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Compatibility conditions

The equations from AKNS hierarchy have the form

ptk = ikHk(p, q) = 0, qtk = (−i)kHk(q, p) = 0,

and they can be obtained from the following equations

Ψx = UΨ, Ψtk = VkΨ,

where

U = λJ + U0, V1 = 2λU + V0
1, Vk+1 = 2λVk + V0

k+1,

J =

(
−i 0
0 i

)
, U0 =

(
0 ip
−iq 0

)
.
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The functions Hk

In particular

H1(p, q) = pxx − 2p2q,

H2(p, q) = pxxx − 6pqpx ,

H3(p, q) = pxxxx − 8pqpxx − 2p2qxx − 6p2
xq − 4ppxqx + 6p3q2,

H4(p, q) = pxxxxx − 10pqpxxx − 20pxxpxq − 10(pxqxp)x + 30p2q2px ,

H5(p, q) = pxxxxxx − 12pqpxxxx − 2p2qxxxx − 30pxxxpxq−
− 18pxxxpqx − 8pxpqxxx − 50pxxp − xqx + 50pxxp2q2−
− 20p2

xxq − 22pxxqxxp − 20p2
xqxx + 20p3qqxx+

+ 10p3q2
x + 70p2

xpq
2 + 60p2pxqqx + 20p4q3.
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The link between KP-I equation and AKNS hierarchy

The KP-I equation has the form

3uyy = (4ut + uxxx + 6uux)x .

The function

u(x , y , t) = −2p(x , y , t)q(x , y , t)

where p(x , t1, t2) and q(x , t1, t2) are solutions of equations from
AKNS hierarchy, is a solution of KP-I equation.
In cases of NLS (q = −p∗) and NLS− (q = p∗) hierarchies the
solution of KP-I equation is real

u(x , y , t) = ±2 |p(x , y , t)|2 .
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The finite-gap solutions of the KdV equation

The finite-gap solutions of the KdV equation

4vt + vxxx + 6vvx = 0

have the following form

v(x , t) = −2∂2
x ln Θ

(
W1x + W2t − X|B

)
+ 2s1.

Theta function is defined by following equation

Θ(p|B) =
∑

m∈Zg

exp{πimtBm + 2πimtp}.

Parameters s1, Wk and B of finite-gap solutions depend of these
spectral curves.
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Parameters of finite-gap solutions

The spectral curve of real finite-gap solution of KdV equation has
the form

Γkdv : w2 =

2g0+1∏
j=1

(E − Ej), Im (Ej) = 0, E1 < . . . < E2g0+1.

Vectors 2πiWj are vectors of b-periods of normalized Abelian
integrals with asymptotic

Ω̃j = (ik)2j−1 +
sj
ik

+ o(1/(ik)), E = k2, E →∞.

Matrix B is a matrix of b-periods of normalized holomorphic
integrals.
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The finite-gap solutions of equations from NLS hierarchy

The finite-gap solutions of equations from NLS hierarchy
(q = −p∗) have the form

p(x , t1, . . .) = ρ1
Θ(U(x , t1, . . .) + Z−∆)

Θ(U(x , t1, . . .) + Z)
exp{2iΦ(x , t1, . . .)},

q(x , t1, . . .) = ρ2
Θ(U(x , t1, . . .) + Z + ∆)

Θ(U(x , t1, . . .) + Z)
exp{−2iΦ(x , t1, . . .)},

where

U(x , t1, . . .) = V1x +
∑
j>1

Vj tj−1,

Φ(x , t1, . . .) = −K1x −
∑
j>1

Kj tj−1.
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Parameters of finite-gap solutions

The spectral curve in the case of NLS hierarchy has the form

Γ : χ2 =

g+1∏
j=1

[(λ− λj)(λ− λ∗j )], Im (λj) > 0.

Vectors 2πiVj are vectors of b-periods of Abelian integrals with
asymptotics

Ωj(P) = ∓i
(
2j−1λj − Kj + O

(
λ−1 )) , P → P±∞,

χ = ±
(
λg+1 + O (λg )

)
, P → P±∞.
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The link between spectral curves

Let us take
E = λ2 + κ, w = χ.

Then from spectral curve Γkdv we get following spectral curves

Γakns : χ2 =

2g0+1∏
j=1

(
λ2 + κ − Ej

)
, κ > maxEj , g = 2g0,

Γ′akns : χ2 =

2g0∏
j=1

(
λ2 + E2g0+1 − Ej

)
, κ = E2g0+1, g = 2g0 − 1

for the NLS hierarchy equations.
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Covering

Spectral curves Γakns and Γ′akns cover Γkdv and second curves

Γkdv+ : w2 = (E − κ)

2g0+1∏
j=1

(E − Ej), κ > E2g0+1,

Γkdv− : w2 =

2g0∏
j=1

(E − Ej), κ = E2g0+1.

The curves Γkdv+ (g+ = g0) and Γkdv− (g− = g0 − 1) are spectral
curves for finite-gap solutions of equations from NLS− hierarchy
(q = p∗).
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Reduction

Let us define
1 Vectors 2πiV̂j are vectors of b-periods of corresponding

normalized Abelian integrals on Γkdv±;
2 Matrix B̂ is matrix of b-periods of holomorphic normolized

integrals on Γkdv±.
Then from theorem of reduction of multi-dimensional Riemann
theta functions we get the following relation

Θ(U(x , t1, . . .)) =
∑

kj∈{0;1}

ε(k1, . . . , kg )Θ(4V̂1t1 + . . . |2B̂)

×Θ(2W1(x + 6κt2) + 8W2t2 + . . . |2B),

The number of terms in sum equals 2g .
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Elliptic solutions

(
Γkdv

v(x , t)

)
→
(

Γakns

p(x , y , t)

)
→ u(x , y , t)

Therefore, if Γkdv is a spectral curve
1 of elliptic in x finite-gap solution of KdV equation, the solution

u = 2 |p|2 of KP-I equation is also elliptic in x ;
2 of elliptic in x and t two-pase finite-gap solution of KdV

equation, the four-phase solution u = 2 |p|2 of KP-I equation
is elliptic in x and not elliptic in t and y ;

3 of elliptic in x and t two-pase finite-gap solution of KdV
equation and κ = E5, the three-pase solution u = 2 |p|2 of
KP-I equation is elliptic in x and y and not elliptic in t.
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