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• Rigid body: moments of inertia I1, I2, I3

• angular velocity (!1,!2,!3) relative to principal axes

• Euler’s equations:

I1!̇1 = !2!3(I2 � I3)

I2!̇2 = !3!1(I3 � I1)

I3!̇3 = !1!2(I1 � I2)
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Jacobi ! Bessel

“The day before yesterday, I reduced to quadrature the problem
of geodesic lines on an ellipsoid with three unequal axes. They
are the simplest formulas in the world, Abelian integrals, which
become the well known elliptic integrals if 2 axes are set equal.”

Königsberg, 28th Dec. 1838.
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geodesics on the ellipsoid

• critical locus: points m = (V,�) where

Dhm : TmM ! H
0(⌃,K

2) not surjective
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• T
⇤
S
2 symplectic form !

• metric ! function H1

• Hamiltonian vector field iX1
! = dH1 geodesic flow

• second function H2 such that [X1, X2] = 0
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• generic fibre torus T
2 ⇠= Jacobian of a (real) genus 2 curve

• X1, X2 linear vector fields on T
2

• singular fibres when X1, X2 linearly dependent
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• generic fibre torus T
2 ⇠= Jacobian of a (real) genus 2 curve

• X1, X2 linear vector fields on T
2

• singular fibres when X1, X2 linearly dependent at some point
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• critical locus = points where this happens

•
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⇠
2 + ⌘

2

a2(x) + b2(y)
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b
2(y)⇠2 � a(x)2⌘2
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• H2 = 0 singular fibre
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• h = (H1, H2) : T ⇤
S
2
! R2

•

1

2
tr�2 = q 2 H

0(⌃,K
2)

• spectral curve S: det(x��) = 0

• two cases
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• critical locus = points where X1, X2 are linearly dependent

• = critical point for some combination of H1, H2

• fibre is singular on critical locus

• fibre = degenerate torus
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3 EXAMPLES 42

P ′ P

Figure 11: a geodesic passing through P and P ′

containing P and P ′ (resp. Q and Q′). LP (resp. LQ) is the stable manifold of
γ− (resp. γ+) and the unstable manifold of γ+ (resp. γ−).

The associated graph G is the union of 2 circles corresponding to LP and
LQ intersecting at 2 points corresponding to γ±.

L−,−
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L+,+

L−,+ γ−

γ+

Figure 12: associated graph for E

Q′P ′

PQ
γ−

γ+

Figure 13: the ellipsoid

3.1.2 Quantum

We now introduce the quantum Hamiltonian Ĥ1 = h2∆E which is given in the
coordinates (x, y) by:

Ĥ1 = − h2

a2 + b2
(∂2

x + ∂2
y)

• 4 umbilical points P,Q, P
0 = �P,Q

0 = �Q

• singular fibre ⇠ geodesics through P or Q

• = two copies of T
2, intersecting in the geodesic through P

and Q (two orientations)
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• ellipsoid
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• a < b < c umbilical points lie on plane y = 0

• geodesic = ellipse

• arc length ⇠ elliptic curve
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INTEGRABLE SYSTEMS

24



• M
2m complex symplectic manifold

• f1, . . . , fm holomorphic functions

• proper map h : M ! Cm

• Hamiltonian vector fields [Xi,Xj] = 0

• (or proper map h : M ! N
m, local coordinates fi)
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• if Dhx is surjective for each x 2 h
�1(a)

• then the fibre is an m-dimensional complex torus

• and X1, . . . , Xm are tangential to the torus

• f1, . . . , fm constants of the flow

1



• if Dhx is surjective for each x 2 h
�1(a)

• then the fibre is an m-dimensional complex torus

• and X1, . . . , Xm are tangential to the torus

• f1, . . . , fm constants of the flow

1

• critical locus = where X1, . . . , Xm are linearly dependent

• = critical point for some combination of H1, H2

• fibre is singular on critical locus

• fibre = degenerate torus
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 SUR CERTAINS SYSTEMES DYNAMIQUES SEPARABLES.

 By J. VEY.*

 1. Algebres de Liouville. Soit X une variete symplectique, disons analy-
 tique reelle, de dimension 2m; et soient fi,. ,fm m fonctions analytiques reelles

 sur X, commutant deux 'a de-ux pour le crochet de Poisson. Si les fonctions fi
 sont independantes, et si les vaiete's

 fi C1, ... fm =Cm

 (C, constantes reelles) sont compactes, il est bien connu que ce sont des tores,
 et qu'on peut introduire un systeme de coordonnees dit "angle-action"

 canoniquement attache a l'algebre associative qu'engendrent les fi, coordonnees
 dans lesquelles l'integration du systeme dynamique defini par une fonction des
 fi devient particulierement transparente (cf. [4], p. 175). Je me propose ici
 d'examiner la situation analogue ou les fonctions fi snt simultanement critiques
 en un point, leurs hessiennes satisfaisant une condition de genericite que je vais
 expliquer dans un instant. J'ai trouve commode d'argumenter dans le contexte
 holomorphe, le cas analytique reel etant obtenu en corollaire au section 6.

