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Outline

e factorized representation R = L1_1L2 of the recursion operators
with weak non-localities

e method for constructing the operators L and Lo

e operators L1 and Lo and the Lax pairs



The problem of constructing the recursion operators for the integrable
equations has been investigated by many authors. Several methods
are worked out to study the task. Some of them use the Lax
representation. This way is very effective when the Lax pair is known.
If it is not the case then it is reasonable to study directly the defining
equation %R = [F*, R], where R is the recursion operator and F™* is
the linearization operator. To solve the equation the most authors use
the multi-Hamiltonian approach. Their basic goal is to find two
Hamiltonian operators H; and Hs to the given equation. Then the
recursion operator is given by the following formula R = HoH, L

In the present article we concentrate on the alternative method for
constructing the recursion operator which is based on the symmetries
and the formula R = Lfng



We begin with an integrable evolutionary type equation

ug = fu,ur,ug, ..., ug), uj = Diu. (1)
admitting a hierarchy of the symmetries

ur = g(u, uy, ug, ..., Up). (2)

Symmetry means that % f= % g. Assume that Eq. (1) admits a
weakly non-local recursion operator of the form (Maltsev A Ya and
Novikov S P 2001 Phys. D 156(1-2) 53-80 )

R=Ro+» g*D;h (3)
=1

where Ry is a differential operator. The non-local part consists of the
combinations of the generators of the symmetries u,, = g9 and the

variational derivatives hW) of the conserved densities.



Recall that operator R converts a symmetry into another symmetry.
Theorem. Recursion operator

R=Ry+ Zg(ki)Dglh(i)
i=1

1s represented as a ratio
R=L,"L,

of two differential operators L1 and Lo.

As L we take a differential operator such that the fundamental set of
solutions to the equation Lig = 0 coincides with g(¥1), g(k2)  g(km)
Then it is easily proved that Ly := L1 R is a differential operator.



We call the symmetries g(¥1), g52)_ ¢g(m) defining the non-local part
of the recursion operator

R=Ry+Y ") D7 1h0)
i=1

the seed symmetries.
Below we give the set of seed symmetries for some equations
1) KdV equation S = {g(l) = Uy }
2) Kaup-Kupershmidt type equations S = {g(l) = u g = ut}
3) Krichever-Novikov Eq. for Ry, S = {g = uy, g@ = ut}
4) Krichever-Novikov Eq. Ro, S = {g(l) = uy, g ) =y, ¢ = u, }
5) Harry Dym equation S = {9(2) = ut}
Thus we have only four different possible choices for S. And therefore
four choices for the operator L.



Having S we can easily find the operator L; up to some additional
factor. It is given by the following determinant

D;ng(kl) D;nflg(kl) o g(kl)
LU =p Dg;é&km) D;n_"lé(km) g.(/;;) ; (4)
DU Dty U

where p is a function of the dynamical variables u, w1, ....
As soon as L; is found we can start to search Lo. It can be verified
that the order of the operator Lo is determined as follows

ma = m + ord g*Fm+1) — ord gk1). (5)

where m is the order of the operator L;.



Recursion operator R for the equation
Ut = f(u7 U, U2, -+, uk)

satisfies the equation
d

—R=[F",R
dt F", B
where F™* is the linearization operator
of | of of 12 of k
F*=—+_—D —D .+ =—D?7.
8u+8u1 z+8u2 x+ +8uk r

Therefore by using R = Ll_lLQ we derive the equation

d
£L;1L2 = [F*, L7 L]

which implies



d d
Ly)Ly' + LyF*Ly! L)LT 4+ L F* L7 =: A
a2 L = (L) L

Lemma. Operator A defined due to the formula

d

A= (L1)L + L1F*L1
dt

s a differential operator.

Actually the operators L1 and Lo satisfy one and the same equation

d
(L) = AL; — L;F*, j=1.2

From this equation we find L. Its order myo is given by the formula
mgy = m + ord gtbm+1) — ord gk1),

Finally we obtain the recursion operator R = Lfng.

Remark. For incorrect choice of the set of seed symmetries S the
appropriate Lo does not exist.



Examples

Note that the discussed method does not use the Lax representation.
As an illustrative example we take the KdV equation

U = U3z + UU1. (6)

Among the potential values of the parameter m we first choose m = 1
and take S = {uy}. Thus the first pretender for L, is as follows

Uz Uy

LU=ripy ©u

(7)

For the sake of simplicity we put p = —1, thus

Li=wD; — us. (8)



Find the linearization operator

F* = D3 +uD, +uy

9)

Evaluate the operator A due to formula A = 4 (L;)L' + L1 F*L;!

