L; (already in flat space). Quadratic part

Lp = Z( /_ggabé‘IJ . EabSIJ)g QaneJ 1 0(94)

00 =T AEL0,XM = (T,E%, + T, E2,)0, XM

RR five form
D, =8,X™ Dy f

DI = (0m + ;wiPTap)d! — & Fa, . a, T4 45T el
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Strategy:

(i) symmetry algebra and its reduction in l.c. gauge
(ii) represent l.c. symmetry on particle states and find
exact dispersion relation from algebra
(iii) construct 2-particle S-matrix consistent with
symmetry, Yang-Baxter equation, unitarity, crossing;
symmetry of l.c. S-matrix as Hopf algebra
(iv) check against perturbative S-matrix found directly
from superstring action

special features: no 2d relativistic invariance;
basic objects are “dressed” elementary excitations;
non-locality of fermionic Noether charges:
non-trivial co-product depending on 2d momentum

Wednesday, 17 July 13



Exact S-matrices 1n relativistic 2d integrable models:

e no particle production; same initial/final sets of momenta;
e factorization of scattering into 2 — 2 processes

S5, =5(0), =0, -0, E=mcoshfl, p=msinh§
e crossing: S12(0) = S5, (im — )

e YBE: 512513523 = 523513512

e bound-state bootstrap |Zamolodchikovs]

Quantum-deformed symmetry: Hopf algebra
symmetry may act on 2-partcle states / S-matrix
with non-trivial co-product

S=PHR: H: Vq5%¥s -3 V3%V,

V': representation of algebra A

A: A—-AxA, [A(a),A(db)] = A(|a,bd])
A(T) = Fx 13U ¢ J.
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AdSs x S°:

l.c. gauge symmetry: centrally extended psu(2|2) & psu(2|2)
from spin chain perspective |Beisert 05]

dynamical spin chain (due to presence of fermions) —

interpreted as non-trivial Hopf algebra with U = e'P
|Gomez,Hernadez; Plefka,Spill, Torrielli 06]

from string world-sheet perspective:
supersymmetry generators are non-local in l.c. gauge
| Arutyunov,Frolov,Plefka,Zamaklar; Klose,McLoughlin,Roiban,Zarembo]

= ffooo doJ (o) expi ffoo do’0x~ (o)

semiclassical scattering state as two separated soliton excitations:
|ct: Luscher,Pohlmeyer]|

action of Q: Q(1+2) ~ Q(1) + e?Q(2)
may be interpreted as A(Q) =Q x 1 +¢e® x Q
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Quantum corrected dispersion relation

no relativistic invariance: BMN disperaion relation may receive quantum corrections

Ez\/1+4h(g)28in2%, h(g)=i+...

2

2
E = \/1+4(i+c)28in2& =V1+p?+ i +0(g7?)
gV 1+p°

2 2

If ¢ i1s non-zero, then the one-loop correction to the two-point functions is also non-zero.

s
Tm X+

Q0.7 0

¢ = 0: no shift of h
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two-loop correction shifts the bare pole of the propagator

1 (
—

2 2
P°—1 pd—1-pi+ 150t

¥ R

= S Lo . 2 1 4
E—\/1—|—4h251n ?—\/1+p1— 192th_-|—...

[Klose,McLoughlin,Minahan,Zarembo 07]
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AdSs x S°:

centrally extended l.c. gauge symmetry, coproduct,

and general requirements on S-matrix:

enough to fix the exact dispersion relation and string S-matrix

for 8+8 physical massive excitations (“dressed” BMN fluctuations)
including dressing phase [Beisert, Eden, Staudacher, ...]

then “diagonalize” S-matrix to find asymptotic BA

which matches result of spin-chain construction
| Beisert,Staudacher; Plefka et al; de Leeuw]

same approach can be applied to superstring in AdSy x CP3
dual to 3d ABJM Chern-Simons + matter theory
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AdS3/CFT2 and AdS2/CFT | cases?
solve string theory from first principles using integrability:

shed light on dual CFTs which are not well understood

limit of D5-D 1 system, expected dual CFT is deformation
of symmetric product orbifold SymN(T4) 2d model with

(4,4) superconformal symmetry
[Maldacena,Strominger 98; Seiberg,Witten 99; Larsen,Martinec 99]

PSU(I,1]2) x PSU(I,1]2) invariant GS supercoset action

is classically integrable -- suggests BA based solution
[Babichenko,Stefanski,Zarembo 09; David,Sahoo 10; Ohlsson Sax,Stefanski 10, Sundin, Wulff 12, ...]

|ntegrab|||t)’ of dual CFT is a queStiOn [Pakman,Rastelli,Razamat 09;...]
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: consider l.c. gauge and concentrate on massive
modes only (ignore first T4 and massless fermions)

(i) use residual psu(l|l) x psu(l|l) BMN vacuum symmetry
and bootstrap method to construct massive S-matrix
for exact (“dressed’) excitations;
check vs string S-matrix for elementary string excitations

