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Central problem

For the lattice Schrédinger equation

ign = —(Qnt1 + Qn-1) + Vagn, neZ,

with the potential {V,,} .z C R independent of time,

what is the growth rate of the “diffusion norm”(Bourgain-Wang)

nez

1/2
19(8)llp = <Z nZQn(t)2> :

with g(0) # 0 and [|g(0)||p < c0?
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Physical motivation

I?—conservation law: 5", |g(t)|? is independent of time.
I1g(0)||p < oc—the concentration on g, with |n| not so large

Ilq(t)||p—measures the propagation into g, |n| > 1
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Linear Schrodinger operator

H:3(z) — 3(z),

(gn) = (HQ)n= —(Qn+1 + Gn-1) + Valn

e Decomposition for the spectrum:

O'(H) = UppUO'chUac

e Decomposition for the Hilbert space:

(B(Z) = (5, @ (5, @ (5

Further Problems
000
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Dynamical localization

Definition
The operator H exhibits dynamical localization if for any q(0)
with |g,(0)| < cel”le, the solution of equation ig = Hq satisfies

sup Y |nl¥|gn(t)® < 0o, Vs> 0.
t

nez

D.L. = p.p. spectrum, but p.p. spectrum % D.L.
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Disordered potential
In general, for the Schrédinger operator H, if the potential
{Vh}n is a disordered sequence, dynamical localization has
been proven in many cases of pure point spectrum:

Theorem
H has dynamical localization, if

e (De Bievre-Germinet 1998, Damanik-Stollmann 2001, etc.)

Anderson model:
{Vn}n is a family of random variables i.i.d., with prob.= 1
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Disordered potential
In general, for the Schrédinger operator H, if the potential
{Vh}n is a disordered sequence, dynamical localization has
been proven in many cases of pure point spectrum:

Theorem
H has dynamical localization, if

e (De Bievre-Germinet 1998, Damanik-Stollmann 2001, etc.)

Anderson model:
{Vh}n is a family of random variables i.i.d., with prob.= 1

e (Germinet-Jitomirskaya 2001, Bourgain 2007)

Harper model:
Vi, = Acos 27(60 + na), o Diophantine, || > 2, a.e. 0 € T.
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Disordered potential
In general, for the Schrédinger operator H, if the potential
{Vh}n is a disordered sequence, dynamical localization has
been proven in many cases of pure point spectrum:

Theorem
H has dynamical localization, if

e (De Bievre-Germinet 1998, Damanik-Stollmann 2001, etc.)
Anderson model:
{Vh}n is a family of random variables i.i.d., with prob.= 1
e (Germinet-Jitomirskaya 2001, Bourgain 2007)
Harper model:
Vi, = Acos 27(60 + na), o Diophantine, || > 2, a.e. 0 € T.
e (Bellissard-Lima-Scoppola 1983, Craig 1983)
Maryland model:
V, =tann(0 + na), o Diophantine, a.e. 0 € T.
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Well-ordered potential

If the potential is well ordered(for example, periodic or
quasi-periodic but sufficiently small), normally there is the
absolutely continuous spectrum.

For the equation ig = Hq, how about the diffusion norm of its
solution?

A numerical result(Hiramoto-Abe 1988): “ballistic regime”

1
’
V, = \cos2rna, o= <\f52+ ) , qn(0) = dn,0,

if Al < Ac, [a(8)][p ~ .
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The theorem

ign = —(Gn1 + Gn-1) + VoG, nNeZ,
with { Vjp}nez € R p—periodic, p € Zy: Vipyp = Vi, Vne Z
Theorem
There exists a constant 0 < C < oo, depending on q(0) and
{Va}P_,, such that

Jim q(t)llp = C.
—00
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Casep=1

Fourier transform: (gn)nez — 9(0) = > o, g™, 0 € T.

iazg(ﬁ, t) = Z[—(qn.m (t) + Qn—1 (t)) + an(t)]eine
nez
= [(¢" + &)+ Vig(6.1)
= 9(9, T) = g(97 o)efi(ZcoseJrv)t.

Parseval’s equality:

S rRlgn(t)2 = / 10,9(6, 1200 ~ 2.
n T
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Casep>2

o Fourier transform: (gn)nez — 9(0) = 3 ey gn€™, 0 € T
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Casep>2
e Fourier transform: (qn)nez — 9(0) = > ,c, gne'™, 0 € T
» Decompose g(f, 1) = Y7, g;(6, 1), with

gi(0.1) = Qo (WP ——— — G(0,1) = (g0, t))L

keZ
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e Fourier transform: (qn)nez — 9(0) = > ,c, gne'™, 0 € T
» Decompose g(f, 1) = Y7, g;(6, 1), with

gi(0.1) = Qo (WP ——— — G(0,1) = (g0, t))L

keZ

. 10,G(0,1) = A(6)G(6, t) with

v _eif _eif
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e Fourier transform: (qn)nez — 9(0) = > ,c, gne'™, 0 € T
» Decompose g(f, 1) = Y7, g;(6, 1), with

gi(0.1) = Qo (WP ——— — G(0,1) = (g0, t))f;

keZ

. 10,G(0,1) = A(6)G(6, t) with

v _eif _eif
7ei6
A(Q) - H
_ it
_e it _gif Vi

o A(9) is Hermitian = G(0,t) = e AG(9,0).
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Casep>2

Parseval’s equality:

SN (ko + )P Grp (1) Z/ 1069;(0, 1)[2d0 ~ 2.

