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1. Fractional Quantum Hall Effect;

2. Quantum Hydrodynamics of Incompressible Fluid;

Search for Conformal Symmetry in Hydrodynamics
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PECULIAR FLUID OF FQH STATES: ν = 1/3

Particles on a plane in a quantized magnetic field with a strong Coulomb

interaction at a fractionally filled ν = 1/3 Landau level form a quantum fluid
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SCALES

* Energies
É Cyclotron energy - distance between Landau levels;

ħhωc =
eħhB

mc
∼ 25K

É Coulomb interaction→ a gap at fractional filling: number of electrons per flux
quantum ν = 1/3,

∆∼
e2

`
∼ 10K

* Length scale: `=
Æ

ħhc
eB
∼ 10nm

* Size of the device ∼ 10− 100µm

* Number of electrons N ∼ 106

Fractional Quantum Hall States Exist only because

ħhωc�∆
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HOLOMORPIC STATES

At
ħhωc→∞

All states are contained within the first Landau level are holomorphic:

Ψ(z1, z2, . . . , zN), zi = xi + iyi

If the only remaining scale, the gap

∆→∞

States below the gap is "topological sector":

boundaries -state correspondence
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CHARACTERISTIC FEATURES OF FQH LIQUIDS

* States
∗ Liquid;

∗ Incompressibile;

∗ Fractionally quantized vortices;

* Energy and Forces
∗ Dissipation-free;

∗ Fractionally quantized Lorenz force (Hall conductance)

∗ Fractionally quantized Lorenz shear force (aka odd viscosity or Hall viscosity)
J. Avron, R. Seiler, P. Zograf, Phys. Rev. Lett. 75, 697 (1995);
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LAUGHLIN STATE(S)

All these features are encompassed by the Laughlin w.f.
(interesting physics occurs only at N→∞)

Ψ0(z1, . . . , zN) =







N
∏

i6=j

(zi − zj)







β

e−
∑

i |zi|2/4`2

after N. Kang

∗ ` -magnetic length;

∗ ν = 1/β - is a filling fraction;

∗ β = 1 - IQHE; β = 3- FQHE.

Important features:

∗ Wave-function is holomorphic;

∗ Degree of zero at zi→ zj is larger than 1;
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VORTICES
Each state⇔ holomorphic symmetric polynomial:

|States〉= Q(zi) ·
N
∏

i6=j

(zi − zj)
β

Quasi-holes - punctures in the bulk

Ψh(z) =
∏

i

(z− zi) ·Ψ0

Sunday, D
ecem

ber 9, 12

y(x)
x

y

∗ How do they move?
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QUANTUM HYDRODYNAMICS

Reducing all complexity of Quantum states to just one pair of canonical fields:
density ρ and velocity v

[v(r, t), ρ(r′, t)] =−iħh∇δ(r− r′)

Classical case: local equilibrium

principal of local equilibrium allows to reduce the Boltzmann kinetic equation for
the distribution function to hydrodynamics equations for density and velocity.

Quantum case:

A strong coherence of flows (?), holomorphic states.
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KNOWN QUANTUM FLUIDS

Superfluid: Landau (1946), Feynman (1956); Khalatnikov (1965)

Electronic liquids in 1D: Luttinger (1964);

FQHE: Girvin, MacDonald, Platzmann (1984);

Also:

N. Read (1989) and M. Stone (1990), I. Tokatly (2007), D. T. Son (2007-2012),
N. Read (2007-2012).
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MINIMAL SET OF ASSUMPTIONS:

flow is incompressible;

inviscid;

All states are in the form of

States=
�

symm.holomorphic pol
�

×
N
∏

i6=j

(zi − zj)
β

N→∞
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Incompressible rotating 2D fluid

∗ Vortices are only degrees freedom;

∗ Turbulent flow: state with many vortices;

∗ Quantum fluid: circulation of vortices are quantized.
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Point of interest: the vortex fluid

∗ Fast motion: fluid precessing around vortices;

∗ Slow motion of vortices.
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DIGRESSION:
CLASSICAL INCOMPRESSIBLE ROTATING 2D FLUID

Incompressibility ∇ · u= 0,

Vorticity $=∇× u

Vorticity is transported along the velocity field:

the material derivative of the vorticity in that flow vanishes:

D$

Dt
≡ $̇+ u · ∇$= 0.
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KIRCHHOFF EQUATIONS

D$

Dt
≡ $̇+ u · ∇$= 0.