(ii) find asymptotic BA “diagonalising” this S-matrix

[Borsato,Ohlsson Sax,Sfondrini,Stefanski, Torrielli |3]

[ (iii) TBA for full spectrum may require massless modes]

Close analogy with  AdS5 x S5 and AdS4 x CP3 cases:

suggests effective “discrete world sheet” or “spin chain”
picture behind quantum string sigma model solution
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Finding the right TBA generalization may require

[attempt to include massless modes from limit of
AdS3 x S3 x S3 x S| case [Ohlsson Sax,Stefanski, Torrielli 12] ]

Massive theory is formally consistent;
would be no problem in conformal gauge:
correct description of relevant part of spectrum

.c. gauge string theory in D < [0 is formally consistent
on cylinder but analog of full
D=10 Lorentz symmetry is not realized
inconsistency will show up
at string |-loop order (torus topology)
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S-matrix is fixed by symmetries and YBE up to
two scalar phases which are determined
from crossing relations

[Borsato,Ohlsson Sax,sfondrini,Stefanski, Torrielli 12]

matches string perturbation theory results
[Beccaria,Levkovich-Maslyuk,Macorini,AT 12; Sundin,VVulff |13; Abbott |3]

Wednesday, 17 July 13



Generalization

type lIB background: near-horizon limit of non-threshold
bound state of D5-D | and NS5-NS| system

RR flux ~ ¢ NSNS flux ~ ¢
¢ +4¢=1 0<q<1

supergravity solutions with different q related by
S-duality: supersymmetry and BPS states are same
but perturbative string spectrum is not -

q is non-trivial parameter [can not use S-duality
to find dual CFT beyond BPS states]

PSU(I,1]2) x PSU(I,1]2) invariant GS superstring action
IS integrab|e for dNY q [Cagnazzo,Zarembo 12]
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Aim: find string spectrum
for any value of string tension h and g

One particular motivation:
understand interpolation between spectra of
q=0 theory (pure RR flux)
solved in l.c. gauge using integrability/S-matrix/BA
and g=1| theory (pure NSNS flux)
solved in conformal gauge using chiral decomposition
of (super)W4ZW model |.,Maldacena, Ooguri 01,..]

Plan: [Hoare, AT 3]
|. Lagrangian and tree-level S-matrix in |l.c. gauge
2. Exact S-matrix from symmetry considerations
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Superstring in AdS3 x S3  with mixed 3-flux

PO, 112y s P SPU(L12) .
SU(1,1) x SU(2)

algebra has Z4 orthogonal decomposition
J=9"'dg=30+81+32+3s, dJ+JANJ=0

v2)

2

S= 3| [ &2 1T gt + 1VI= P(3rto- — 11|

= / de eabc ﬁ [%320,3263% T 31a83b32c 5 33a31b32c ]

[Pesando 99; Cagnazzo,Zarembo 2]

g = 0: superstring action for pure RR background
q = 1: superstring action for pure NSNS background

— GS version of super SU(1,1) x SU(2) WZW model
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S = AdSs + S3+fermions

bosonic ¢ # 1 model: principal chiral model with WZ term
RR fermionic couplings make it conformal for any q

Bosonic theory: SU(1,1) x SU(2)

S = 1n| / 0 Ltr(J°J,) + g / o tetr(Ju )|

2
b= g "0, T o

" ol o1

equations of motion can be written as (0. = 9y £ 0,)

(1-4¢)0+J-+(1+¢)0-J: =0, Opd_—0_Jy +|J3,J_| =0,

the Lax pair is given by

Li=11%q+2'V1-¢?)Je
k = 2mhg= integer

g =1 1is WZW theory case
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Hidden simplicity of dependence on g

visible when theory is formulated in terms of currents
Classical equations:

O J_+(1+q)Jr,J]=0

O-Jy —(1—q)|Jy,J-| =0

Conformally invariant, e.g., o* — aj'o™ | Jr —a

But can formally use either
Jir — (1 T q)JI or o — (1 T q)()'jt

to generate ¢ # 0 solutions from solutions of ¢ = 0 theory

Wednesday, 17 July 13



Faddeev-Reshetikhin model for the string on R x S° with B-flux

trJi = -2 Jo = iuSkst | Skgk — 1

0.5 + p(l + q)e¥ S 8* =0, 0_S5. — p(l — q)é?*8L.8% =0
S= [ & [(1-9CL(S) + (L +C-(S:) - 31 - w2 Sk 8]

1
Ci(S) — —%/ dx eiijﬁijBiSk ) 50:}: — %e”k(SS'zsjaiSk
0
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67 =(14q)o™, - =(1-qo , o = ;(70)

B / e [C1(5) + 6(8,) - 18%5*]