The answer is
2

A=pi-"2p2 +3—“22 Dy +3 +u1

According to the formula for the orders

“Z?) . (10)

1

mo :m+0rdg(km“) fordg(kl) =14+3-1=3

the corresponding operator Lo should be of the third order



Ly=6®D3 +PD2 4+ WD, + 5O, (11)
We find the unknown coeflicients from the equation

d

a(Lg) = ALy — LoF™, (12)

The answer is:

2 2
Ly = ung — UgDi + guule + u% - guuz. (13)

Thus we get well-known (Gardner Greene, Kruskal and Miura, 1974)
R=L{'Ly=D2 + 2u+ tuy D7 L.

Recall that the usual representatlon of R through the Hamiltonian
operators Hy = D,, Hy = D3 + 4uD, + 2u; is as follows

R=HyH . (14)



Example 2
As the second illustrative example we consider the
Kaup-Kupershmidt equation
g = us + 10uus + 25uqus + 20uu. (15)

In what follows we will need in its linearization operator

F* = D2 + 10uD3? + 25u; D2 + (25us + 20u?) D, + 10us + 40uu.
(16)

In order to find the set S of the seed symmetries for the equation (15)
we have to examine the possible cases S; = {ug}, S2 = {ut},

S3 = {ug,ut}, Sg = {ug, us, ur}, where u, = ¢®) is the next symmetry
of the Kaup-Kupershmidt equation, it is of the seventh order.



Examine the possible cases S1 = {us}, So = {ut}, S5 = {ugy, ut},

S4 = {ug, ut, ur }. We started with the case S = S;. For the
corresponding 1 we found the operator A, then since

mo =145 —1=1>5 we searched a fifth order differential operator Lo
satisfying the equation %Lg = ALy — Lo F™* and observed that such
operator does not exist. In a similar way we have verified that the
case S = S5 also does not fit.

Then we passed to the case S = S3 and succeeded. Operator Lq is
found from the relation

us u2 Ul
LU = | ugt uie w (17)
U, Uy U

and is of the form

Ly = aD} + 8Dy + v, (18)



Ly =aD2+ 3Dy + 7,
where
1 o = ugus + 10uusug — ugug — 35U%U3 — 10uuqiug — 40uuif,
2 B = 10uuius — ugus + 45utug — 10uu? + 120uuius + 40uf +
60uiusug + w7y,
3 7= —120uu1u% — 10uugus + usug + 35u1u§ - 60u%U3 —
40u:fu2 — uouy + 10uuguyg + 40uu%u3 — 45uuguy.

Then we look for the operator
5 . .
A=>"AYUD] (19)
j=0

from the equation:

d
Z(L1) = ALy — LiF". (20)



At the next step we look for the eighth order differential operator Lo,
ma = m+ord gFmt) —ord g*1) = 24 0rd ¢® —ord gV = 2+4+7-1 =8

8
Ly =) WDk (21)
k=0

from the equation %(LQ) = ALy — Ly F*. Tt turned out that such

operator does exist. Omitting the computations we give only the
answer:



8
Ly=)Y vWDE Ly =aD2+8D,+~

1® =a, D=8, b6 =12ua+~, bO =60uia+ 12ups,
2 b = (133ug + 36u?)a + 48u; 5 + 12u,

3 bB) = (169us + 264uu)a + (85ug + 36u?)B + 36u17,

4 b2 = (132uy + 394uus + 381u? + 32u3)a + (84uz + 192uuy) B +

(49us + 36u?)7,

5 b1 = (63us + 304uus + 852uius + 240u’u o + (48uy +
202uug + 189u? + 32u?) 8 + (35u3 + 120uuy )7,

6 b0 = (17ug + 122uug + 444ujuz + 324u3 + 192uusy +
368uu?)a + (15us + 102uuz + 272uius + 144uu1)B +
(13us + 82uus + 69uf + 32u?)7y.



Let us find the required recursion operator R. We know that the
order of its differential part is 6 = my — m and it has two non-local
terms, therefore it is of the form:
6
R=> r9IDI +u; DAY 40, DR, (22)
j=0

The relation L1 R = Lo allows us to find all of the functional
parameters in (22):

1r® =1 +G =0, @ =12,

2 r® = 36u7, r) = 49uy + 3612,

3 rM) = 35u3 + 120uuy, 70 = 13uy + 82uuy + 69u? + 32u?,

4 bV = 2uy +8u2, K =2,
So we have the final form of R coinciding with that found earlier by
Giirses M, Karasu A and Sokolov V 'V (1999):

R = DS + 12uD} + 36u1 D3 + (49us + 36u*) D2 +
+ (35ug + 120uuy) Dy + 13uy + 82uus + 69u? +
+32u® + uy D, ' (2ug + 8u?) + 2u D L.



