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The equations from AKNS hierarchy

Compatibility conditions

The equations from AKNS hierarchy have the form
pr, = i*Hi(p,q) =0, qy = (—i)*Hi(q.p) =0,
and they can be obtained from the following equations
v, =4V, vV, =3,V,
where

U=+ Uy =20+ BY, V1 =200, + VL, 4,
(=i 0 o_ (0 ip
J_<O i)’ Ll_<—iq O>‘
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The equations from AKNS hierarchy

The functions Hj

In particular

Hi(p, q) = P — 2P°4,
Ha(p, q) = Pxox — 6Pgpx;
H3(P, q) = P — 8PAPxx — 2P°Gx — 6p2q — 4ppxqx + 6p°q°
Ha(p, @) = Procoxx — 10PGPoox — 20PsecPxd — 10(pxxp)x + 30p°G° px,
Hs (P, q) = Prooooo — 12PGPrococ — 2P Grovex — 30Psocx P —

— 18PwcPdx — 8PxPGsxxx — 50PxxP — Xqx + 50pxxp®q*—

— 20p2.q — 22PxxGxxP — 20p3 Gk + 20pqGux+

+10p°q; + 70p;pq® + 60p° pxqqx + 20p* >
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The KP-I equation

The link between KP-I equation and AKNS hierarchy

The KP-I equation has the form
3uy, = (4ur + U + 6uLy)x.
The function
u(x,y,t) = =2p(x,y, t)q(x,y, t)

where p(x, t1, t2) and q(x, t1, t2) are solutions of equations from
AKNS hierarchy, is a solution of KP-I equation.

In cases of NLS (g = —p*) and NLS™ (g = p*) hierarchies the
solution of KP-I equation is real

u(x,y, t) = £2|p(x,y, t)|.
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KdV equation and NLS hierarchy

The finite-gap solutions of the KdV equation

The finite-gap solutions of the KdV equation
4vi + Vi + 6V, =0
have the following form
v(x,t) = —202In© (W'x + W?t — X|B) + 2s,.
Theta function is defined by following equation

O(p|B) = Z exp{mimBm + 2wim’p}.

mcZze

Parameters s;, WX and B of finite-gap solutions depend of these
spectral curves.
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KdV equation and NLS hierarchy

Parameters of finite-gap solutions

The spectral curve of real finite-gap solution of KdV equation has

the form
2go+1

Mg : w?= J[(E-E), Im(E)=0, E<..<Epg.
j=1

Vectors 2miW/ are vectors of b-periods of normalized Abelian
integrals with asymptotic

Q; = (k)2 + /STJ< +o(1/(ik)), E=k, E— oo

Matrix B is a matrix of b-periods of normalized holomorphic
integrals.
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KdV equation and NLS hierarchy

The finite-gap solutions of equations from NLS hierarchy

The finite-gap solutions of equations from NLS hierarchy
(g = —p*) have the form

_ O(U(x,ty,...)+Z—-A) )
p(x, t1,...) = p1 U . )+ 2) exp{2i®(x, t1,...)},
OU(x i ) +Z+ D)

q(x,t1,...) = p2 U . )+ 2) exp{—2i®P(x, t1,...)},
where

Ulx,tr,..) = Vix+ ) Vi,

j>1
q)(X, t1,.. ) = —Kix — Z Kjtjfl.
j>1
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KdV equation and NLS hierarchy

Parameters of finite-gap solutions

The spectral curve in the case of NLS hierarchy has the form

g+l
Moo =TI =2 =20, Im(y) > 0.

Jj=1

Vectors 27iV/ are vectors of b-periods of Abelian integrals with
asymptotics

QGP)=Fi (27N -K +0(\1)), P — PL,
x=x(T+0()), P — PE.
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KdV equation and NLS hierarchy

The link between spectral curves

Let us take
E=X 4% w=y.

Then from spectral curve Iy, we get following spectral curves

2g0+1
Cakns + X° = H ()\2 +x—E), »x>maxE;, g=2g,
j=1
280
ks X2 = H (>‘2 + Eogov1 — EJ) » x=Exgy1, £=280-1
j=1

for the NLS hierarchy equations.
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KdV equation and NLS hierarchy

Covering

!/

Spectral curves I xns and T cover [4, and second curves

akns
2go+1
Cgvr : wW>=(E—3) [[ (E-E), x> Eogn,
j=1
280
I’kdv_ . W2 = H(E — EJ), = E2g0+1.
j=1

The curves g+ (g+ = go) and Mkay— (8- = go — 1) are spectral
curves for finite-gap solutions of equations from NLS™ hierarchy

(g =p")

A.O. Smirnov On a class of solutions of KP-I equation



KdV equation and NLS hierarchy

Reduction

Let us define

© Vectors 27iV/J are vectors of b-periods of corresponding
normalized Abelian integrals on Iggy+;

@ Matrix B is matrix of b-periods of holomorphic normolized
integrals on I jgy+.

Then from theorem of reduction of multi-dimensional Riemann
theta functions we get the following relation

O(U(x, t1,..)) = > elki,... . kg)O(4V ty + ... |2B)
kje{0:1}
x ©O(2W(x + 6x¢ty) + 8W?ty +...|2B),

The number of terms in sum equals 28,
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KdV equation and NLS hierarchy

Elliptic solutions

<VE§C’{\;)> S (,g(l;fky"ft)) L u(oy 1)

Therefore, if I'yy, is a spectral curve
@ of elliptic in x finite-gap solution of KdV equation, the solution
u=>2 \p|2 of KP-I equation is also elliptic in x;

@ of elliptic in x and t two-pase finite-gap solution of KdV
equation, the four-phase solution u =2 ]p]2 of KP-I equation
is elliptic in x and not elliptic in t and y;

@ of elliptic in x and t two-pase finite-gap solution of KdV
equation and » = Es, the three-pase solution u = 2 |p|? of
KP-I equation is elliptic in x and y and not elliptic in t.
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