T=T+qo, 0O=0+4qT
~ . " o ~__€—(gp ~ _P—gc
e —=¢€-+ . = P+ qe , e = , —
qap pP=pP-rq 1— g2 p 1—¢2

Suggests that q dependence of S-matrix should be simple

Limit of fast motion: Landau-Lifshits model (u > 1)

1
L = /L(CO + QCl) — 1(1 — q2)(31nz-)2 , n;n; = 1

: 1
L= pcos20 (B+qB") — 5(1 — ¢%)(0" + sin” 20 p?)

same coordinate transtormation applies also in Pohlmeyer reduced theory
which is Lorentz invariant, so simply p — \/ 1 —q?up

Wednesday, 17 July 13



Bosonic S° part of action

- %[aJroa_e +5in20 8,6,0_¢y + cos? 0 O, ¢0_ob
+ ¢ sin” 6 (01¢10- ¢ — 3+¢23—¢1)]

Lg = _%[G( )aaapa p + F(y)0°YsOays + 2Bs(y) abaaysab@] ;

G = =1 —9°F, =
(LA i?f“’)2 e (1 + 1y2)2
BS — qF(y) ys ) gs = Grsyr -

Dispersion relation

BMN geodesic t =7 ; —=2Fr; ys =0
expand near big circle in R X S 3 2 transverse directions vy
L — %(yQ ;72 ) EE qyesrysyr + O( 4)
= %[y?- - (yr — Taesys)— F (1 =g )yr] + O(y")
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Dispersion relation

e” = (pke Jgit =l —g ) T" e=py, pP=pn
e=1+v/p*+2Jqp+ J?,

rescaling J: e=+P+1-¢2, p=p=xgq

on infinite line - continuous p - can shift

to get standard dispersion relation with m = \/ 1 — g2

2-particle S-matrix

Gauge fixing and expansion of the action to quartic order

(1

1—a

F=uw—bp , b=

= =L c=

l.c. gauge and fix momentum along ¢
or apply T-duality ¢ — ¢ and then fix static gauge

1

a=gauge parameter, a = 5 18 l.c. gauge
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L=—-vVh+bcP(c— By,
h c— Bry;) — Fgry;] g

= [c*Q — P(B,%,)? — Fy2] [P(c — Bsy.)* + Fy?] + [PBays(

Q=1+bP, P=(G-b)"

E:L2+L4+ s

Lo = (i — 97 — u2) + Geas¥lall, »

Ly = sysy? + 3q|0v€apysite — 302 + 92 + U2 €aptfal)l ]
+a— D{EED? - 162 + 9D + (44.)?

+ q| — UYespYshp + (U7 + Y7 — Y2 )espYsyi] }

—1qQ0 ,, ¥

1qo ) - - S
v, Y =t — =€ v

=1y — (v —igy) (" +iqy”) — (1 — ¢*)yy"]
=%[W—v’v“‘ (1- )],

La = 132¢*(1 — @)v*v*? + 3ig(1 — ¢*)vv* (vo*’ — v*v') + 4(1 — ¢)vv* V'™
2

+ @[ (V% — 0*2) + v* 2 (V2 — 9?)] —ig[vr' (v*% — 0*?) — vV (v — D?)] }
1){(1 — @) v*v*? —ig(1 — ¢®)vv* (vv* — V™)

%2 ?_'?*2) - ’U*’U"(UQ - ,U2)] Lo (UI*2 | - 6*2)(,0/2 bl ’U2)} .
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Tree-level S-matrix of bosonic string on R x S° with B-flux

simple structure: replace in ¢ = 0 S-matrix
e=\Vp?+1 by e=+/(ptq)?+1—¢

S=I+ih!T), h=1 =

T |ym (P)yn(P)) = Tr (0, 2) |y (0)ys(P))

p2 e pl2

¢=0:  Tned) =5 o+ (= 3) (e — ep)] g — e

(31; Y*) =y Liys + labels

T = 20, T =B A
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g dependence is actually very simple:

[not obvious from string Lagrangian]

p+p F2
2(p—p)
p—p +2q
2(p+p)
P )=, pemiptrl=yl, ey hly.
explicit g-dependence can be absorbed into
shift of momentum of particle v by q
and momentum of anti-particle v* by —q

e Fq)+elpFq| +(a—3)[e@F9 -F9],

TH ) =

le(P' £ q)+e(pFq)| +(a—3)[e(d Fq) —€pEq)],

P () =

simple final expression for (y,y*) S-matrix
and dispersion relation for 0 < ¢ <1

p+p
T () =5 2= p) (exp’ + €p) + (a — 3) (exp’ — €lip) ,
T p—p' i I . 1\ 7 o3 4
T(p.p') = g g F etp) + (a — 5)(exp’ — €p) .
TEAp,of) =0, ex =v(ptq?+1-¢, €=V xq?+1-¢
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Fermionic sector

