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KdV on the circle
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is a Hamiltonian PDE with Phase Space
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Complete Integrability & Global Birkho [ Cbordinates

Model space (endowed with standard Poisson structure)

hm 2 _ N, R <2 _ N, R
g’n 1=2 m 1=2 9
= x 2 1 2 2 -
- Xn:¥Yn n&l : 2n m Xn Yo <1 .
) n&1

The Birkho Cmapping (Kappeler et. al 1995 - 2003)

tHg ' hY% U, XniVn na
@ is a global, bi-real-analytic, canonical di [eqd,

& H 1 |1 is a real analytic function of the actions
In X3 y2 =2alone,
= the KdV evolution becomes trivial

Xn LIV Yn ¥ W Xn; 1, 70,H:
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is a nonlinear Fourier transform
® do is aweighted Fourier transform,
@ the restriction

CHE T h™ m £ 1;
is again a bi-real-analytic di [ed.
@ Kuksin & Perelman ’10,

Kappeler, Schaad & Topalov ’13
do :HJY ¥ h™ ' 1smoothing :
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is a nonlinear Fourier transform
® do is aweighted Fourier transform,
@ the restriction

CHE T h™

m £ 1,
is again a bi-real-analytic di [ed.
@ Kuksin & Perelman ’10,

Kappeler, Schaad & Topalov ’13
do :HJY ¥ h™ ' 1smoothing :
@ k u kg kukg Parsevall’sidentity,
@ Korotyaev '00-'06

constants cmy,; dm = 0,

for any m £ 1 there exist absolute
k u khm

cm 1 kukmy ™ ' Zkukm
kukg, dm 1 k uUksm Y7k U kpm
with

Njwm m21 m
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Main Results

Theorem 1 (M 2015) For any m £ 1 there exist cm;dm > 0 s.t.
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Main Results
Theorem 1 (M 2015) For any m £ 1 there exist cm;dm > 0 s.t.
(i) k

i
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h i
(i) kuky, dm k ukpm 1 k ukpmi1 ™k ukpm
Corollary If kugkm and kugk, 1 " thenforany t 2 R,
ku t Km Cm 1 v mm e

Theorem 2 (M 2015)
(i) Kl u k.;m

c2, kuk?,

For any m £ 1 there exist cm; dm > 0 s.t.
h
(ii) kuk?,

i
1 kukm 1 2Mkuk3, ;
df kI u ke

1 kI u k.
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1
MKl u k.2
1 2m
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Method of Proof (1)
KdV Lax Operator
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Periodic Spectrum pure point
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Localizable in L2 j

in N?7?j =4 if jnj £ 4kuko.
Zero Set of 2 4 where is the discriminant of L.
Actions
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Method of Proof (2)
Asymptotic Behavior if jnj £ 4kukg
In;m

n Mn n 2m|n;
Trace Formula
X H 2 X
2n Iom Lm am Hm 2 kHk
nkl Ok m2
KdV Hamiltonian Hierarchy
Z Z
1 2 1 2 3
Ho = u“dx; Hy = @xu 2u® dx;
2 T 2 7T
1
Hn, = Mu? pyoui;Ee? tu dx:
271
Conclusion
X X
2n 2m ll
nA1l

kuk?,  Pm Kukm 1
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Method of Proof (Summary)

@ Proves Theorem 2 () Theorem 1) for any m £ 1.

@ Does not use conformal mapping theory.

@ Essential ingredient is the uniform localization of the
periodic spectrum.
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The defocusing NLS on the circle
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The defocusing NLS on the circle
: L2
1U¢ Uxx 2juju,

x2T R=Z
is a Hamiltonian PDE with Phase Space
H™ fuu

u2H™ T;C g;
Poisson Structure

Z
fF; Gg

1 . OuF@GG @gFOLG dx;
and Hamiltonian

Z
H u;u Ux Ux
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In view of this
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Complete Integrability & Global Birkho [ Cbordinates

Model space
hm <2 zZzR <2 Z:R;
with elements Xn; Yn n2z and standard Poisson structure

The Birkho [Cmapping (Kappeler et. al 1995 - 2014)

. 0 0. .
H Y hy; U, Xn:;¥Yn n2z

@ is a global, bi-real-analytic, canonical di [ed.
& H

1 1 is a real analytic function of the actions
2

In X3 y2 =2alone,

& the NLS evolution becomes trivial

Xn LIS Yn W Xn; LI ”@InH :
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is a Nonlinear Fourier Transform

do is the Fourier transform,

B

8

the restriction
HM Y h m £ 1;

is again a bi-real-analytic di [ed.

B

Kappeler, Schaad & Topalov ’'15
do :HM™ ¥ M1 (1-smoothing):

@ k ukg kukg Parsevall'sidentity,

B

Korotyaev '05 there exist absolute constants c;d > O,
k ukyu ckuky kukg; kukp dk uky k Uk :

Question Can we obtain explicit estimates of k u ki in terms of

kuk, also for m £ 2?
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Theorem 1 (M, IMRN 2014)
(i) k

h
u kh{,“

8mAEA1 9¢m;dm >0

i
cm kukm 1 kuky, 1 "kukey 1
h i
(i) kukm dm k ukpr 1 k Uk ™%k Uk
Note: For m 1 this is due to Korotyaev '05.
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Theorem 1 (M, IMRN 2014)

8mAEA1 9¢m;dm >0
h i
Dk ukny cm kuky, 1 Kuky 1 “"kuky, 1o
h
(i) kuky  dm kU kpp
Note: For m

1 Kk u kh.rf“ 1
1 this is due to Korotyaev "05.

4m 3k
Theorem 2 (M, IMRN 2014)

i
ukh;nl'

8mE1l 9c¢cm;dm =0
() Kkl u kg ¢k kukp,

1
1 kukm 1 “Mkuk?, ;
(i) kuk?,

df Kl u ke

1
1 kl uka %M 3K U ka
2m 2 2m
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NLS Lax Operator

L i u
u i dx U

Periodic Spectrum pure point

n n
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NLS Lax Operator

L i u
u i dx U

Periodic Spectrum pure point

n n

n n2Z,
2.
n n 1 n n n 1
00— 00—00 00 +—0 e 1+ —0+—00+— 0+ 0—
o]
Localizable only locally uniformly in u on H?
spece 2 ™y  specu m
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Localization
Quadratic Localization in H}

For jnj & 8kuki,
21 kukl kukl
n n =
n 5
while the remaining eigenvalues for jnj < 8kuk§ satisfy
i a8 kuki:
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Zero Set of 2 4 where
Actions

is the discriminant of L.
2
In;m

1 1"
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Completion of Proof
Asymptotic Behavior
In;m

for jnj & 8kuk3
n 2m| n 2m|n;
Satisfy the Trace Formula
X 1 m 1
In;m am Hm;
n2z
NLS Hamiltonian Hierarchy
z z
o2 ) L2 L4 .
Ho juj©dx;  H; Juxj®  jujt dx;
T 7 T
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T
Conclusion
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