Helmholtz (and later Kirchhoff)

u(z, t) =−iΩz̄+ i
N
∑

i=1

Γi

z− zi(t)

Kirchhoff equations

i żi = Ωz̄i −
∑N

i 6=j
Γj

zi(t)−zj(t)
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CARTESIAN COSMOGONY

1644, Principia philosophiae
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CHIRAL FLOW
Large number of vortices largely compensating rotation

Ω = πρ̄
∑

i

Γi

Kirchhoff equations Γi = Γ

i żi = Ωz̄i −
N
∑

i6=j

Γ
zi(t)− zj(t)

Ψ0(z1, . . . , zN) =
N
∏

i 6=j

(zi − zj)
βe−

∑

i |zi|2/4`2
,

∂zi
logΨ0 = Ωz̄i −

N
∑

i6=j

Γ
zi(t)− zj(t)
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KIRCHOFF EQUATIONS ARE HAMILTONIAN

i żi = Ωz̄i −
N
∑

i6=j

Γ
zi(t)− zj(t)

H =m∗Ω







∑

i

[Ω|zi|2 −Γ
∑

j 6=i

log |zi − zj|2







(m∗Ω){z̄i, zj}P.B. =−iδij
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CANONICAL QUANTIZATION OF KIRCHHOFF EQUATIONS
Kirchhoff equations are Hamiltonian

∗ Poisson brackets→ commutator:

{z̄i, zj}P.B.→ [z̄i, zj] = 2`2δij;

∗ Representation: the operator z̄i becomes a canonical momentum of the
coordinate zi

z̄i = 2`2∂zi

∗ Quantum states: Holomorphic polynomials Ψ(z1, . . . , zN).
∗ Hermitian conjugation (chiral condition)

z̄i = z†
i

Bargmann space - a Hilbert space of analytic polynomials with the inner product

〈Ψ′|Ψ〉=
∫

Ψ′Ψ dµ, dµ=
∏

i

e−
|zi |

2

2`2 d2zi
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LAUGHLIN W.F.
Velocity v= vx − ivy

classical : i vi = Ωz̄i −
N
∑

i6=j

Γ
zi(t)− zj(t)

quantum : ipi =
ħh
ν

�

ν∂zi
−
∑

i 6=j

1

zi − zj

�

Stationary state (no flow):

pi|ground state〉= 0

Solution is the Laughlin’s w.f.

Ψ0 =
∏

i>j

(zi − zj)
β , β = ν−1

Laughlin state is a ground state of a rotating incompressible quantum fluid
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STOCHASTIC QUANTIZATION

dz̄i = Ωz̄i −
N
∑

i6=j

Γdt

zi(t)− zj(t)
+ dξi, E[dξi dξ̄i] =

2Γ
ν
δijdt
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HYDRODYNAMICS OF VORTEX FLOW

∗ Fast motion: fluid precessing around vortices - velocity u;

∗ Slow motion of vortices - velocity v:

Task: Hydrodynamics of vortex flow (secondary fluid)

Vorticity - density of vortices : ρ(r) =
∑

i

δ(r− ri),

Momentum of vortices : P= ρv=
∑

i

δ(r−ri)vi.

vi→ v(r) ⇔ u(r)

iu= Ωz̄+
∑

i

Γ
z− zi

= Ωz̄+Γ

∫

ρ(ζ
z− ζ

d2ζ

Vortex flow⇔ Fluid flow
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SUBTLETY: SHORT DISTANCE ANOMALY