LQ _ 'l:(T]ab(SIJ e eabPBIJ)a ™o m g] ﬁz(D )JKHK ,
D, =09, 4+ %8051:’“6,’2 [(wmnk — —p3H nk)I‘m"’ %plFﬁﬁiI"hmFé]

m=(o ) m=(i’é)’

Hio = —2q€sy Hp —2qe€z;

t,,. e —2\/ 1 — q Errgl F(P,,.S — 2\/ 1 — q2 €Ers

Ly= HC(0-44q)C, +iC (0 — ) —v1—-@(CC,+EE)
+ ix(0- +ig)x, +ix; (0 —ig)x, — V1 —@* (Xix, + X:Xz)

Ly =—3[V1—a GC, +5(CGC, — G¢,)]0+y™0y

— V1= ¢, + 4CC, — ¢, 0-y" 04y
gl ~C G bl L0 it [~ Wi~ E G 36 7609ty
66— G G 2dC lyidw—] — (0 C—C 6 ) 200 |0y
+3(G0+C, — 04 CRC, +(O-C, —0_G( )Yy .
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Tree level superstring S-matrix: q=0 case is same as

truncation of known AdS5 x S5 one
2 complex bosonic (y+, z+) and 2 complex fermonic ({4, x4+ ) fields

Boson-Boson

Tlysys") = (i +©) |y+y+)

T|2e24") = (= + ¢) |2324")

Tlyszs) = (Is +¢) ly2e) + s [Cexa’) — Is [xx(e)
T|zey:") = (—ls +¢) |zeys”) — Is |x2Ca") + 15 [Caxa’)

Fermion-Fermion

Tl =el¢ite)

Tlxax+') = clxaxz’)

T|Cixs") =I5 ly+2+") + 15 |2294")
Tx2(a) = —ls|2eys”) — Is ly+24")

Boson-Fermion

T|ys¢e’) = (Is + ¢) ly=(e’) — Is |xys")

T |¢rys’) = (Is +¢) [Cays") — U5 ly+Cs)
Tlyexs) = (le +¢) lyexs’) — bs [ x2y+")
T|x+y+') = (Is + ¢) Ix2y+") — ls lyexs")
T|2:(:") = (—lg +¢) |2:(2") + 15 |Cx24")
T|¢+2+") = (=l +¢) |[Cx22") + 15 |2:C4)
T|2:x2) = (—le + ¢) |zex2) + U5 |x22+)
T|xx2+") = (—ls + ¢) [xz2£") + Is |22x2)
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Tly+y:) = (la + ) ly+y+) + L [CCE") + la Ixexs)
T|ze25") = (o + ) |z225) — la|xeX5) — La1C2GE)

= (I3 + ¢) [y£25)
(=l + ) |z+y%)

T |yi~$’>
T |21y ) =

Ci(;’) =l lyiy;') — |3:tz¢'>
X2XF ) = —la|zezz’) +la |y+ys)
Cxx5) = c|Cexs)

X:tCJr") = C|Xi<4:')

y+(5') = (lr + ¢) |ly£CE') + la | xz25")
Cayz) = (lo + ©) |Ceys) — la|2ax3")

yrXx ) = (Iz + ¢) lyexz") — la [x25")
X+¥5 ) = (lo + ¢) [x2y%") + la|2:¢)
23C5') = (—lr + ) |2e(5") + la | x295")

Crzg) = (—lo+ ) |Ce2g") — La|lyaxs')
zaxg ) = (=lr +¢) |2exz") — L |Ceys")
x+23') = (—lo + ¢) [xx25") + la |y+(3)



el = (p+P)(e'p + ep') (o, 7) = (p—p)(e'p+ep)

20-p) 20+p)
l3(p,p') = — %(e’p +ep')
(pr) == 52— [V e+ ) ~ Ve =@ =7)]
1(p,7) == 52 VEF @ 7 + V=P 7).
ls(p, ') —p’gz;f)j:,?,) , l(p,p') = —p’;;f:;?’) ,
o EIES gt
e=vpP+1, ¢ =\pr+1.
q # 0 generalization:
functions Iy 536780 : do replacement:

erer=1/(pEq?+1-¢, f vey=y([PEg?+1-¢
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symmetry of l.c. vacuum:
psu(1]1) x psu(1|1)

Symmetry factorization property of S-matrix:

ly) =|9) ®|9) ,
() =9) ®|¥) ,

2) =|¥) ®|¥)

|
xX) =) ®|48) ,

T|y+C,) =A@ T+TI) (|p+¢,) ® |p+9,))
T|z;xX ) =— AT+ TRI) (|9 ) ® |[v4¢))

1 1 1 1

le = 5(11 +13) , lg = 5(11 —13) ; l7 = 5(12 +ls) 5 lo = 5(12 — 13)

factorization property does not constrain [, and [s.

requirement of integrability — the classical Yang-Baxter equation :

!/

7= (p,p) = - 2(ppip,) :\/(ei +pEq)(ex+p Fq) - \/(ei —PpFq)(e; p’iq) ,
l?iﬁﬁ(p,p’)=—2(ppfm :\/(ei +pEq)(eh +p £9q) +\/ei—p¢q)( p’¥q) -
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Summary of tree-level S-matrix in factorized form:

Vi  R?