=1 k
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ign = —(Qns1 + Qn1) + V(0 + nw)qn, nezZ

o V:T9 - Ranalyticin {z € C?: [Imz| < r <1},
o wE DC(%T)CRd,7>O,T>d—1,i.e.,

(K, w)
2

~y

k|7

inf
JEZ

jw‘ > vk e 29\ {0}.

Theorem (Eliasson 1992; Hadj Amor 2009; Avila 2008)

There exists ¢, = ¢.(v, 1, r) such that, if | V|, < ¢, then for all
9 € TY, the spectrum of H is purely absolutely continuous.
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ign = —(Qn+1 + Qn—1) + V(0 + nw)qn, nelZ

Theorem (with H. Eliasson)

If V|, < <., then for any 6 € T9, there exist two constants
depending on | V|, 0 and q(0), with0 < Cy < Co < 2[|q(0)| 2(2)
and C, — Cy — 0 as | V|, — 0, such that

limintt~"|q(f)llp > C1. limsupt~'[q(t)p < Co.
—00 t

—00
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Rough idea
Y(E) = (¢Yn(E)), E € o(H), — generalized eigenvector of H

For g(E.t) :=>_, an(t)¥n(E),
i0:9(E,t) .= Eg(E,t) = g(E,t) = e Flg(E,0).

e if n(E) is well derived and well estimated, then

> an()¥n(E) = 0eg(E. 1) ~ t.
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W(E) = (¢n(E)), E € o(H), — generalized eigenvector of H

For g(E.t) :=>_, an(t)¥n(E),
i0:9(E,t) .= Eg(E,t) = g(E,t) = e Flg(E,0).

e if n(E) is well derived and well estimated, then

> an()¥n(E) = 0eg(E. 1) ~ t.

o if/(E) = n-(bdd), as (") = n-(ie") for the Fourier
transform, then

2
> an(OUp(E)|| ~ D mPlan(t)?.
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Classical spectral transformation

Hq = Eq corresponds to the Schrédinger co-cycle

( e ) — (Ao(E) + Fo(6 + nw)) ( o ) ,
an qn—1

with Ag(E) = ( *15 *01 > and Fo(6) = < v(()a) 8 )

= two sequence (un(E, 0))nez, (Va(E,0))nez generated by
Schrédinger co-cycle (w, Ay(E) + Fo(0)) with

(i %)=(o7)
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For each 0 € TY, let (91, 92) := (3, Gnln, >, QnVn)-
Theorem ( Pastur-Figotin 1992)

There is a Hermitian matrix of measure dj. = (dj)j k=12,
supported on o(H), such that

/ Z 9i9kduk = ”quﬁ
H) j k=12

and dy1, dugp are a.c. ifo(H) is a.c..

Define £%(u) := {(91792) 2 k=12 Jo(h) Qj@kdujk}
Classical spectral transformation for H:
S: (7)) — L%

————— unitary
(Qn)nez +— (Znez Qnln, > pez C7nVn)
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Rotation number of QP Schrddinger cocycle

Bloch-wave: Hy(E) = Ey/(E), E € o(H), with

Yn(E) = e™EVf(9 4 nw, E),

o f:T9 % g(H) — C analytic on T¢
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Rotation number of QP Schrddinger cocycle

Bloch-wave: Hy)(E) = Ey(E), E € o(H), with

Yn(E) = € EVf( + nw, E),

o f:T9x o(H) — C analytic on T¢

* = P, A+F) IS afunction of £ € R
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Rotation number of QP Schrddinger cocycle

Bloch-wave: Hy)(E) = Ey(E), E € o(H), with

Yn(E) = €™ EVf(9 + nw, E),

o f:T9x o(H) — C analytic on T¢

® 0= P, Ay+F,) I8 @ function of E € R
e continuous
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Rotation number of QP Schrodinger cocycle

Bloch-wave: Hy)(E) = Ey(E), E € o(H), with

Yn(E) = €™ EVf(9 + nw, E),

o f:T9x o(H) — C analytic on T¢
® 0= P, Ay+F,) I8 @ function of E € R
e continuous

e increasing between [0, 7] in the spectrum of H
(On the gaps of spectrum, p is a constant.)
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Rotation number of QP Schrodinger cocycle

