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Spin chains and decomposition of tensor powers
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Bethe ansatz gives a complete set of solutions =⇒
=⇒ Bethe states correspond to g - highest weight vectors



Spin chains and decomposition of tensor powers

Bethe(1931)

𝑍(𝑙, 𝑁) =
𝑁 − 2𝑙 + 1

𝑁 − 𝑙 + 1

(︂
𝑁
𝑙

)︂
multiplicity of 𝑉(𝑁−2𝑙+1)𝜔 in tensor product 𝑉 ⊗𝑁

𝜔 for 𝑠𝑙2

Kirillov, Reshetikhin (1987)

𝑀𝜆;n =
∑︁

𝑚𝑎,𝑗≥0
𝑞𝑎=0, 𝑝𝑎,𝑗≥0

∏︁
𝛼

(︂
𝑚𝛼,𝑖 + 𝑝𝛼,𝑖

𝑚𝛼,𝑖

)︂

multiplicity of 𝑉𝜆 in tensor product of 𝑛𝛼,𝑖 modules with highest
weights 𝑖𝜔𝛼

𝜆 =
∑︀

𝑙𝛼𝑤𝛼 𝑞𝛼 = 𝑙𝛼 +
∑︀

𝑖,𝛽 𝑖𝐶𝛼,𝛽𝑚𝛽,𝑖 −
∑︀

𝑖 𝑖𝑛𝛼,𝑖 = 0
𝑝𝛼,𝑖 =

∑︀
𝑗≥1 𝑛𝛼,𝑗𝑚𝑖𝑛(𝑖, 𝑗) −∑︀

𝛽 𝑠𝑔𝑛(𝐶𝛼,𝛽)
∑︀

𝑗≥1𝑚𝑖𝑛(|𝐶𝛼,𝛽|𝑗, |𝐶𝛽,𝛼|𝑖)𝑚𝛽,𝑗



Our approach

We need to obtain a generalization of Bethe formula with
explicit dependence on 𝑁

I 𝑚 (𝜈,𝑁) was defined on 𝑃+.

I 𝑀 (𝜈,𝑁) is defined on the whole weight lattice 𝑃 .

Formal character:

𝑐ℎ𝐿𝜇 =
∑︁
𝜈

(𝑑𝑖𝑚𝐿𝜈)𝑒𝜈

Singular element:

Ψ𝜇 =
∑︁
𝑤∈𝑊

𝜖 (𝑤) 𝑒𝑤∘(𝜇+𝜌)−𝜌



Our approach

Old problem:

𝑐ℎ((𝐿𝜇)⊗𝑁 ) =
∑︁
𝜈

𝑚 (𝜈,𝑁) 𝑐ℎ𝐿𝜈

New problem:

Ψ((𝐿𝜇)⊗𝑁 ) =
∑︁
𝜉∈𝑃

𝑀 (𝜉,𝑁) 𝑒𝜉,

𝑀 (𝑤(𝜈 + 𝜌) − 𝜌,𝑁)|𝑤∈𝑊 = 𝜖 (𝑤)𝑚(𝜈,𝑁).

𝑀 (𝜉,𝑁) |
𝐶(0) = 𝑚 (𝜉,𝑁)



Tensor powers of fundamental modules for 𝐴𝑛, 𝐵𝑛

Multiplicity function 𝑀 (𝜉,𝑁)

1. is equal to zero outside the orbit of the highest weight
𝜇 = 𝑁𝜔.

2. equal to zero on boundaries of Weyl chambers (shifted on
−𝜌)

3. Antiinvariant w.r.t. Weyl group transformations:
𝑤 ∘𝑀⊗𝑝𝜔 (𝜉,𝑁) = 𝜀 (𝑤) 𝑀⊗𝑁𝜔 (𝜉,𝑁); 𝑤 ∈ 𝑊 .

4. Satisfies boundary conditions 𝑀⊗𝑁𝜔 (𝑁𝜔 + 𝜌,𝑁) = 1



Tensor powers of fundamental modules for 𝐴𝑛, 𝐵𝑛



Tensor powers of fundamental modules for 𝐴𝑛

𝑀⊗𝑁𝜔
(𝐴𝑛)

({𝑎𝑖} , 𝑁) =

= 𝑁 !

