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Hyperbolic inverse problem with restricted Cauchy data

We consider the wave equation

O2u— (Ag+Au=0 in (0,00) x M,
u|X€3M — fv
U|t:0 =0, 8tu‘t:0 =0,

where A is a first order differential operator on a compact Riemannian
manifold with boundary (M, g). “Everything is smooth.”

Let S, R C M be open and non-empty.
Inverse problem. Does the restricted Cauchy data set

C‘;R = {(f,0vulo,1)xr); f € G ((0,T)xS)}

determine the geometry (M, g) and the lower order terms A (up to the
natural obstructions)?



Local reconstruction of lower order terms

Theorem [KURYLEV, LAssAs AND L.O.]. Suppose that

» § C OM and T > 0 satisfy the condition: “any billiard trajectory
(reflecting from OM \ S) exits M through S before time T,
» R C OM is strictly convex.
Then there is a neighborhood U of R such that Cg% determines (U, g)

up to the diffeomorphism invariance, and the operator Az + A on U up to
the gauge invariance

Dg+ A k(D + AT (1)

where k € C*°(U) is nowhere vanishing and satisfies x|g = 1.

» The Cauchy data 63977—3 does not change under the gauge (1).

> If the convexity assumption could be removed, then the local
reconstruction method could be iterated to give a global result.



The billiard condition on the disk

S1/4

Let (M, g) be the Euclidean disk {z € C; |z| < 1} and define
Sy = {e?™: 0 € (0,a)}.

» If @ > 1/2 then the billiard condition holds (for large enough T > 0).
» If & < 1/2 then the billiard condition does not hold.



Brief summary of earlier results with restricted data

Let us assume that T > 0 is “large enough”.

» If A= 0 and S satisfies the billiard condition, then C‘%TR determines
(M, g) [Lassas aND L.O.’14]. (Non-empty open R can be arbitrary.)

» If S = R and it satisfies the billiard condition, then C§7:9 determines
(M, g) and A [KURYLEV-LASSAS’99].

» If § =R and A= 0, then ng determines (M, g)
[KATCHALOV-KURYLEV’98].

The convexity assumption on R is not needed here and the results are
global.

[EskIN’07] allows analytic time dependence in A:
if S =R and it satisfies the billiard condition, then ng determines
(M, g) and A.



The Hassell-Tao spectral condition

In [HASSELL-TA0’10] it is shown that all non-trapping Riemannian
manifolds (M, g) satisfy the spectral condition,
2 .
N < ClOSiomy J=1.2 -,

where ); are the Dirichlet eigenvalues of —A, and ¢; are the
corresponding L?(M) normalized eigenfunctions.

» If S C OM satisfies the billiard condition (for some T > 0) then
N < Clovdlas) s J=12. (2)

» If A=0 and S satisfies (2), then Cg% determines (M, g)
[Lassas aND L.O.’14].



Example: the disk again

S1/4

Let (M, g) be the Euclidean disk {z € C; |z| < 1} and define
So = {e*™; 0 € (0,)}.

» If @ > 1/2 then the billiard condition holds (for large enough T > 0).
» If & < 1/2 then the billiard condition does not hold.

» The spectral condition holds for all a > 0.



Open questions

Theorem [KURYLEV, LAssAs AND L.O.]. Suppose that
» S C OM and T > 0 satisfy the billiard condition,
» R C OM is strictly convex.

Then there is a neighborhood U of R such that C%Cz determines (U, g) as
a Riemannian manifold, and the operator Az + A on U up to the gauge
invariance.

> |s the convexity assumption necessary?

» Can the billiard assumption be replaced by a spectral assumption? or
removed altogether? The most natural context for this question is
when R = S and convexity is not assumed.



|dea of the proof that the lower order terms are determined
We suppose that (M, g) is known and focus on reconstruction of A. We
use a version of the Boundary Control method [BELISHEV’87].

> A Blagoves¢enskil type identity implies that the inner products
(uf(T)7 Vw(T))Lz(Mﬁ fe C(;)O((()? T) X 8)7 Tﬂ € C(SXD((O7 T) X R)a

are determined by the Cauchy data set. Here uf is the solution with
the source f and v¥ is the solution of the adjoint wave equation with
the source .

» We will use the above inner products to enforce uf(T) to have small
support near a point in a neighborhood of R.

» The billiard condition implies that the set
{uf(T); fe (0, T)xS)}

is the whole L2(M) [BArRDOS-LEBEAU-RAUCH’92]. In particular, there
exist f's such that uf(T) has a small support.



Domains of influence

Let [ C R be open and r > 0. We define the domain of influece

M(T,r)={xe M; d(x,I) <r}.

Hyperbolic unique continuation [TATARU’95] implies that the inclusion
{v(T); v e C((T —r, T)x )} C L2(M(T,r)) is dense.



Controlling the support of u’(T)

Let f € L2((0,T) x S). If
(uf(T)’ Vw(T))Lz(M) = 07 T/J € COOO((T - T) X r)7
then uf(T) =0in M(T,r). Let x € M be close to R. We can enforce

u(T)=0, in [J M(y,d(x,y) —e).
YER



The gauge invariance

Taking € — 0 in a careful way, we can enforce uf (T) — Ky near x. We
can also enforce Kk € C*(U), klg =1land Kk A0 in U. Here U C M is a
neighborhood of R. Now (uf(T), vd’(T)),_z(M) converges to w = kv¥ at
t=T and

2w+ k(Dg + A tw = 0.



About the billiard condition

» If the billiard condition does not hold, the set
D= {u’(T); fe?((0,T)xS)}
is only dense in L2(M).

» Density for large enough T > 0 follows from unique continuation
[TATARU’95] by a duality argument.
» There is ¢ € L?(M) such that the convergene u’(T) — ¢ implies that
()21 € L2((0, T) x S) is unbounded.
» Boundedness of the inner products (uf(T), hj)12(m) does not imply
that the sequence (h;)?°; C L*(M) is bounded.
» Adjoint of f +— uf(T) is given by Wh|(o 7)xs where Wh = w satisfies

2w — (Dg +AYw =0 in(0,T)x M,
W|X€3M = 0» W|t:T = Oa 81.“W|t’:T = hv

> There is an unbounded sequence (h;)?2; such that Wh; concentrates
on a billiard trajectory. In particular, if the trajectory does not intersect
S before T, then Wh;|(o 1)xs — 0.