 Voici le probleme. Soit X une variete analytique complexe de dimension
 2m, 0 l'un de ses points, ? les germes de fonctions holomorphes en 0, m son
 ideal maximal, T= TOX I'espace tangent en 0, w la forme symplectique sur X,
 co sa valeur sur T. Soit A cm2 une algebre analytique de fonctions (i.e. si
 fi,... 5frE A, toute fonction F(f15... 5fr)' avec F holomorphe nulle 'a l'origine,
 appartient 'a A), deux elements quelconques de A commutant pour le crochet
 de Poisson (tel est le cas si A est l'algebre analytique engendree par un certain
 nombre de fonctions commutant entre elles). Considerons ce qui tient lieu de
 hessienne, c'est-'a-dire la projection de A dans

 m2/m3- S2T* _(T,wo)

 je note S2T* l'espace des formes quadratiques sur T= TOX, et tP(T, oo)
 l'algebre de Lie du groupe Sp(T, wo) des automorphismes de l'espace vectoriel

 *Univerite de Grenoble I et Centre Universitaire de Savoie, Institut Fourier (CNRS), BP 116,
 38402 Saint Martin d'Heres.

 Manuscript received March 9, 1976; revised December 2, 1976.
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I Introduction 

In this paper, we consider integrable Hamiltonian systems and study their 
singularities. Let (M, a) be a smooth symplectic manifold of dimension 2 n, i.e., 
a is a nondegenerate closed two form on M. A smooth function H : M ~ R  
defines a Hamil tonian vector field X ,  by the relation a ( X n , - ) =  dH. The Poisson 
bracket of two functions G, H: M ~ R is defined by 

{G, H} .'=a<Xa, Xn} = X n  G 

and G, H are said to be Poisson commuting or in involution if {G, H} = 0  identi- 
cally. The identity {G, H } - 0  implies that G is an integral of the vector field 
X n . 

An integrable system on M is defined by the mapping 

F:=(F1 . . . . .  F,): M - ~ R "  

with n functions F~ : M -~ R satisfying the following conditions: 

(i) {F~, Fj} - -0  for all i , j= 1, ..., n; 
(ii) dF1 . . . . .  dF~ are linearly independent on an open and dense subset of M. 

We call the triple (M, ~, F) an integrable system. The functions F1 . . . . .  F, are 
said to be functionally independent if the above condition (ii) holds. Clearly 
each vector field X v  (i = 1 . . . . .  n) possesses n functionally independent and Pois- 
son commuting integrals F~ . . . . .  F,. In this sense, we also say that each vector 
field Xv, is integrable. 

Since F1 . . . . .  F. are integrals of the vector fields Xe, (i = 1 . . . . .  n), the orbits 
of Xv, passing through a point p o e M  are confined to a connected component  
of the level set 

F -  1(c) = {p~MI F(p)=ceR"} ,  

where c =  F(Po). Let F (p~ denote the connected component  containing Po- Sup- 
pose that F (po) is compact  and that  dF~ . . . . .  dF, are linearly independent every- 

* Dedicated to Professor Tosihusa Kimura on his 60th birthday 
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• Hamiltonian vector fields X1, . . . , Xd vanish at x 2 M
2m

• action on tangent space Tx preserving symplectic form !

• L ⇢ Tx span of all Xi, dimL = m� d

• !(Xi,Xj) = 0 ) L ⇢ L
?

• L
?
/L symplectic, dimension 2d
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• X1, . . . , Xd span a commutative subalgebra of sp(2d,C).

• Defn: The point x is called nondegenerate if this is a Cartan
subalgebra.