:g:%ra"

¢ +¢=1, Gg=v1-q2. h

gVA=k, ie. k=2rhg.

y) =10 ®|9) 2) = [¥) ® |¥)
Q=9 , X) = ¥) ®|)

where |@) 1s bosonic and |¢) is fermionic. The factorization property means that the S-matrix

63: = 1—|—p2::2qp.

for {y, z, (, x} can be constructed from an S-matrix for {¢, ¢}, which takes the following form

S|psd+"y =A, L1, |p+04") S |pr1vs"y =A, L3, |¢stvs") + A, Ly, |14

S [Yethy”y =A Ag, |Yapy”) S|veds) =A A3, |[Yros’) + A As, |prt0s”)

S ¢i1/):|:’> :A:I:L6i ¢i¢$,> 3 S ¢i¢:|:'> :AiLQ:t d):tqs:F,) T AiL4:t |¢i¢¢1>

S [Y+d<) :A:l:Afi:I: bids) S [xs’) :A:E:AQ:E Yatpr') + A:EA4:E |p+0%')
ex =@+ (ptq)?, ¢y =1/ @+ (P £ q)’
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A =1-5-(a—3)(€p—eep)+OM?), A = 1--(a—)(hp—esp) +O0™)

other non-trivial functions of the momenta p, p’ and energies ey, €. are

2 —1+%lli+(’)(l 2) | X —1—%zli+0(1 2)

o o B —2 e 1 2
L =1+ 21113:*: +Oh™) ., Ag, =1 211l3i +O(h™) .
Lo —1+§lgi+0(h ), Ao _1_%121_}_0(1 ),
Ly = hlsi + O(h~ ) Ay, = hlsi + O(h~ )
L4:{: hl4i —I—O(l _2) . Ay 44 hl4i + 0(1 _2) :
B 2 (p+P')(elp +esp’) B, = (p—P)(elp+esp)

P 2(p—17p') ’ = 2(p+7) ‘
1
l3, = —§(€§;P+ ex?)
p' T i

by = —50 [V (es +pE Q) +7 Fa) — /(e —pF )5~ £ 0),

. LT , . - '
ls, = o= _\/(C:I: +pEg)(ex +p g+ \/(C:i: PFa)le —P Fq)

Wednesday, 17 July 13




Exact S-matrix
to all orders in inverse string tension !

Use constructive approach

(symmetry + general properties)
as in  AdS5 x S5 case
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Strategy:

(i) symmetry algebra and its reduction in l.c. gauge
(ii) represent l.c. symmetry on particle states and find
exact g-dependent dispersion relation
(iii) construct 2-particle S-matrix consistent with
symmetry, YBE, unitarity, crossing;
symmetry of S-matrix realized as Hopf algebra
(non-trivial p-dependent coproduct as in AdS5 x S5 case)
(iv) check against perturbative S-matrix found directly
from superstring action

Remarkably, resulting exact S-matrix has

but in terms of g-dependent kinematic
(Zhukovsky) variables x(e,p;q)
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S-matrix symmetry algebra and its representation

PSU(1,1]2)x PSU(1,1|2)
SU(L,1)xSU(2)

supercoset

supersymmetry PSU(1,1|2) x PSU(1,1|2) same for any ¢

g like tension h is parameter in string action

supercoset symm. preserved by l.c. gauge (BMN vacuum) same for any ¢
but form of its representation on 1-particle states may depend on ¢
U(1) generators R and £ four supercharges Qi+ and Gi+
three central extension generators €, '3 and 8

1

| b

M=—-(R+ L), B = .,)(»9'{—2)
B, Q| =+ii~., B, Gir| =+i6ir
{Qi:Fv QZFi} =P, {Gi:Fv 6:F:i:} =R, {Qi:Fv 64::&} = 1IN+ ¢
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This superalgebra is a centrally-extended semi-direct sum of u(1) (generated by B) with

copies of the superalgebra psu(1|1), i.e.