Bloch-wave: Hy)(E) = Ey(E), E € o(H), with

Yn(E) = €™ EVf(9 + nw, E),

o f:T9x o(H) — C analytic on T¢

® 0= P, Ay+F,) I8 @ function of E € R
e continuous

e increasing between [0, ] in the spectrum of H
(On the gaps of spectrum, p is a constant.)

e 2sinp-p’ > 1.
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Reducibility of Schrodinger co-cyle

Theorem (Eliasson 1992; Hadj Amor 2008)

If| V|, < e, then there exists a subset > C o(H) with
Leb(o(H) \ ) = 0, such that there are

o Z:(2T)9 x ¥ — SL(2,R) analytic on (2T)?
e B:Y — SL(2,R) with eigenvalues e*'* (Bv. = e*’v,),
With Z(0 + w, E) B(E) Z~1(0, E) = Ao(E) + Fo(6).
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Construction of Bloch-wave

(G
Choose ( ¢1 ) = Z(0)vy, then we have
0

( Yt ) =TT (Ao + Fo(6 + juw)) ( v > — €™ Z(0+ nw) vy
1/)n j=1 Tbo

= Yp = ei”Pf(G + nw)

Im [ei”pf(ﬁ + nw)@}
Unp = - )
Im |eirf(0 +w)f(9)}
= . S
Im |10 F(0 + nw) (@ + w)]

Im [eipf(G + w)@]

for Ec ©
Vn:
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Singularities of Bloch-waves

Disadvantage: u, and v, are not well differentiated

For free Schrédinger operator (Hq), = —(Qn+1 + Gn—1),

sinnp 4, E
Up= ——, E) =cos™ '(—
n Sln,O /)( ) ( 2)
=y nCOSﬂp_Sinnp-COSp - 1
n=7p sinp sin® p 2sinp

When p approaches 0 and T,
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Details for the reducibility i
There exists a decomposition = = ;- X; with [p(%;,1)] < sj?,
and a sequence {k;};~o C Z¢ with kK, = 0 on & if / > j, and

1 1
0<‘P*§Z<klaw>|<57 on %1 :>§3:P*§Z<klaw>
1>0 1>0

such that
e B, Z are C}, on ¥, and

1
£ = 1d.I¢}, (54), 2mye> 1B = Aoley,(xq) < 0
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Details for the reducibility i
There exists a decomposition = = ;- X; with [p(%;,1)] < sj?,
and a sequence {k;};~o C Z¢ with kK, = 0 on & if / > j, and

1 1
0<‘P*§Z<klaw>|<57 on %1 :>§3:P*§Z<klaw>
1>0 1>0

such that
e B, Z are C}, on ¥, and

1
£ = 1d.I¢}, (54), 2mye> 1B = Aoley,(xq) < 0

o sin*¢ - B, sin*¢- Zare )y oneach ¥4, > 0, and

20

. 242y s 24-2v 3 —
|SIn“" &2y (5,), ey [SINTTTEBley(s;,,) <€° 5 v =0,1.
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On X, define
L] Kn(E) = Im(elnphnﬁo), Jn(E) = Re(elnphnﬁo) Wlth
fn7 E S ZO
hn = 5
sin¢ - fn, E € Zj+1
and
G(E) = (Gi(E), Gz(E)) := (Z an Kn(E), Y an Jn(E)>
nez nez

e the matrix of measure
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Lemma
For any q € (?(7) with ||q||p < oo,

n

1

NI KE): Yo B0y _ | 5
ol 4 1)[anP -

6
1—¢4° <

(gn(t))—solution of ig = Hg. Then

G(E, 1) = (32 an(t) Kn(E), 225 gn(t) n(E))

= i0; G(E,t) = E- G(E,t) = G(E, ) = e 'F! G(E,0)
Lemma

For any q(0) with the support finite,

(Z qn(f)KA(E),an(t)J;,(E)> — 9eG(E,t) ae. on ¥
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So for all q(0) with the support finite, we have

IG(E, 0)| %, _ SarPla? _ IGEE, 0)1Z2 )
o2 - t2 - 02

1+¢f° 1—¢g°

Here, | G(E.0) |2, is almost 3, [gni2 — Gl

For any q(0) such that 5", n?|g,(0)|? < oo, it can be
approximated by the initial datum with finite support.

Further Problems
000

I — oo.
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Question

Purely absolutely continuous spectrum =- Ballistic motion?
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Question

For QP Schrddinger operator

H

3(Z) — (7),

(Qn) —

and the corresponding equation ig = Hg,

Further Problems
ooe

(Hg)n = —(Gn41 + Gn-1) + Acos 27(0 + nw)qn

Operator H

Equation ig = Hg, gn(0) = dnp

I\ > 2, (3(Z) = Egp

[\l > Ac, sup, ||q(1)||p < oo

|)‘| =2, EZ(Z) — egc

A=A, (D)o ~ 1%, o~ 57

N <2 3(2Z) =15

Al < Ae, [[9()lp ~ 12
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