• sp(2d,C) ⇠= quadratic functions on C2d

• commutative subalgebra spanned by the Hessians of h1, . . . , hd

5



• nondegeneracy + analytic ) local normal form

• Cd = {x 2 M : dimkerDhx = d} is a submanifold

• dimension 2(m� d) and symplectic

• ... and is a fibration by tori of dimension (m� d)

9



HIGGS BUNDLES
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• compact Riemann surface ⌃, genus > 1

• holomorphic vector bundle V rank n

• Higgs field � 2 H
0
(⌃,EndV ⌦K)

• stability ) moduli space M

• M is symplectic

2
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• compact Riemann surface ⌃, genus > 1

• holomorphic vector bundle V rank n

• Higgs field � 2 H
0
(⌃,EndV ⌦K)

• stability ) moduli space M

• M is symplectic
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THE NILPOTENT CONE

((V,�) “conjugate variables”)

• tr�2
⇠ (x� a) 2 H

0(P1
,O(1)) ⇠= H

0(⌃,K)

• nilpotent Higgs bundles: 16 copies of P3
⇢ M

• ... which intersect N = P3 in 16 Planes (tropes)

• each plane intersects the Kummer surface in a conic through
6 singular points V = U � U,U

2 ⇠= O

• the line of intersection of a pair contains two singular points

1



• fibration h : M ! A
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• f 2 A⇤
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• ) Hamiltonian vector field Xf
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• [Xf,Xg] = 0: integrable system
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• det(x��) = x
n + a1x

n�1 + . . .+ an

• ak holomorphic section of K
k

• . . . polynomial in tr�`

• det(x��) = 0 algebraic curve S

1



• a 2 A defines S

• a regular value of h ) S is smooth

• fibre h
�1(a) ⇠= Jac(S)

• ⇠ holomorphic line bundles on S

2



• S : xn + a1x
n�1 + . . .+ an = 0

• ⇡ : S ! ⌃ n-fold branched covering

• L line bundle on S

Direct image: U ⇢ ⌃ H
0(U,⇡⇤L)

def
= H

0(⇡�1(U), L)

• ⇡⇤L = V rank n vector bundle

1



• x single valued section of ⇡
⇤
K on S

• x : H0(⇡�1(U), L) ! H
0(⇡�1(U), L⌦ ⇡

⇤
K)

• = � : H0(U, V ) ! H
0(U, V ⌦K)

2



• critical locus ⇢ singular fibre ⇠ singular curve S

• singular fibre ⇠ rank one torsion-free sheaves on S

• nondegenerate critical points?

3



CRITICAL POINTS FOR SL(2,C)
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• ⇤2
V trivial, tr� = 0

• spectral curve x
2
� q = 0, q 2 H

0(⌃,K
2)

• involution �(x) = �x

• ⇡⇤L = V where �
⇤
L

⇠= L
⇤
⌦ ⇡

⇤
K

1/2 (Prym variety)

1



• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.
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• x
2 = z

2m+1 put x = t
2m+1

, z = t
2, t local coordinate

• f(t) = f0(z) + tf1(z) and

x(f0(z) + tf1(z)) = z
m+1

f1(z) + tz
m
f0(z)

• Higgs field
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z
m 0
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Prop: The nondegenerate critical locus Cd consists of Higgs bun-
dles (V,�) where � vanishes at d distinct points with multiplicity
one and with semisimple derivative.

• S has d ordinary double points

• 1  d  2g � 2

• each Cd is a subintegrable system

1



• � vanishes on D ) � = �/s is a K(�D)-twisted Higgs field.

N.Nitsure, Moduli space of semistable pairs on a curve, Proc
LMS, 62 (1991)

• K(�D) spectral curve = normalization of x
2
� q = 0

• torus dimension = 3g � 3� d

• tr �2 2 dimH
0(⌃,K

2(�2D)) = 3g � 3� 2d

d points x1, . . . , xd zeros of s

25

• = Prym variety of K(�D) spectral curve

• Prym variety tangent space H1(⌃,K�1(D))

• = critical point for some combination of H1, H2

• fibre is singular on critical locus

• fibre = degenerate torus

1



• Prym variety tangent space H1(⌃,K�1(D))

• tangent space of base = H1(⌃,K�1(D))⇤ = H0(⌃,K2(�D))

• base = Severi variety of nodal curves in total space of K

• tangent space = H0(K, IZ(⇡
⇤K2))/(x2 � q), Z = nodes

•
⇠= H0(⌃,K2(�D))

1



• Prym variety tangent space H1(⌃,K�1(D))

• tangent space of base = H1(⌃,K�1(D))⇤ = H0(⌃,K2(�D))

• base = Severi variety of nodal curves in total space of K

• tangent space = H0(K, IZ(⇡
⇤K2))/(x2 � q), Z = nodes

•
⇠= H0(⌃,K2(�D))

1

• Prym variety tangent space H1(⌃,K�1(D))

• tangent space of base = H1(⌃,K�1(D))⇤ = H0(⌃,K2(�D))

• base = Severi variety of nodal curves in total space of K

• tangent space = H0(K, IZ(⇡
⇤K2))/(x2 � q), Z = nodes

•
⇠= H0(⌃,K2(�D))