Example 3

The next example is connected with the Krichever-Novikov equation

2
P
up = ug — ;% + Plu) with P (u) = 0. (23)
Ul Ul

The set S for the equation (23) consists of the generators of two
classical symmetries ¢V = u, and ¢(® = u;. Hence m = 2 and the
operator L; is defined by

uz uz U
LlU: Uor Ut Ut |- (24)
U Ui U

3 6
A=>"AUDI  L,=> WDk
§=0 k=0

The coefficients of the operators A and Lo are found from equations

d d
— (L) = ALy — L{F* —(Ly) = ALy — Lo F™*
dt( 1) 1 1 dt( 2) 9 — Lo



Thus we obtain the final form of the operator R
R=D}—4pi (% 2 20 p2

3 /
Suguz _ 2uq _ Ouz | AP(wuz  2P'(u) us _ dugug
+ ( u? uy u? + u3 3uy Dy + u u?
2uZ 8ulus 3ud 4P (u)ul 4P(u)? 8P' (u)u2 10 pr
o u? + u$ - u% + 3ut o 9uf o 3u? + 9 P (u)
-1
—f—ulDl, K
3uj  P'(u) , 2P
IR Uy uf Uy
where K — 6u2w _ug _ 7P”/( )+ 5P (wug  10P(u)?ug
u? 3u} 9u§
_ 10uz(duruz— 5u2)P(u) _ 15up(2uiuz— u2)(2u1U3 3u3)
3u‘1S 2u1
5(2P 12 27 3 P .. . . .
Rl dORs ulu?’wu W)ButP’ (W) 1t coincides with R found earlier in

Sokolov V 'V 1984 On the Hamiltonian property of the
Krichever-Novikov equation Sov. Math. Dokl. 30:1 44-46.



Semi-discrete equations

For integrable lattices

of of
n,t — n+ky Un+k—15---5 Un-Fk) 0
Un ¢ f(u +ky Un+k—1 Up—k) Dty p Ol —p -
weakly non-local recursion operators are of the form
R= Ro+Zg (Dp —1)"*hW) (25)

7j=1

Theorem 2. Let R be a weakly nonlocal difference operator of the
form (25). Then there exist difference operators L; and Lo

L =a9D7" + oWpm=t 4.4 oM, (26)

Ly =pBWDE+ g~ Vpr=t ... 4+ BCUD 0 p>m, >0 (27)

such that the following condition is satisfied L1 R = Ls.



The natural numbers m, p and ¢ in the formulas

R= R0+Zg (Dp —1)"*h0)
7j=1

L = Oz(O)DgL + Oz(l)D,T_l Lot oz(m),

Ly =pWpe 4 ge=Dpp=t ... 4 DD~ p>m g>0
are related to each other by the formulas
p=m+gq, q=ordg*m+) _ordqgkV, (28)

Therefore if m is given then p and ¢ are uniquely determined.



By using this representation L1 R = Ly we can construct recursion
operator R for integrable lattices as well. For instance, for the
Volterra lattice

d
%un = un(un+l - un—l)
we have
1 Un41,t Unit
LUy, = —————| b 29
! Un tUn+1,t Upt1 Un ( )
or, the same L = (D,, — l)ﬁ We find Ly
1 1
L2 _ D?L T < Up+2 + Upt1 . ) Dn+
Unp+4+2 — Unp Un+1 (un+2 - un) Unp4+1 — Up—1
1 Up + Up—1 1

—1
- - Dl
Unp+4+2 — Up un(un+1 - unfl) Unp+1 — Up—1




A non-autonomous example

Here we consider the following non-autonomous lattice of the
relativistic Toda type

Unt = hnhn—l(anun+2 - an—lun—Q) (30)

where h, = up1u, — 1 and the coeflicient a, is an arbitrary periodic
function of the period 2, a,42 = a,. This lattice has been found by
(Garifullin and Yamilov, 2012, JPA). In (Garifullin R N, Mikhailov
A V and Yamilov R I 2014, TMPh) the recursion operator for the
non-autonomous lattice (30) is constructed by reducing it to an
autonomous system found by Tsuchida, for which the recursion
operator has already been found earlier. Actually the known
recursion operator for the Tsuchida system was recalculated to the
scalar form in an appropriate way.

Here we derive the recursion operator directly using the symmetry
algorithm discussed above.



