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Discrete Laplacian

A =
(

a(i, j)
)

(0 ≤ i, j ≤ 59)

a(i, j) =


3 (i = j)

−1 (i, j), (j, i) ∈ e

0 (else)



Eigenvalue distribution of Z60A1
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Eigenvalue distribution of Z60B1
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Eigenvalue distribution of Z60B2
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Eigenvalue distribution of Z60B3

10 20 30 40 50 60

2

4

6



Eigenvalue distribution of Z60C1
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Eigenvalue distribution of Z60C2
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Eigenvalue distribution of Z60C4
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Eigenvalue distribution of Z60C6
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Eigenvalue distribution of Z60C7
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Eigenvalue distribution of Z60C8
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Discrete heat kernel

H(t) = exp(−tA)

Green matrix

G(a) = (aI + A)−1 =

∫ ∞

0

e−atH(t)dt

Pseudo Green matrix

G∗ = lim
a → +0

(
G(a) −

1

a
E0

)
, E0 =

1

60
1t1



Sobolev energy

E(u) =
∑

(i, j) ∈ e

|u(i) − u(j)|2 = u∗Au

E(a, u) = E(u) + a
59∑

j = 0

|u(j)|2 = u∗(A + aI)u

u = t(u(0), u(1), · · · , u(59)) ∈ C60, 0 < a < ∞



Theorem 1

u ∈ C60 and u(0) + u(1) + · · · + u(59) = 0 =⇒

(
max

0 ≤ j ≤ 59
| u(j) |

)2

≤ C E(u)

C0 = max
0 ≤ j ≤ 59

tδjG∗δj = tδj0
G∗δj0

The equality holds for j0-th column vector of G∗.



C0(Z60A1) =
1

60

59∑
k = 1

1

λk

=
239741

376200

C0(Z60A2) =
36409091911

55355731200

C0(Z60B1) =
49616123

74390400

C0(Z60B2) =
25524226539887

38264600989440

C0(Z60B3) =
3160823

4737960



C0(Z60C1) =
64245195133531571

95746228901687700

C0(Z60C2) =
3456338284822708922953

5157583784730001587600

C0(Z60C3) =
156400481511242

233327177482275

C0(Z60C4) =
2469598657842821

3681835419340320



C0(Z60C5) =
8991303197937437303

13403692887728666400

C0(Z60C6) =
384427839049445420497

572820464240980592400

C0(Z60C7) =
964321076346238117

1434521140957238400

C0(Z60C8) =
50141211075179513

74519572245967800



C0(Z60A1) ; 0.63727 0

C0(Z60A2) ; 0.657729 0.0204593

C0(Z60B1) ; 0.666969 0.0296994

C0(Z60B2) ; 0.667045 0.0297753

C0(Z60B3) ; 0.667127 0.0298573

C0(Z60C1) ; 0.670995 0.0337245

C0(Z60C2) ; 0.670147 0.0328767

C0(Z60C3) ; 0.670305 0.0330354

C0(Z60C4) ; 0.670752 0.033482

C0(Z60C5) ; 0.670808 0.0335378

C0(Z60C6) ; 0.671114 0.0338439

C0(Z60C7) ; 0.672225 0.034955

C0(Z60C8) ; 0.67286 0.0355896



Theorem 2

u ∈ C60

=⇒(
max

0 ≤ j ≤ 59
| u(j) |

)2

≤ C E(a, u)

C0(a) = max
0 ≤ j ≤ 59

tδjG(a)δj = tδj0
G(a)δj0

The equality holds for j0-th column vector of G(a).



C0(Z60A1, a) =
1

60

59∑
k = 0

1

λk + a
=

N(a)

D(a)

N(a) = 3344 + 160806a + 1153562a2 + 3594661a3+

6334271a4 + 7104785a5 + 5406109a6 + 2893077a7+

1109403a8 + 306415a9 + 60463a10 + 8315a11+

757a12 + 41a13 + a14

D(a) = a(2 + a)(5 + a)
(
3 + 5a + a2

)
(
8 + 7a + a2

) (
11 + 7a + a2

) (
19 + 9a + a2

)
(
4 + 22a + 25a2 + 9a3 + a4

)



Green matrix

(aI + A)u = f

m

u = G(a)f

G(a) = (aI + A)−1 =

∫ ∞

0

e−atH(t)dt =
(

gij(a)
)



Pseudo Green matrix

{
Au = f

E0u = 0

m

u = G∗f

G∗ = lim
a → +0

(
G(a) −

1

a
E0

)
=

(
g∗ij

)



Energy form

(u, v)A = (Au, v) = v∗Au,

‖ u ‖2
A = (u, u)A = E(u)

(u, v)H = ((A + aI)u, v) = v∗(A + aI)u,

‖ u ‖2
H = (u, u)H = E(a, u)

j
^

δj = t(0, · · · , 0, 1, 0, · · · , 0)



Reproducing relation

u ∈ CN and u(0) + u(1) + · · · + u(N − 1) = 0 =⇒

u(j) = (u, G∗δj)A

g∗jj = ‖ G∗δj ‖2
A = E(G∗δj)

u ∈ CN =⇒

u(j) = (u, G(a)δj)H

gjj(a) = ‖ G(a)δj ‖2
H = E(a, G(a)δj)
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