1



THE EXTREME CASE d = 2g � 2

• � 2 H
0(⌃,EndV ⌦K(�D))

• tr �2 2 H
0(⌃,K

2(�2D)) ) K
2(�2D) trivial

• K(�D) trivial ) automorphisms ) non-stable

• U = K(�D) U
2 trivial – 22g choices

2
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• spectral curve S
0 = unramified double cover of ⌃

defined by U 2 H
1(⌃,Z2)

• base of integrable system = H
0(⌃,KU) ⇠= Cg�1

• S
0 fixed, so

C2g�2 = H
1(S0

,O
⇤)� ⇥H

0(⌃,KU)

• fixed point set of (V,�) 7! (V ⌦ U,�)
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EXAMPLE g = 2

87



• genus 2 curve ⌃: y2 = z(z � 1)(z � r)(z � s)(z � t)

• T ⇤P3
⇢ M open set, V stable

• a�ne coordinates (u0, u1, u2) on P3

• ⌘0du0 + ⌘1du1 + ⌘2du2 on T ⇤P3

• F : M ! H0(⌃,K2)

F (u, ⌘) = (h0 + h1z + h2z
2)

dz2

y

2
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h0 = rst[⌘0(u
2
0 � 1) + ⌘1(u0u1 + u2) + ⌘2(u2u0 + u1)]

2
�

st[⌘0(u0u1 � u2) + ⌘1(u
2
1 + 1) + ⌘2(u1u2 + u0)]

2 +

4rs(⌘0u0 + ⌘1u1)
2
� rt[⌘0(u

2
0 + 1) + ⌘0(u0u1 + u2)

+⌘2(u2u0 � u1)]
2

h1 = t(u20 + u21 + u22 + 1)[(⌘20 + ⌘21 + ⌘22) + (⌘0u0 + ⌘1u1 + ⌘2u2)
2] +

st(u20 � u21 + u22 � 1)[(⌘20 � ⌘21 + ⌘22)� (⌘0u0 + ⌘1u1 + ⌘2u2)
2] +

4r(u0u2 � u1)[⌘0⌘2 + (⌘0u0 + ⌘1u1 + ⌘2u2)⌘1] +

4sr(u2u0 + u1)[⌘2⌘0 � (⌘0u0 + ⌘1u1 + ⌘2u2)⌘1] +

4s(u1u2 + u0)[⌘1⌘2 � (⌘0u0 + ⌘1u1 + ⌘2u2)⌘0] +

4rt(u0u1 + u2)[⌘0⌘1 � (⌘0u0 + ⌘1u1 + ⌘2u2)⌘2]

h2 = s[⌘0(u2u0 + u1) + ⌘1(u1u2 + u0) + ⌘2(u
2
2 � 1)]2 �

[⌘0(u2u0 � u1) + ⌘1(u1u2 + u0) + ⌘2(u
2
2 + 1)]2 �

1t[⌘0(u0u1 + u2) + ⌘2(u1u2 � u0) + ⌘1(u
2
2 + 1)]2

+4r(⌘1u1 + ⌘2u2)
2



• V = L� L⇤: Kummer surface

•

t(s� 1)(u40 + u41 + u42 + 1)� 8(r(s� t+1)� s)u0u1u2
�2(st+ t� 2s)(u21u

2
2 + u20)� 2(s� 1)(2r � t)(u22u

2
0 + u21)

+t(2r � (s+1))(u20u
2
1 + u22) = 0.

F.Loray & V.Heu,, Hitchin Hamiltonians in genus 2, “Ana-
lytic and Algebraic Geometry” (A.Aryasomayajula et al (eds.)),
Springer Nature Singapore Pte Ltd. and Hindustan Book
Agency, (2017) 153–172. arXiv: 1506.02404v1
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THE LOCUS C1

• quadratic di↵erential

(z � r)(az + b)
dz2

y

• ... double zero at ramification point z = r
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THE LOCUS C1

• ⇠ Euler’s equations

• quadratic di↵erential

(z � r)(az + b)
dz2

y

• ... double zero at ramification point z = r

• z � r = s2, s 2 H0(⌃,K1/2)

• K2(�2D) ⇠= K

2

spectral curve S0: x̃2 = (az + b), x̃ 2 H0(S0,⇡⇤K1/2)

• ys 2 H0(⌃,K5/2)

• ỹ = x̃y/s, ỹ 2 H0(S0,⇡⇤K3)

• what is its compactification?

