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Water waves:

Euler's equations for an irrotational, incompressible fluid, co depth,
with gravity and capillarity.
Unknowns:
o Free surface S(t) :={(x,y) € TxR:y =n(t,x)}
e Velocity potential ®(t, x, y) on the domain
Q(t) :={(x,y) e TxR:y <n(t,x)}

8t¢+%lv¢|2+gn:/ﬂ9x< 1 ) on S(t)

Ad =0 in Q(t)
Vé -0 as y — —0oo
0 = 0y® — Oxn - 0P on S(t)

u = V® = velocity field, rotu = 0 (irrotational),
divu = A® = 0 (uncompressible)
g = gravity, k = surface tension coefficient



Zakharov-Craig-Sulem formulation

0= G(n)yY = VyH(n,)

. 1/52( (G(UW + nx¢x)2 RT)xx
db=—gn =5 T ) T atm)

3/2: —VnH(U7¢

Hamiltonian: kinetic energy + potential energy + area surface int.

H(n,9) == (4, G(n)¥)12(r) + Jr 8% + ry/1 + 12 dx
G(My(x) == /1412 0n®ly=n(x) = {Py — 1xPx}y=y(x)

Reversible solutions

H(U:W = H(na _¢) )

{(n,¢) : n = even(t)even(x), 1 = odd(t)even(x)}




Theorem (KAM for capillary-gravity water waves. Berti, M.)

For every choice of the tangential sites S C N\ {0}, there exists
s> B o) € (0,1) such that: for all & € (0,e0), j € S,

3 a Cantor like set G C [k1, k] with asymptotically full
measure as { — 0, i.e. limg_o |G| = (k2 — K1), such that, for any
surface tension coefficient k € G, the CAPILLARY-GRAVITY
WATER WAVES EQUATIONS have a reversible, quasi-periodic
standing wave solution (n,) € H®, even in x, of the form

n(t, x) Z f cos(wjt) COS(jX)-‘rO(\/E)
W(t, x) Zjes\/lj ujsm(wj t) cos(jx) 4 o(v/€)

with frequency vector w = (wj)jes € RS satisfying

wij—=\Jj(1+kKj?) a £€—0, VjeS

The solutions are linearly stable.




|deas of the proof

@ Degenerate KAM Theory for PDEs: (Bambusi, Berti,
Magistrelli) Use the surface tension parameter k to verify the
non-resonance conditions

@ Nash-Moser implicit function iterative scheme
© Spectral analysis of the linearized equation at any
approximate solution. This requires
e Theory of Pseudo differential operators and Fourier integral
operators (the linearized equation is a Pseudo PDE )
o KAM reducibility scheme



Analysis of the linearized operator

WW equation
9 — G(n)y =0
2
p2 (G(n)w‘f‘nﬂ/&) KMxx _
DY +en+ 5 — gy e O

Linearization on u = £(n, %) in the direction h = (7, )

Choe w-0,+ 0V + G(n)B —G(n) n
' 14 BV, + BG(n)B — k0xcOx w0, + VOx — BG(n) ) \¢

le = lns [ VIIks 5 [1Bllvs = O(e)



Conjugacy of L to constant coefficients

The conjugacy procedure is splitted in two parts:
@ O.-reduction in decreasing symbols

£1::¢_1L¢:w-8¢+D+RO J

o D= diag;u;, ptj = A3v/J(1+ Kj2) + M/, A3 =1, A1 = O(e),
o Rolp): H; — H:, 85730(@) : H; — H;, for some
B=pv)>0
Use changes of variables, Egorov Theorem (FIO),
pseudo-differential operators
@ c-reduction, reducibility scheme

L, =010, =w-0,+D+r) + R, J

o R, =R,(p)=O0(R3) = 0(c*)
o ) = diag;e,(r™), sup; [r")] = O(e),

KAM-type scheme, now transformations of H — H;



Preliminary steps (Alazard-Baldi 2014, periodic case)

We introduce the good unknown of Alhinac

and the linearized operator simplifies as

ot (w0, 0V —G(n)
Lo=2 £Z_<a—/€8xc6x w- Oy + VO

Since G(n) = |D| + Rg(n), Re(n) € OPS™, we get

fo= <w-a¢+axv —|D|

hi
a— KOOy w-0yp+ V8X> + smoothing terms



Changes of variables

To reduce to constant coefficients the highest order c(p, x)0. we
perform

change of variables
h(e,x) — h(p, x + B(p, x))

Quasi-periodic reparametrization of time

h(p, x) = h(p + wa(p), x)

and then

- ( w - Dy + a10y —X3|D|

0
)\3(1 — K@XX) + 328X W aap + 318X> * O(€|D| ) ’

A3 € R, A3 =1+ 0(e), [larllps; [[az] vs = O(e).