(1) € psu(1|1)?] x u(1) x R® .

subalgebra of the familiar psu(2|2) x R?3
symmetry of the full S-matrix [u(1) € psu(1]1)*)* x u(l) x R®

particular representation of this symmetry algebra

one complex boson ¢ and one complex fermion v». ¢, =¢, ¢_ =@*; V. =, d_ =Y*

B |ox) = i |ox) B |e) = Fi|vz) ,

Qiz|o+) =0, Qir |Ys) = bs |04)

Qe |¢+) = ax |Y1) Ot Y1) =0,

Gizlo+) =0, Gix [Y+) =ds|0x)

Gz |o+) = cx [1) Gzt |Y1) =0,

M [¢s) = 5 M [ds) . M [ohs) = i My [ths)

Clos) = Ot |o4) ClYy) = Cx |[Y4)

Blos) = Pr|os) | Blvs) = Pr|vx) |

R|o+) = Ky |o+) Rvs) = Ky |¢s) .
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a4.by,cy,dy,Cy, P+ and K4 are the representation parameters

functions of the energy and momentum of the state

{do,7,} and {d_,7_} are two irreducible representations related by conjugation
For the supersymmetry algebra to close

@i-bi= i cidy =K aidy =04 +—/—— b= a =

2 2
M?2
C? = f o A oo

shortening conditions for the two irreducible atypical representation

will be interpreted as dispersion relations :

Can get exact dispersion relation from the algebra
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To define action of this symmetry on 2-particle states
need to introduce coproduct:

Hopf algebra structure

AB)=BRI+1I®B, AM=MI+IxM, A@)=C¢xI+IxC,
AQ)=0I+U®9, AG)=6QI+U'®6
ACR) =PRIN+ R, AR)=Rl+U 2R,

and opposite coproduct A(3) = P(AQQ))

J 1s an arbitrary generator and P defines the graded permutation of the tensor product

~oproduct differs from the usual product by the imtroduction of a new abelian generator
U, with A(Y) =U QU
o) =Uslds) ,  $la) = U )

This braiding allows for the existence of a non-trivial S-matrix

[psu(2]|2): Gomez,Hernandez 06; Plefka,Spill, Torrielli 06; for this case in PR context: Hoare, AT | ]
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The factorized tree-level S-matrix of the theory with mixed 3-form flux (¢ # 0)

co-commutes (A%(J)S = SA(J)) with the supersymmetry algebra if

at the leading order in the large h — oo,

;i — €1 .
+ \/Q\/i ap .
e~ qp
C+ — )
V2 Ver+1x£gp
Ui=1+%, M =1 dmpy €
2h

p— 0, p = hp = fixed
et qp
b:l:__ 9
V2 Ver+1xgqp
ed
di =——ifei Lk gp .
i \@\/i qp .
6’:': ZA > ZA
S M B e — K= —
9 -+ QQP - = qu

Leads to exact expressions for representation parameters:

Uy = e2P M= 12hg Sillg : o= %
hqg . h ¢ .
P, = ; (1—e®) . i, 17‘ (1 — eiP)

e 1S energy,

Wednesday, 17 July 13
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i aile hq(1— e™P)

i€ 1 .
a = = e ld2hg sms , b= :
V2 \/2 \/ei—l—l::‘th sin 5
o e~ T hg(l—e™ atleT
= 1 ) =3 di— i\/j ex +1+2hg Sin%

C4+ — -
V2 \/€i+1122h(1 sn 5
a4+ are free phases

leads to exact dispersion relation

e+ = 4/1 £ 4hgsin g + 4h?2 sin” g
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Comments on exact dispersion relation

% .. P D

i

interpolates between the RR case (¢ =1, ¢ =0) and the NSNS case (§ =0, ¢ =1)
q = 1: superstring generalization of the SU(1,1) x SU(2) WZW theory

k

ex = |1+ 2h sin g| , h = o (“massless” at small p)

Interpretation: dispersion relation of “dressed”
elementary string excitation (cf. “giant magnon”)

perturbative string (BMN) limit h — oo . p—0, p = hp = fixed

ex =v/@+ (pxq)2+ 00

different strong coupling limit — semiclassical or “giant magnon”

g =0 Sing +q + O™
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compare to g = 0 case:

dispersion relation

6:\/1+4h251n2%, h:\;—g
_ > p* | -3 _ -1
6—\/1‘|‘]U 24h2m'0(h ) p=h""p
q # 0:
3
e=V1-¢>+(p+aq)? pp ) -O(h™)

24h*\/1 - ¢* + (p + q)°
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Another interpretation of exact dispersion relation:
discretization of spatial world-sheet direction

quadratic term in bosonic string action (near BMN geodesic)

1 ) : .
T — 511 / (leU( T dayrdayr — YrYr + qersyrdlys)

ex = /@ + (pxq)?-

now assume that the spatial direction o 1s compact with length ¢ = 277

discretize o into J points with step &
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4 J
— 7 — 277'7 ? yr(n)(T) — yr(Ta ng)’ n = O: i J = 11 Yr(J) = Yr(0)

F
1 : -
I = 5}18 E /dT [y?,(n) & 2(yr(n+1) = yr(n))2 " y72‘(’n) A7 2q Y1(n) (yQ(n-}-l) i y2(n))]
n=1

i) Ve g WPl Pp=— f=M b o 528

The corresponding dispersion relation

; J o P
et = 1 44 5in I§ + 4ge~ ! sin I§

equivalent to the exact dispersion relation 1f el=h

step of the lattice £ has the interpretation of the iverse of string tension

qg=1: massless operators dy £ 9; on a 1-d spatial lattice.