∏︀𝑛
𝑖=1 𝑎𝑖

∏︀𝑛−1
𝑗=1 (𝑎𝑗 + 𝑎𝑗+1) · · ·

∏︀2
𝑗=1

(︁∑︀𝑛−1
𝑘=1 𝑎𝑗+𝑘

)︁
(
∑︀𝑛

𝑘=1 𝑎𝑘)∏︀𝑛
𝑙=0

(︁
1

𝑛+1

(︁
𝑁 + 1

2𝑛 (𝑛 + 1) +
∑︀𝑙

𝑠=1 (−𝑠𝑎𝑠) +
∑︀𝑛−1

𝑡=𝑙 (𝑛− 𝑡) 𝑎𝑡+1

)︁)︁
!

{𝑎𝑖} - coordinates of weight 𝜈 in 𝜔𝑖 (shifted on −𝜌)



Tensor powers of fundamental modules for 𝐵𝑛

𝑀⊗𝑁𝜔
(𝐵𝑛)

({𝑎𝑖} , 𝑁) =

=

𝑛−1∏︁
𝑘=0

(𝑁 + 2𝑘)!

22𝑘
(︁
𝑁+𝑎𝑘+1+2𝑛−1

2

)︁
!
(︁
𝑝−𝑎𝑘+1+2𝑛−1

2

)︁
!

𝑛∏︁
𝑙=1

𝑎𝑙
∏︁
𝑖<𝑗

(︀
𝑎2𝑖 − 𝑎2𝑗

)︀
{𝑎𝑖} - coordinates in basis 𝑋 = {𝑥𝑖 : 𝑥𝑖 ‖ 𝑒𝑖, |𝑥𝑖| = | 𝑒𝑖2 |} (shifted)



Properties

𝐴2 𝐵2



Properties

I with fixed coordinates {𝑎𝑖} at 𝑁 −→ ∞.

g = 𝐴2 𝑀⊗𝑁𝜔
(𝐴2)

({1, 1} , 𝑁) ∼

(︃
1

6

√
3𝑒5𝑙𝑛3( 1

𝑁 )4

𝜋
+ 𝑂(

(︂
1

𝑁

)︂5

)

)︃
3𝑁

g = 𝐵2 𝑀⊗𝑁𝜔
(𝐵2)

({2, 3} , 𝑁) ∼

(︃
15

8

𝑒9𝑙𝑛2( 1
𝑁 )5

𝜋
+ 𝑂(

(︂
1

𝑁

)︂6

)

)︃
(2𝑁 )2

I with fixed coordinates {𝑏𝑖}, at 𝑁 −→ ∞

𝑀𝐴2(𝑁 ; 𝑏1, 𝑏2)|𝑁→∞ ∼ 𝑏2 + 1(︀
1
2 (𝑏1 + 𝑏2) + 1

)︀
!
(︀
1
2 (𝑏1 − 𝑏2)

)︀
!
𝑁 𝑏1 .



Bethe formula and Pascal triangle

𝑍(𝑝, 𝑙) =

(︂
𝑝
𝑚

)︂
−
(︂

𝑝
𝑚− 1

)︂



Graded tensor products

Current algebra g[[𝑡]] of g-valued complex polynomials with
generators 𝑋[𝑛] = 𝑋 ⊗ 𝑡𝑛 where 𝑋 ∈ g, 𝑛 ∈ Z+.

Feigin-Loktev fusion product
I g[𝑡]-generators 𝑋[𝑛] ∈ g[𝑡] act on 𝑣 ∈ 𝐿𝜇 by

𝑋[𝑛] · 𝑣 = 𝑧𝑛𝑋𝑣. and on 𝑉 = 𝐿𝜇1 ⊗ · · · ⊗ 𝐿𝜇𝑛 by the rule

𝑋[𝑚](𝑣1 ⊗ · · · ⊗ 𝑣𝑛) =

𝑛∑︁
𝑖=1

𝑧𝑚𝑖 𝑣1 ⊗ · · · ⊗𝑋𝑣𝑖 ⊗ · · · ⊗ 𝑣𝑛.

