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Abstract

The basic formulas, from the paper Ph. Dubard, V. B.
Matveev. Nonlinearity, 26:12, R93—R125 (2013), which we
used for description of the Multiple Rogue Waves (MRW)
solutions for NLS case, - can be extended to the whole
AKNS and NLS hierarchies.

The reported results are included in our recent articles:

V.B. Matveev, A.O. Smirnov, "Solutions of the AKNS
hierarchy equations of the “rogue wave” type"
Theor. Math. Phys. 186(2), 156—182 (2016)

V.B. Matveev, A.O. Smirnov, "AKNS and NLS hierarchies,
MRW solutions, P, breathers, and beyond", -

Submitted to the JMP special issue dedicated to the
memory of L.D. Faddeev.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Focusing NLS eq:
ipt+2|pl2p + pxx =0, X, tER.

Multi rogue waves solutions of the NLS equation are quasi
rational solutions:

N(x,t)
D(x,t)’
Here N(x, t), D(x, t) are polynomials of x and t, and
deg N(x,t) =deg R(x,t) = n(n+ 1),

0?| = &, X2+ =0

p=e2*tR(x,1), R(x,t)= a>o,

The rational function R(x, t) satisfies the 1D Gross-Pitaevskii
equation:

I'Rt—I—QR(’R‘Q - 32) + R =0, |Rl=]pl|
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Simplest covariance properties:

p(x,t) — ap(ax, a’t) a> 0,

p(x,t) — eXp(x,t) x €R,

p(x,t) — p(x — bt, t)exp (ibx/2 — ib®t/4) beR
p(x,t) = p(x — Xo, t — 1o)
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

(Normalised) Peregrine breather or P; breather:

A+iT) \
P1(X7 t) = (1 _4m eIT/z, X:: 2X7 T:: 4t

. (1)
P;(0,0) = -3, P(x,t)— &®", when x?®+ > =
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Normalised rank 2 MRW solution:

Go(X, T) + iHo(X, T)
QZ(X7 T) )

p2(X, t, 061,51) = RgeiT/z, RQ(X, T) = <1 —12

Go(X, T) :=X*+6(T?+1)X? + 4oy X + 5T* +18T% — 45, T — 3,

Ho(X, T) :=TX* +2(T% = 3T + 31)X? + 41 TX + T° + 273
—231T2 —15T + 244,

Qx(X, T) :=(1 + X2 4 T?)3 — 4ay X3 —12(2T2 — 54T — 2)X?
+ 4By (T2 + DX +6T* — 31 T3+24T%2 — 95, T
+af + %+ 2).
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Canonical structure of the rank n MRW solution

pa(X,t) = Ra(X, T)ET/2, X :=2x, T:=4t,

~ N(X, T, B) _ Gn(X, T) +iHay(X, T)
) = G Ty = (12 DG,

(CY,/B) = (a1a61a"'an7176n71)7 CY],ﬁ/ER
pn(x,1) = ¥+ o(1), when x®+1 = oo
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

CW ~ 1282 anet) = 2 e <”+ 2) = [(2n+ 1)1

Q(2n)=—(2n+1)G(2n), Q(2n—-1)=(2n—-1)G((2n—1),

G(2n—-1)>0,G(2n) < 0,Vn > 1

From this structure it follows that

P,(0,0) = (-1)"(2n+1), n>1.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Normalised Rank 3 MRW solutions of the NLS
equation

X, T)+iHs(X, T ;
p3(X7t704175170427ﬁ2):<1—24G3( : )+I 3( : )> eIT/Z,

Q3(X, T)
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Gs(X, T) = X1 4 15(T2 4+ 1)X8 + 3-8 gn(T)X"
H3(X, T) = TX10 4 5(T3 — 3T 4 B1)X8 + 328 hn(T) X"

Qa(X, T)y = (14 X%+ T?)8 — 2001 X° —60(2T2% — B4 T —2)X8 + 42,77:0 an(T)X".
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

96
gs
9a
93
92

91

9

5074 — 6072 + 808 T + 210

1201 T2 — 18aip + 300

7078 — 150T* + 2008, T° + 45072 + 308, T — 450 + 15002 — 5082

40001 T* + (30000r; — 60cp) T2 — 8001 81T — 600y — 60cxp

4578 4+ 42075 4 67507 — (600081 — 1808,) T3 — (300a? — 90082 + 13500) T2
+(360081 + 1808)T — 675 — 300a2 — 30082

280cvy T + (150crp — 2100cv1) T# + 800cr 81 T — (3600cvy — 5400xp) T2
+(1208p1 + 1200a1 B1 — 120ap81) T — 200a1 37 — 900y — 90crp — 20003
11710 4+ 49578 — 1208, T7 + 2190T% — (428, + 1200834)T°