∗ Short-distance anomaly: Relation between P= ρv and ρu

ρv= ρu+
ħh

4ν
∇×ρ, v= u+

Γ
4
ρ−1∇×ρ

∗ Effective change of velocity

u→ v= u+
Γ
4
∇× logρ

∗ Origin of the short distance anomaly:

vortex does not interact with itself
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CALCULATIONS

ρv=
∑

i

δ(r− ri)vi, vi =−iΩz̄i + i
N
∑

i6=j

Γ
zi − zj

ρv= iΩz̄ρ(z) + i
n

2π
∂̄ [(
∑

i

1

z− zi
)2−

∑

i

1

(z− zi)2
] = ρu++i

ħh
2ν
∂ ρ

ρv= ρu+ ħh
4ν
∇×ρ
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LORENTZ SHEAR FORCE:
AVRON, SEILER, ZOGRAF, 1995

∗ Effective change of velocity

v→ v−
Γ
4
∇× logρ

∗ Anomalous viscous term emerges in the momentum flux tensor

fluid : Πij = ρvivj + pδij,

vortex fluid : Πij→ Πij −σ′ij

odd or Hall viscosity : σ′ij =−
ħh

4ν
ρ(εik∇jvk + εjk∇kvi) =

=−
ħh

4ν
ρ(∇i∇j −

1

2
δij∆)Ψ, vi =−εijΨ
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LORENTZ SHEAR FORCE

Pressure acts orthogonal to shear, proportional to a shear
(with a universal coefficient ħh/4ν

σ′xx = σ
′
yy =−

ħh
4ν
ρ(∇xvy +∇yvx),

σ′xy = σ
′
yx =
ħh

4ν
ρ(∇xvx −∇yvy)
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CHIRAL CONDITION

Holomorphic states (all physics is constraint by the first Landau level):

Incompressibility: ∇ · v= 0,

Chiral condition: density determines velocity (or vorticity of the secondary
flow)

ν

2π
(∇× v) = ρ− ρ̄+ 1

4π
( 1

2
− ν)∆ logρ
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LORENTZ SHEAR FORCE AND TRACE ANOMALY

Stream function ψ
v=∇×ψ

σ′µν =−
ħh

2ν
ρ(∇µ∇ν −

1

2
δµν∆)Ψ

Metric space gij:

Geometric Action=

∫ ∫

σ′ijg
ijpgd2ξ=

ħh
4ν
ρ̄

�
∫ ∫

Rψ
p

gd2ξ+
1

2

∫

Kψds

�

︸ ︷︷ ︸

trace anomaly

R is Riemann curvature, K is the boundary curvature.

28 / 1



CURVED SPACE (TRACE ANOMALY)

R−Curvature

Force : −σ′µµ =
∆ν

16π2ν
R,

Charge :
1

8πν
R.
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ALGEBRA

ħh−1[P(r), P†(r′)]=−
1

2
(P×∇)δ(r−r′) +

ħh
2ν

�

2πρ2δ(r−r′) +
1

4
∇
�

ρ · ∇δ(r− r′)
�

�

︸ ︷︷ ︸

anomalous term

[P(r),ρ(r′)] =−iħhρ∂ δ(r− r′).

Obeys Jacobi condition
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POTENTIAL FLOW: VIRASORO ALGEBRA

Potential flow:
∇× v= 0, ρ = const

Flux is harmonic

P=
∑

n6=0

1

n
Lnz−n

[Ln, Lm] = (n−m)Ln+m +
c

12
(m3 −m)δm+n.

c= 1− 6(
p
ν − 1/

p
ν)2
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SUMMARY

∗ Quantization of vortex fluid;

∗ Conformal symmetry of the vortex fluid;

∗ Known physical properties of FQHE can be obtained from the quantum
vortex flow in incompressible 2D fluid;

∗ Possible applications to turbulence
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