THE LOCUS C2

• genus 4

• fixed points of involution:

(u0, u1, u2, ⌘0, ⌘1, ⌘2) 7! (u0,�u1,�u2, ⌘0,�⌘1,�⌘2)

• two lines in P3

• base multiples of

(z � r)
dz2
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• y 2 H0(⌃,K3), y/s 2 H0(⌃,K5/2)

• ỹ = x̃y/s, ỹ 2 H0(S0,⇡⇤K3) ỹ2 = z(z � 1)(az + b)(z � s)(z � t)

• ... genus 2 curve ⌃1, ⇡1 : S0
! ⌃1

• Prym(S0,⌃) ⇠= Jac(⌃1), V = ⇡⇤⇡⇤
1L

3



• integrable system C1: 2-parameter family of abelian varieties

• ... base (a, b) 2 C2

• = Jacobians of y2 = z(z � 1)(z + b/a)(z � s)(z � t)

• pencil of Kummer surfaces:

t(s� 1)(u40 + u41 + u42 + 1)� 8(r(s� t+1)� s)u0u1u2
�2(st+ t� 2s)(u21u

2
2 + u20)� 2(s� 1)(2r � t)(u22u

2
0 + u21)

+t(2r � (s+1))(u20u
2
1 + u22) = 0.

3
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• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13



• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

• S singular if q has zeros of multiplicity > 1

local form of equation x
2 = z

m

• H
0(⇡�1(U),O) : f0(z) + xf1(z)

• if V = ⇡⇤L for a line bundle (f0(z), f1(z)) local section

• x(f0(z) + xf1(z)) = z
m
f1(z) + xf0(z) )

Higgs field

� =

 
0 z

m

1 0

!

.

13

p

q

HECKE CURVES

85

p

q

HECKE CURVES

85

S

S
0

HECKE CURVES

85

S

S
0

HECKE CURVES

85



• line bundle L on S
0

• + identification of fibres Lp
⇠= Lq

• = copy of C⇤ in singular fibre

• fibre is compact

1



• line bundle L on S
0

• + identification of fibres Lp
⇠= Lq

• = copy of C⇤ in singular fibre

• fibre is compact

1

• ys 2 H0(⌃,K5/2)

• ỹ = x̃y/s, ỹ 2 H0(S̃,⇡⇤K3)

• what is its compactification?



• projective bundle ⇡ : P(V ) ! ⌃

• Higgs field � 2 H
0(⌃, S

2
V

⇤
⌦K)

• ⇠ section s of line bundle H
2
⇡
⇤
K on P(V )

• divisor curve C of eigenspaces

• if smooth C
⇠= S = curve of eigenvalues

6



• � vanishes at x 2 ⌃

• ) C is reducible

• one component fibre ⇡
�1(x)

• other ⇠= S
0

11



• projective bundle ⇡ : P(V ) ! ⌃

• algebraic surface

• blow up a point ⇠ replace by P1 of tangent directions

9



• Hecke transform = blowing up and down
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BACK TO THE ELLIPSOID
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• ellipsoid

x
2

a2
+

y
2

b2
+

z
2

c2
= 1

• ⌃ = P1
, V trivial rank 2 bundle

• � has simple poles at a, b, c 2 C and a double pole at 1

•

� =
Adz

z � a
+

Bdz

z � b
+

Cdz

z � c
+Ddz

� 2 H
0(⌃,EndV ⌦K(�5)) = H

0(⌃,EndV (3))
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• ellipsoid

x2

a2
+

y2

b2
+

z2

c2
= 1

• ⌃ = P1, V trivial rank 2 bundle

• � has simple poles at a, b, c 2 C and a double pole at 1

•

� =
Adz

z � a
+

Bdz

z � b
+

Cdz

z � c
+Ddz

� 2 H0(⌃,EndV ⌦K(5)) = H0(⌃,EndV (3))
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• A,B,C and D nilpotent

• ) C⇤-action

• � 2 H
0(⌃,EndV (3)) ) tr�2 degree 6 polynomial p(z)

• spectral curve S hyperelliptic x
2 = p(z)

3



• critical locus: � vanishes at some point

• � = (z � a)�, � 2 H
0(⌃,EndV (2))

• tr�2 = (z � a)2q(z)

• spectral curve S
0: x

2 = q(z) elliptic.
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• critical locus: � vanishes at some point

• � = (z � a)�, � 2 H
0(⌃,EndV (2))

• tr�2 = (z � a)2q(z)

• spectral curve S
0: x

2 = q(z) elliptic.

4

THE LOCUS C1

• ⇠ Euler’s equations

• quadratic di↵erential

(z � r)(az + b)
dz2

y

• ... double zero at ramification point z = r

• z � r = s2, s 2 H0(⌃,K1/2)

• K2(�2D) ⇠= K

2