+(350a3 + 15082 — 7650) T* + (660081 — 42082) T3

— (210052 + 2025 — 1208581 — 120apaq + 900a2) T2 + (20003 B4 + 20083 — 908,) T
+675 + 15002 + 6a3 + 15062 + 645.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

he
hs
hy
hs

ha

h

ho

107% — 14073 + 408, T2 — 150T + 6081 — 58,

4001 T2 + (60ary — 18ap)T + 40cvq B4

1077 — 2107° + 5081 T# — 45072 + 158, T2 — (5052 + 1350 — 150a%) T
+15081 — 158,

80y T° + (1000cv; — 20crp) T — 400y By T2 — (1800cr; — 60c) T
+2000v 81 + 2081 — 20ap B4

579 — 60T’ + 1710T° + (458, — 210081) T* + (30082 — 6300 — 100a2) T3
+(180081 — 9082) T2 + (4725 + 30003 + 30082)T — 1358, — 10085
1000284 — 9008

4001 T7 + (800, — 11400x1) T® + 200cx1 B1 T* — (24000t — 60ap) T2
+(60B0x1 — 60crp By + 6001 31) T2 — (900ry + 450crp + 20003 + 2001 32) T
+60cp 81 — 608p0xq

T 4 257% — 158, T8 — 87077 + (4084 — 782)T® + (70a5 — 9630 + 3042)T°
+(585081 — 7582)T* + (408281 + 40cpay — 2475 — 900a? — 130082) T3
+(100a2 By + 49585 + 10083) T2 + (63 + 4725 — 240apcry — 2408234
+75082 + 662 + 75002)T — 20028, — 67581 — 458, — 100035 — 10083
+40agaq By + 20828,
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

9%
gs
94
g3

92

]

%

3ap — 30ay

—60T* + 4084 T3 + 12072 — (158, — 6081)T + 3562 + 1502 + 580

30cq T — (27ap — 90aq )T2 + 120181 T — 27cp + 54004

3081 TS — 360T* + (158, + 60051 ) T + (3360 + 22505 — 7563)T?

+(1358, — 13508¢) T + 22542 — 30apaq + 52502 — 308281 + 840

4001 T + (1950 — 1505) T* — 40001 B1 T2 + (900, + 450001) T2

+(60B0r1 — 1800cy By — 60crp31)T — 450y + 1003 + 100ary B2 — 1355
6078 4 336075 — (162081 — 278,) T® + (22582 — 7502 + 19560) T+

— (1620081 — 27082) T® + (45002 — 9120 + 405058%) T2

+(6758 + 270081 — 30085 — 30003 51)T + 3036 + 903 — 180apar

+22582 4 22502 + 985 — 180824

1501 T8 + (15cp — 900v1) T® + 120cq By T° + (405cep — 54000r1) T*

+(3000cv1 B — 60ap By + 608y ) T° + (148500 — 300cxy B2 — 135001 — 300a3) T2
+(5408p01 — 540a81)T + 30003 — 12001 8182 — B0apad + 1350 + 60ap 82
43000 82 + 202504

30710 — 55, 7% + 93078 — (24081 + 362)T7 + (1582 + 3820 + 3502 T®
+(171081 — 15382) T® + (308281 + 30cpay — 97582 + 35940 — 75a2)T*
+(10083 + 10028y + 1358, — 234005;)T°

+(982 + 23286 + 903 — 360881 — 360apaq + 472507 + 832582)T2
+(120cpaq By — 6003 B — 150002 B4 + eo,eiﬂz — 742581 — 6758, — 150083)T
+506 + 982 + 10085 + 67502 + 100a} + 9a3 + 908,81 + 200a2 52

167582 + 90apay.
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Multi-rogue wave solutions to the focusing NLS and Gross-Pitaevsk

Similar "polynomial " formulas for the rank 4 MRW solutions of
the NLS equation are obtained and discussed in our article in
Nonlinearity n.12 (2013) cited in the abstract.
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MRW solutions or the first seven members of the NLS hierarchy

Assume now that a4, as, 51, B2 are linked with first 7 times t of
the NLS hierarchy by the formulas

oy = —3- 2%ty — 10ty + 701t5) = —48(t, — 10t + 70%5),
By =3 2%(t3 — 10t5 + 70t;) = 96(t; — 10t5 + 70t7)

ap =—2%.3.5(t, — 42t, — 51815) = —480(t, — 42t, — 5181g),
Bo =3-5-27(t; — 14t5 + 126t;) = 1920(t; — 14t5 + 1261;),
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MRW solutions or the first seven members of the NLS hierarchy

X, T, ® in the formulas above are linked with t, by the formulas:

® :=2(t; — 3t3 + 10t5 — 35¢t7),
X =:=2(x — 6k, + 304 — 140%;),
T =T =22ty — 6t3 + 30t — 140t;),
and the exponential in the first formula of the previous section is

replaced by €/® Then the formula above represents a joint
rank-3 solution of the first 7 equations of the NLS hierarchy.
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General Method for constructing the quasi-rational solutions

Definitions.

n

. 2j— 1)
Qon(K) = E (K? +icotwy), wj:= “anio
O(k) =Y i'¢k™, ¢, kR,
I>1

exp(kx + ik?t + d(k))

f(k,X, t) = qzn(k) 7: _if[ = fxx.
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General Method for constructing the quasi-rational solutions

k2 9
Dyi=-—5——
KT k241 0k
fi(x, 1) == DF (K, X, 1) [kt
fosj (X, 1) == DV (K, X, 1) ket -

=1,...,n,
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General Method for constructing the quasi-rational solutions

W= W(f,... hy)=detA  Aj=0 ' Wo:=W(h,... fon,1).