T L
L =" (8 £ 0y — i) ex = |1+ 27 sin 7

Lessons about weakly-coupled dual theory?
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Exact S-matrix: q=0 case

formal symmetry under interchange of the two irreducible atypical representations

drop the subscripts + on both the representation parameters

Zhukovsky variables ¥ = z*(p)
er =—, e+ 1=1h(z —=x") =iz ) e+
x h
functions parametrizing the exact S-matrix [Borsato,OhlssonSax,Sfondrini,Stefanski, Torrielli 13]
r—x't xt — /"
L1=Sl, AI—S e __I,.}_)
e rt — o/ - — '
L3 e Sl TR A3 — Sl e T
zt r— — 7o - xr —7x
e JErEtt gy o Ui
i _ZESI gt~ p— — g’ = _Zaslfc——m’+’
r—x'~ 1—xta't
Le =5, , Ag = ot + =2
) rmadl — T
pe= 31—t~ g T L
Lo=S , Ao=S :
2 Vet 1l—z 2z . 4 :L"+1—:1::1:

; £ - '’ . 1
b= 'S = S
- i N ) LR 21—:1: e
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S-matrix is completely fixed, up to the two phases S, and S,, just by demanding

invariance under the four supercharges.

this S-matrix satisfies the Yang- Baxter equation, QF T unitarity, and also braiding unitarity if

S.(zt,z7;2'",27)S, (', 2’2t ,27) =1,

1+ — S e

+ -+ - + - 4+ - 2 b R e

B AT i 52 T JOlT i 1B )= — —
i - I

This suggests that a natural strategy to generalize to the case of ¢ % 0

the corresponding Zhukovsky variables .’16;:t

S-matrix will remain unchanged up to the introduction of

o =

the + subscripts on z* and 2’ =
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Exact S-matrix:  generic g

i :1:: o . +
e’? = = | ei+1::2hq81n§:th(:ci—:ri)
r—
+
— + . A
xIr - 2
A:E+—|—L—;L'——L + 9 Ty _x =& q_\/]-_q
I\ T T T A\ = o h
4 + " +
i e+ +1+2hgsink
= = = L 2
T, =T1.€ 2, T, = ohé sin P
1 sin §
P L T TSR
N N i gt Y
Ll:k =g Sl:t ’ Al:t 3 Sl:t I.*.x,— T —1',+ )
EE iy '+
— ot T 1+ -
_ /:!: + + . <Y g
L3:t = Sl:t I+ x_ i/+ ) A3i . Sl:t :L'[—- $_ x/+ ’
R oy Tl ey ol S
S L / / /
I — —"a—iS i A R e 'a—‘tS M1,
5e = TV D1\ g o — gt B¢ = T gy TtEg— — gt
T +Vx Tk + Y1 i 3
i 8 A 8 o o l—x:x’:
6+ = Va2 6+ ™ N2\ 4t ] g
kT F + F
o ot 1— _ — T
Lo —S CL‘il T Ao — S :1:;1 T T
2:t 2% $+ 1—1'_17,— ’ 2:h 2+ Il',+ l—ilf_.'l"- ’
* +  F F + 7 F
S / /
I, —i /g T, T_ UNys B o8 1 S M7
s xtot 1 —z—2/7 s l(r Ao P e
):h q: ./i ):F i:F ./i./q:
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S

four phases S

11> Oy, are not fixed by symmetry or the Yang-Baxter equation

S-matrix in the ¢ # 0 case 1s QFT umitary, while for braiding unitarity

= s SR - c
+ - 1+ - I+ I—. 4+ _—\ X = Ir'.
Sl B sl 8 5%, YO (& ;0 i85 %, ) = L, (z7) .
speesapets | T o
T rox
S TR o P ' R, o SO LR, SN + 7 F ek
Sgi(a:i,:ci,x;,a:;)SQ:F(x$,x¥,xi,a:i)— e e
+ +
crossing symmetry =
I:i: T —

T TR
g @ a:il T T

14 24 TR Oy o
] 1 roT

natural to conjecture that the

may also apply to the phases.