As it has been observed in (Garifullin R N, Mikhailov A V and
Yamilov R I 2014, TMPh) the lattice (30) possesses a rather large
hierarchy of the symmetries. Since the lattice is not autonomous then
the set S of the seed symmetries obviously might also contain
non-autonomous symmetries. The first two members of the symmetry
hierarchy are as follows

L. Upr = (—1)"up,
2. Un,m = hnhnfl(cnun+2 - Cnflunf2); Cn4-2 = Cn,
where ¢, is an arbitrary periodic function of n with period equal to

two.
As potential sets of seed symmetries, consider the following three sets:

S = {un,71}7 So = {un,Tz}’ Sz = {un,nSUn,Tz}- (31)

We checked that the first two sets do not fit, but the latest is surely
the required set of seed symmetries.



The operator L; corresponding to Ss is given by

u’nﬂ'l) u’I’L,Tl

Dr%(un,n) Dy (
LU, = D?L(unm) Dy (tn,r)  Un,r
UTL+2 Un+1 Un

As a result we have
Ly =aD? + 8D, + 7,

where
1l oo = (—1)n+1hnun+1hn_1(cnun+2 — Cn—lun—2)+
+(_1)n+1hnunhn+1(Cn—lun+3 - Cnun—l);
2 ﬁ = (_1)n+1un+2hnhnfl(cnun+2 — Cnflun72)_
_(—1)n+1unhn+1hn+2(6nun+4 — Cp—1Up),
3= (_1)nhn+1un+1hn+2(cnun+4 - cn_lun)—i—
+(_1)nhn+1un+2hn(cnflun+3 - Cnunfl)-

(33)



Find the linearization of the lattice (30)
Upi = F*Up, (34)
where

F* = anhnhnlei + unhnfl(anun+2 - anflun72)Dn +
(unJrlhnfl + unflhn)(anunJrZ - anfluan) +
unhn(anun+2 - an—lun—Q)DEI - an—lhnhn—lDEQ-

In order to find the operator
A=APD2 + AVD, + A0 4 A D=1 4 A2 D2, (35)
We use the equation

d
— Ly = AL, — L F*
dt 1 1 1 ’ (36)



When A is found we can look for the operator Ly which has to be of
the form

— Wt 43R 4 p@p2 4 ) 0 4 p(-Dp-1 4 (-2 p-2
Ly =b"WDE 4G D3 4@ D2 4+ MWD, + 5O 4 p-Dp-1 4 p(-2p-2,

Indeed due to the formulas for the orders we have p=m +1, ¢ =1
where m =2, 1 = 2.
We substitute the ansatz into the defining equation

d

— Ly = ALy — Lo F*
PTR: 2 2

and find consecutively the unknown coefficients b,



Finally we find the recursion operator

Ungnljn_+ Up—19n — UnGn—1

= Cplinlln— 1)2
R= eahnha1 D + = o

+‘Cnhn—1hn+1+'

UnGn
hnfl

i, (D — 1) (1) (g”‘l - g”“) -

+en—1hnhn—2 + s, — l)gl‘Fcnflhnhnfll)52+’

hn—l hn

1 [ Un—-1 Un+1

+p 7 (Dp — 1) <hn—1 + I ) .
where gn, = hphp—1(cpini2 — cn—1un—2), the factors u, -, and u, 5,
are generators of the symmetries. We denoted s, = (—1)”“8511) — sg).
Obviously in the formula for R function s, is considered as an
arbitrary function satisfying the periodicity condition s, = spyo.
Recursion operator found in (Garifullin R N, Mikhailov A V and
Yamilov R I 2014, TMPh) can be reduced to this one with s, = 0.



Operators L1, Lo and the Lax pairs

The operators L; and Lo from the representation R = L1_1L2 are
connected with the Lax pairs. A pair of the equations

LoU = N4 U, U= F'U
defines the Lax pair for the equation
ug = fu,uy,ug, ..., ug).

This Lax pair does not coincide with the usual one, since it is of
higher order, but by appropriate transformation reduces to the usual
form.