Symmetrization of the highest order

In £1 symmetrize

1 )\3(1f//{/axx)—|—...
S = (g_) R) 5 A= <D>7%(1 - Kaxx)% J
then
1
L= @ Oet@d  =AT(D)+asHIDI2) | pjoy
A3 T (D) + asH|D|2 w0y + a10x

D|(1 — k0xx), |la3l|Hs, || aallus = O(e), H (Hilbert
transform)



New steps: Decoupling of h, h

We write £; as an operator acting on the variables z =7 + 112)\ and
then

La[h, B] = w- D, h+iX3 T(D)h+ a10xh+iagH|D|z h+ Roh+ Qoh |

where a;(¢, x), ao(p, x) € H®, Ro € OPS°, Qq € OPS:z.

Goal
Conjugate to

Lulh, ] = w-0,h+iX3 T(D)h+ a0xh+ agH|D|zh+Ryh+ Onh,

Ry € OPS®, Qy € OPS—N (Qp ~ |D|~N)




Decoupling

By induction: At the n-th step we have
Lolh, ] = w-0,h+i\3T(D)h+ a10xh+1iagH|D|2h+ Rph+ Quh
where R,, € OPS® and Q, € OPS~". We look for

dpoh=h+W,h, Y, = op(¢n(x,g)) € OPS—"~3
In the conjugation we get
Los1[h, B] = w-0,h+iX3 T(D)h+a10ch+iagH|D|2 h+R s h+Qp 1 b
and

Rnp1 € OPS®, Qni1 =iXs(T(D)V,+V,T(D))+Q,+0(|D] ")



Then, using that
T(D)W, + W, T(D) = 20p( T(€)wn(x,€)) + O(ID|~"1), to solve

s (T(D)W, + W, T(D)) + Q, = O(|D|~").
it is enough to choose

o qn(Xaf)

¢n(X75) - i/\3 T(£)

and then
Loy1[h, B] = w-0,h+iT(D)h+a10xh+iagH|D|2 h+Rps1h+Qpirh,

Qpi1 = e|D[ "



New steps: Egorov method

@ GOAL: ELIMINATION OF O(0x). Now we deal with
Lylh, h] = w - d,h+ Po(p,x,D)h + Quh,
where
Po(p, x, D) := iA3 T(D)+a1(p, x)0x+..., Qn=O(D|7").

We conjugate the operator £ by means of the map (¢, t),
which is the flow of the Pseudo PDE

Oru = ia(cp,x)|D]%u.



Egorov method: diagonal terms

The operator P(p, t) = ®(¢p,t) o Pyo ®(p, t)~! obeys to

Heisenberg equation

0:P(p, t) = [ia| DIZ, P(p, t)]

The equation can be solved in decreasing symbols finding

k

P=Op(p) € OPS?, p~og+01+..., 0x€S3 3.

It turns out that
p=XaT(€) +i(a1(x) — $25(0:2)()) + O(lel}).

To remove the order O(0y) it is enough to look for a(x) so that

ai(x) — 2/\3(0Xa)(x) =0.



Egorov method: off-diagonal terms

The off diagonal term Q(y,t) = ®(yp,t) o Qn o ®(p,t)~! obeys to

8:Q(p, t) =i(alD% 0 Q. t) + Q(p, 1) 0 a|D|)

which has a solution

1
(i, t) = Op(e22MIE2 y(t o, x,€)), vesS™N.

We have Q(¢,t) € SV, then
272

1
ia(p,x)|€|2 s_
020 = Op(08(# (el )y) = g N,

thus 92Q(p, t) : H — Hs, if N ~ 3/2.



Further steps:

Now we deal with

L=w-0,+ir3T(D)+ O(|D|)2

@ The term O(|D|%) We conjugate by means of a
pseudo-differential operator c(x, D) € OPS® of order 0, then

L=w-0,+i\3T(D)+i\|D|2 + Ro,  Ro~e|D.

@ Superquadratic KAM reducibility scheme. Il order
Melnikov conditions to complete the diagonalization by
perturbative arguments.



Reducibility

ITERATIVE SCHEME:
L, =w-0,+D,+R,, D,:= diagj,uj-’
. ) a1
17 = A3\ Ul(L + Kj2) + Maljl2 + 17, sup|rf| = O(e)
J
and R, satisfies tame estimates

IRuhlls < My(s)llhlls + M (s0)[[Alls, Vs = s0,

I@ZR)ANs < Ki(s, B)llhlls, + Ku(s0, B)Alls, Vs > so,



Imposing the second order Melnikov conditions
v(&jvj/) # (O7j7j)7 |£‘ S Nl/

i? + 3|

w’T Y V(g,_j,_j/) “€| S Nl/

w - €+ pf + pp| >
(N, = N}, x € (1,2)), we find &, = Id + W, such that
L1 =w-0,+Dyp1+Ruga
and R, 41, 8g7€l,+1 satisfy tame estimates with tame constants

Ml/-‘rl(s) S Ny_ﬁKu(Saﬁ) + NVC'V_IMV(S)MV(SO) 3

KV-i-l(sa ﬁ) 5 NVCKZ/(S>ﬁ)
CONVERGENCE provided Mp(so)y™! <« 1



Thanks for the attention!