S = Sleematal ), S,, =8, (z} Al

However, this prescription 1s ambiguous
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modification that resolves this ambiguity. for the strong coupling limit

+pl— p— ot ] — 1
o AL I i — 2
SlA| :\/ T g
a=0

't rt — !~ g e +11_ AFS '’
r'Xx
1 1
— I+ -\ __ th ¢ :B“'a:"*'
Pl (B Ol B Yo D E , Bi= T
:1:'*‘1'
g Ay L ey Lo g L 1 L—sias L e
do= (=" + F+7 + = -2 - -7 — =) log | T
i = - T TFdF T oo
— B thddo G =/ 1 —qg*
Oups —> Oxps, — D€ j=+v1-¢q

recover the tree-level string-theory S-matrix for the elementary massive excitations

“olant magnon” limit: h — oo, p = fixed , g = fixed
i 1 h—1 1
- +1p 2 o
= e A r, =—=|1+qg+ — + O(h — + O(h
= . i q[ 9T 9ginP ( )] =g (h™)
2
S S —ihdg 9 ( P p ) 1 L= (]2 COSQ ‘LAIR il O(} —1)
~ ~ € . = (cos = — cos —) lo , 1
- = | e 2 L 1 — G2 cos? p_p_-z
q = 1: phase 1s trivial relation to WZW theory?
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Full S-matrix is product of two factor S-matrices:
same structure as in qg=0 case
but with =+ subscripts added

Remains to check against semiclassical finite gap egs;
derive classical and one-loop phase from
giant magnon scattering, etc.
Check against perturbative string S-matrix at loop level
using unitarity approach [sianchiForiniHoare 13; Engelund,McKeown,Roiban 13]

Exact disp. relation and exact S-matrix - starting point for
construction of corresponding Bethe Ansatz
Should have again same structure as in q=0 case

as full symmetry algebra is same: psu(l,1[2)°
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|. fix 4 phases from crossing conditions
2. construct corresponding asymptotic BA
3. clarify role of massless modes and
find corresponding TBA / Y-system

Similar construction of l.c. S-matrix
for AdS2 x S2xT6
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From exact >-matrix to Asymptotic bethe Ansatz: q=VU

[Borsato,OhlssonSax,Sfondrini,Stefanski, Torrielli 13]

1
K + K; 1 — —
T Yk — T y1,kZ;
= == ] et
j=1YLk = Zj j=1 Y1 kZ,
1
N\NL Koot _m—1l——— Ky .- . K3 :
ol 3 R H il S il ket o2(zy, ;) H T —Y1,5 H T — Y3,
Ty gy —gf 1= VR AL ok il gt~y
i#k
1 1
Kﬁl—a;?l—aq?z Kil—x_;_ Kﬁl—x_;_
j i~ = kY15 kY3,
xnl_ 1 = 1.0(3:’“’:87).1_[1——1—.1-[1——1—’
=1 Ty Z; P =1 Ty vi,; =1 Ty Y3,
1
K + K; 1— —
= [ B2 e
S Yer— g 1—
3=l ; J j=1 y3,kij
1
K; ~— Kz 1—
i 2 yi,k = J 2 yi,kz)
=TT 22 T
j=1 9Lk J j=1 yi,kzj_
BRI Ny (r—— - R i
v = kT ;1 ZE o~ _\ TV Ty Y1, . Ty Y3,
=1 =1l =— o*(Zr, Z5) | ] == 1§ =
T $+ = 1= 1 s T 5 T — ua
k j=1 *k J j;j;' j=1 *k yl,] j=1 "k Y 3J
J#k
1-—-1-21 . Kll—a_ﬁl/1 Kal—j,;s_
) e | Bt A — y k J ke J9.7
XHI_ T R 0(:Bk,x3)H1_ i Hl— N
J=1 ZrzT Z zT J=1 Zry.; =1 Z, Y3,
1
Ko o -— Ko 1 —
1 ﬁ Yar — T; Y3 kT,
= s = 1 1
j=1 Y3k i j=1 e
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Dynkin diagram for psu(1,1|2)? with the various interaction terms

——— Dynkin links
---------- Fermionic inversion symmetry links
Dressing phase oy,

~———— Dressing phase o,

cf. BA for su(4) @ su(4) spin chain

K;
E = FEy + Es, Ejzz\/l—l—lfihzsinz%.
k=1
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Dressing phases: q=0

[Borsato,OhlssonSax,Sfondrini,Stefanski, Torrielli 13]

o(p1,P2) = ew(pl’pz), 0 (p1,p2) = et 0(p1,P2)

L . ~ — - U(plap2)
g (P1,pP2) =0\P1,P2)0\P1,P2) , O \P1,P2) = =
r.02) = 0(pr,p) 5onp), 0 (onp2) = 200
9(p17p2) i X(xil_ax;—) 25 X(xl_a 332_) i X(SUT,SUQ_) o X('Tl_a SU;—)
AdS5 X S5: BES phase [Beisert,Eden,Staudacher; Dorey,Hofman,Maldacena]
VBB ( B 1 [[14+ih(w+1/w—w —1/w')]
(9) Zjé omi 27m rT—wy—w ;o [l —ih(w+1/w—w —1/w')]

1
oz, y) = }[5
2 271 2mi r—wy —w'

-sign(w’ + 1/w' —w — 1/w)

AdSs x S3: X" (z,9) =2x""(z,y) — x"(z,y)

dw 1
ST T — W

log [(y ) (1 ’ i)] sign((w — 1/w)/i) —z

yw

X (z,y) =
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