Examples
For the KdV equation operators Ly and Ly given above

L1 = w1 Dy — ug,

2 2
Ly = ulDf; — uQD?C + guulDaj + u% — guug

Equation
(Ly — AL1)U =0

is a third order ODE for U. Its order is reduced by one

ug U,

- 2 Uz /U2 + 6(u + N\) (U2 + ¢)
Upe = ——*— — Z(u+ AU z
Sutn 3ltAUH 6(u+ N

where c¢ is the constant of integration, set ¢ = 0. Linearized Eq.
U; = F*U turns into

Ugz /U2 + 6(u + N U2 L 22\
6(u+ \) 2(u+ A) 3 w

Uy =




Thus we obtain a nonlinear Lax pair, containing a square root. To get
rid the root we change the variables in such a way that U and U, are
some quadratic forms of the new variables ¢ and v

U= 56901/1, Up = %\/lm(so2 — ).
Then we arrive at a linear system for the new variables
Uy 1
P = m‘ﬂ - 7\/m1/17 (37)

= BV



Time evolution is linear as well

or = Ko — @(U—Q)\)\/u—i-)\w,

18
o tae VO
b= (\/6\/u—|—)\+ 18

_ Bugzztuz(u—2X)
where K = W

Changing the variables ¢ = ap, ¢ = a~'q where a = (u+ \)'/* we get

(38)
(u—2X\)Vu+ A) v — K.

1
Pz = ——=4q,
e 39
» = —=(u+ A)p.
=

and finally we obtain the well-known Lax pair

1 1 1
Pxx = _g(u + )\)p? bt = §(u - 2)‘)p:v - guxp-



We applied the algorithm above to the following two KdV type
equations found by Svinolupov and Sokolov in 1982

1 3
Ut = Uggy + 2”2 2“:2 Sin2 u, (40)
3y 1
yU yy + *'U;S (41)

uT:uyyy—‘2(1+u§) 2 Yo

Consider the first one. We constructed the operators
u
Li=D, - =
Uy

Uz SINZ U — 3u§ sin u cos u

Ly = D3 — umDQ + (u2 — sin®u)D, +
Uy

Uy

by using the scheme.



Now we can find the recursion operator
R = L1_1L2 = Dg + ui — sin®u — ungl(sinucosu + Ugz)
Thus we have the Lax pair of the form

LoU = WU, Uy, =FU

> -
. u. sin® u—3u;, sin u cos u
Urzw — 22 Uge + (u2 — sin? u)U, + “== T U=

A (Ux — %U ) . The Lax pair admits a reduction in the order

z Si «\/ k(kE+ 1K
g, =Y _Slglucoqux+(sin2u—|—k)U+ u \/' 2( +1)
sin“u + k sin“u + k

I

U, ( Uy SIN 20 sin? u — u2 N k) U+ Uz k(K + 1)K'

2sinu+k) 2 (sin?u + k)

Here K = /(sin®u + k)U2 — U2.



To get a linear Lax pair we change the variables by appropriate
quadratic forms chosen in such a way that the root in K is precisely

extracted . .
U=2p0, U,=Vsin®u+ \@? + 4?).

After some transformation we obtain the Lax pair

(sinwucosu — /€ — €2)uy }( . 2

Prz = Snlu— ¢ o+ (7w =, £=-A
sinu cos u — — 2y 1 1
P SRR
in“u—¢

§— 52'“1@'



Consider now the other equation from Svinolupov-Sokolov list
3w, u? 1
2(1+u2) ' 2

Find the operators L; and Lo

U
vy
Li=D,— %
Uy

3u + 1)u 3ulu2
Ly = Dg _ ( Yy ) Y2 _ (“yuyyy y%yy 2 D,

- u
uy(1+u2) Y T+u2  (1+wu)? Y

Therefore we have the recursion operator R = Lfle

2u,u u wuyu?
R = D2 _ Y ny D—l yyy Yyy D. .
w2 TPy 14 (1+u§)2+uy v



Thus we have a third order Lax pair

3uyu 3 (u2 — 1)u?
Ur = Upyy — ﬁUyy +5 (ug + H Uy. (42)
Y Y

U (3%2, + Duyy
yyy uy(l 4 ug) vy

Uy Uyyy 3uy vy
- - - 1
<1+u§, (T+u2? " +k:>U+k: U=003)

where k is a parameter.



We reduce the order of the equation (43)

_ UyUyy 1+uy _uyl
Uyy_1+u2U k v k:

(44)

where K = \/(k +1)((1 +u2)U? = kU2) + 4 (1 + u2). Thus we have a

nonlinear Lax pair

3“yuyy 3 ». (“:3 B l)u?/y

We reduce it to a linear one by the following change of the variables

U=22Vkpy, Uy=,/1+u2(¢"+¢?)



Finally we get

_ [ uyuyy V1 —Euy B 1+u12/
Pyy = Py

1+u2 A€

s

gz_kv

2 2 2
o = | Lty _ (Buy + V)uy, Y 1 — Cuyy n Suy — 2
T+u2  204+u?)?  VE(1+ud) 2¢

_vi=Suy
2¢3/2 7

)
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