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Spin chains and decomposition of tensor powers
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Bethe ansatz gives a complete set of solutions —-
— Bethe states correspond to g - highest weight vectors



Spin chains and decomposition of tensor powers
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Our approach

We need to obtain a generalization of Bethe formula with
explicit dependence on N

» m (v, N) was defined on P*.
» M (v, N) is defined on the whole weight lattice P.

Formal character:
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Singular element:
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Our approach

Old problem:

ch((LM)®N) Zm v,N) chL¥

New problem:
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M (w(v + p) = p, N)jew = € (w) m(v, N).



Tensor powers of fundamental modules for A, B,

Multiplicity function M (&, N)

1. is equal to zero outside the orbit of the highest weight
uw= Nuw.

2. equal to zero on boundaries of Weyl chambers (shifted on
—p)

3. Antiinvariant w.r.t. Weyl group transformations:
wo M®™ (¢, N) =e (w) M®"“ (£, N);w e W.

4. Satisfies boundary conditions M (Nw + p, N) = 1



Tensor powers of fundamental modules for A, B,
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Tensor powers of fundamental modules for A,

Nw
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{a;} - coordinates of weight v in &; (shifted on —p)



Tensor powers of fundamental modules for B,

Nw
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{a;} - coordinates in basis X = {z; : 2 || ¢, |z;| = |5 |} (shifted)



Properties




Properties

» with fixed coordinates {a;} at N — oc.
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Bethe formula and Pascal triangle




Graded tensor products

Current algebra g[[t]] of g-valued complex polynomials with
generators X[n] = X @ t" where X € g, n € Z,.

Feigin-Loktev fusion product
» g[t]-generators X|[n| € g[t] acton v € L* by
X[n]-v=2"Xv.andonV = LM ® ---® L"* by the rule

n
X[m](v1®“-®vn)ZZZTU1®'“®XU¢®“'®%-
i=1

» define filtration on the tensor product of the irreducible
modules V = LM @ --- @ LF»,

FVc Flvc... where F'V = US(g[[t])n1®- - -®un,
V=@ V/FI7V = LM 5. x LHn

MYt (q) = 3 g dimHomg(Fy, L)
k>0



Local Weyl module

Ifall L*1, ..., L#~ are fundamental g-modules
then LAt % - .. x LF» coincides with W (A),\ = u1 + -+ + pun

Local Weyl module is a cyclic g[[t]]-module generated by the
action on the highest weight vector v with the following
conditions:
» hv = A(h)v,h € b
ealnjv =0,n>0,eq EnT,a € AT
hinJv =0,n >0
;)\,a>+1v -0
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Graded weight diagrams
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Weight diagram of the sla-Weyl module W (4w)



Graded weight diagrams
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Weight diagram of the Feigin-Loktev sly-module L2 x L2



Pascal pyramids and weighted paths

Generalized Pascal pyramid Iy = (V, E)
vertices v(p,\), p=0,1... AXeP
edges e(p, A1, A\2) connect v(p, A1) and v(p+1,A3) A\ —Ae €N

1




Pascal pyramids and weighted paths

Ordering of weights of L“* compatible with the lexicographical
ordering on Wj.

If wi < wo in Wy, then wiwy < wows.

Take all pairs of consequential steps (e;, eiv1) = (A, p). If A > p,
the weight of path is multiplied by 4.




Recurrent formulas for graded characters

ch (L*) = ch (L)@ — qeh (L°)

ch (Lw)*k‘ % (LQM)*n _

= ch (Lw)*(k-i-Q) * (L2w)*(n—1) - qn+kch (Lw)*(k:) « (ng)*n—l

ch (L¥) % (L*) =
= ch (L)Y — (¢ + ¢*)ch (L¥)? = (¢ — ¢*)ch (L)



	Multiplicities for decomposition of non-graded tensor powers