Theorem:The function

- Wo |
pn(x,t) == (_1)”q2n(0)62/t2v‘|/k_0
2

describes a 2n parametric familly of solutions depending on 2n
real parameters ¢, ..., ¢op5, Which describes rank n solutions of

the focusing NLS equation.
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Rank-1 rational and quasi-rational solutions of the NLS hierarchy e«

4(1 +iTy) o
Pi=|1-——F—=|¢
1 ( 1+X1+ﬁ>

X =2 (=1)"(2k + 1)z,

k>0
Tii=2) (—1)(2k +2)d2ir1.
k>0

The phases ¢ and ¢, depend on x = fy and on times f, k > 1
in a following way:

2k +2
¢1=Z(—1)k<k+1 )tzk+1,

k>0

2k 4+ 1
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Rank-1 rational and quasi-rational solutions of the NLS hierarchy e«

For j <7 and 2k +j < 7 after setting tx = 0,Vk > 7 the we get
the truncated systems allowing to express all ¢;, j=0,1,...7
by means of the first times t;,j = 0,...7:

¢ :=2(t — 3t3 + 10ts — 35%7),
¢o =ty — 3t + 10t — 357,
o1 :=t — 4t3 + 1515 — 5617,
o =l — Bl + 2115,

@3 = l3 — 615 + 281y,

bg =ty — Ttg,
¢5 1= ts — 8ty,
b6 1= Io,
o7 = 1.
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Rank-1 rational and quasi-rational solutions of the NLS hierarchy e«

Reciprocally

to = ¢o + 392 + Sd4 + 7 g,
t = o1 + 4¢3 + 995 + 16¢7,
to = @2 + Sp4 + 14¢s,

t3 = ¢3 + 6¢5 + 2007

ty = ¢4 + 7 e,
ts = ¢5 + 897,
ts = s,
t7 = ¢7.
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Rank-1 rational and quasi-rational solutions of the NLS hierarchy e«

Therefore, for construct the analogs of P; breather for the first 7
members of the NLS hierarchy we define X, T; and ¢ = &7: by
the formulas

X = 2(X — 61 + 301 — 140t6)
Ty ;= 4(t; — 613 + 30t5 — 140t7)
o7 :=2(Hi — 3t3 + 1085 — 358)

41+0T) \ o
Pi(x,ti, b, t7) = |1 — —— 1) g7,
1(X, t, b 7) < 1+X2+T12>
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Rank-1 rational and quasi-rational solutions of the NLS hierarchy e«

Formula above obviously reduces to the single PX(x, t)
breather solution with k < 7 for NLS equation, deleting all ¢;
withj#k, j>1.
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Rank-1 rational and quasi-rational solutions of the NLS hierarchy e«

A0 A) Y o
4x2 + 1682 + 1 ’

. 4(1 +1iT)
4(x —6t)24+T2+1)"

4(1 4 24it) > oSit

(
(
PP = <1  4x2 4 263212 4 1
(
(
(

i 4(141iT) >
4(x —30t)2+T2+1)°

41+ 120i) )e2°”
4x2 4 263252¢2 1 { ’

. 4(1+1T) )
4(x —140t)%2 + T2 + 1

p7_ (1 4(1+120it) 200t
! 4x2 + 212527212 1 1
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Examples of higher order NLS equations

NLSe equation

Pt + Provooox + 14 [ P? Provorx + 30" PxProvex + 2003 P
+ PPxPiocx + 50" Procx + 7Px2Proex + 5P ProcProx
+ 3PP} Pxcx + 205 Psex + 2PPxxPixx + 20P" PP PxPxx
+ 10P2 PP} P + 1002 PPx Py + 50302 + 8DxPxi’
+5(p*)?pS + 20p2py2pyx + 5pPpx2p; + 10p°px ] = 0.
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Examples of higher order NLS equations

NLS; equation

iPt + Procxooorx + 1602 Prxvex + 2P Plx + 56" PxProcxxx+
+ 40PP; Proxx + 12PPxPixex + 980" Prcexx + 168 0x|? Prex +
+ 120" PexPxoex + 7200 P + 280202 Pl + 4202 Dex+
+ 44DPcPiexx + 68PPxcxPiex + 4760 P PxPrxx + 2520x Py Prx+
+ 308Pp° 0} Procx + 308 PrxxPxxx + 700" Py + 1960xPxx P+
+ 168PP” PxPiex + 560° D5 P + 2800° D + 14560% P P+
+ 490(p" )2 PiPxx + 238P% (P} )? Pxx + 588D D55y + 3360° PPl +
+ 140p" 0° b3 + 420° (D5, )” + 392P° PP’ + 32207 p* Pl +
+ 182p%, Py, + 5600 0" % + 560p* ppx® + 420" PZpx >+
+ 140p°p?(p;)? + 378px*p + 70p%p = 0.
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Examples of higher order NLS equations

Thank you for your attention
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