I define filtration on the tensor product of the irreducible
modules 𝑉 = 𝐿𝜇1 ⊗ · · · ⊗ 𝐿𝜇𝑛 .

𝐹 0𝑉 ⊂ 𝐹 1𝑉 ⊂ · · · where 𝐹 𝑖𝑉 = 𝑈≤𝑖(g[[𝑡]])𝑣1⊗· · ·⊗𝑣𝑛,

𝑉 = ⊕𝑗≥0𝐹
𝑗𝑉/𝐹 𝑗−1𝑉 = 𝐿𝜇1 ⋆ · · · ⋆ 𝐿𝜇𝑛

𝑀𝜇1,...𝜇𝑛

𝜆 (𝑞) =
∑︁
𝑘≥0

𝑞𝑘dimHomg(𝐹𝑘, 𝐿
𝜆)



Local Weyl module

If all 𝐿𝜇1 , . . . , 𝐿𝜇𝑛 are fundamental g-modules
then 𝐿𝜇1 ⋆ · · · ⋆ 𝐿𝜇𝑛 coincides with 𝑊 (𝜆), 𝜆 = 𝜇1 + · · · + 𝜇𝑛

Local Weyl module is a cyclic g[[𝑡]]-module generated by the
action on the highest weight vector 𝑣 with the following
conditions:

I ℎ𝑣 = 𝜆(ℎ)𝑣, ℎ ∈ h

I 𝑒𝛼[𝑛]𝑣 = 0, 𝑛 ≥ 0, 𝑒𝛼 ∈ n+, 𝛼 ∈ ∆+

I ℎ[𝑛]𝑣 = 0, 𝑛 > 0

I 𝑓<𝜆,𝛼>+1
𝛼 𝑣 = 0



Graded weight diagrams

Weight diagram of the 𝑠𝑙2-Weyl module 𝑊 (4𝜔)



Graded weight diagrams

Weight diagram of the Feigin-Loktev 𝑠𝑙2-module 𝐿2𝜔 ⋆ 𝐿2𝜔



Pascal pyramids and weighted paths

Generalized Pascal pyramid Πg = (𝑉,𝐸)
vertices 𝑣(𝑝, 𝜆), 𝑝 = 0, 1 . . . 𝜆 ∈ 𝑃
edges 𝑒(𝑝, 𝜆1, 𝜆2) connect 𝑣(𝑝, 𝜆1) and 𝑣(𝑝+ 1, 𝜆2) 𝜆1−𝜆2 ∈ 𝒩



Pascal pyramids and weighted paths

Ordering of weights of 𝐿𝜔1 compatible with the lexicographical
ordering on 𝑊g.
If 𝑤1 ≺ 𝑤2 in 𝑊g, then 𝑤1𝜔1 ≺ 𝑤2𝜔1.
Take all pairs of consequential steps (𝑒𝑖, 𝑒𝑖+1) = (𝜆, 𝜇). If 𝜆 ≻ 𝜇,
the weight of path is multiplied by 𝑞𝑖.



Recurrent formulas for graded characters

𝑐ℎ
(︀
𝐿2𝜔

)︀
= 𝑐ℎ (𝐿𝜔)⋆(2) − 𝑞𝑐ℎ

(︀
𝐿0
)︀

𝑐ℎ (𝐿𝜔)⋆𝑘 ⋆
(︀
𝐿2𝜔

)︀⋆𝑛
=

= 𝑐ℎ (𝐿𝜔)⋆(𝑘+2) ⋆
(︀
𝐿2𝜔

)︀⋆(𝑛−1) − 𝑞𝑛+𝑘𝑐ℎ (𝐿𝜔)⋆(𝑘) ⋆
(︀
𝐿2𝜔

)︀⋆𝑛−1

𝑐ℎ (𝐿𝜔) ⋆
(︀
𝐿3𝜔

)︀
=

= 𝑐ℎ (𝐿𝜔)⋆(4) − (𝑞3 + 𝑞2)𝑐ℎ (𝐿𝜔)2 − (𝑞3 − 𝑞2)𝑐ℎ
(︀
𝐿0
)︀
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